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Abstract

A simple acyclic graphoidal cover of a graph G is a collection ¥
of paths in G such that every path in % has at least two vertices,
every vertex of G is an internal vertex of at most one path in 7,
every edge of G is in exactly one path in ¥ and any two paths in
% have at most one vertex in common. The minimum cardinality
of a simple acyclic graphoidal cover of G is called the simple acyclic
graphoidal covering number of G and is denoted by 7,:(G)- A simple
acyclic graphoidal cover ¥ of G with |¢| = 7,5 is called a minimum
simple acyclic graphoidal cover of G. Two minimum simple acyclic
graphoidal covers ¥; and ¥, of G are said to be isomorphic if there
exists an automorphism «a of G such that ¥ = {a(P): P € ¢1}. In
this paper we characterize trees, unicyclic graphs and wheels in which
any two minimum simple acyclic graphoidal covers are isomorphic.
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1 Introduction

By a graph G = (V, E) we mean a finite, undirected graph with neither
loops nor multiple edges. The order and size of G are denoted by p and ¢
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respectively. For graph theoretic terminology we refer to Harary [7]. All
graphs in this paper are assumed to be connected and non-trivial.

If P = (vo,v1,v2,...,%,) is a path or a cycle in a graph G, then
U1, Vg, ..., Up—1 are called internal vertices of P and v, v, are called external
vertices of P. If P = (v, v1,%2,...,Vs) and Q@ = (v = wp, W1, Wa,..., W)
are two paths in G, then the walk obtained by concatenating P and @ at
vy, is denoted by P o Q and the path (v, Vn—1,...,%2,V1,%) is denoted by
P,

Let 9 be a collection of internally disjoint paths in G. A vertex of G is
said to be an interior vertex of ¥ it is an internal vertex of some path in
1; otherwise it is called an exterior vertex of .

The concepts of graphoidal cover and acyclic graphoidal cover were
introduced by Acharya and Sampathkumar [1] and Arumugam et al. [6).

Definition 1.1. [1] A graphoidal cover of a graph G is a collection ¢ of
(not necessarily open) paths in G satisfying the following conditions.

(i) Every path in ¢ has at least two vertices.
(ii) Every vertex of G is an internal vertez of at most one path in .
(iii) Every edge of G is in exactly one path in 1.

If further no member of ¥ is a cycle in G, then v is called an acyclic
graphoidal cover of G. The minimum cardinality of a (acyclic) graphoidal
cover of G is called the (acyclic) graphoidal covering number of G and is
denoted by (Ma(G)) n(G). A graphoidal cover ¥ of G with |Y| = 7(G) is
called a minimum graphoidal cover of G.

An elaborate review of results in graphoidal covers with several inter-
esting applications and a large collection of unsolved problems is given in
Arumugam et al. [2].

For any graph G = (V,E), ¥ = E(G) is trivially a graphoidal cover
of G and has the interesting property that any two paths in i have at
most one vertex in common. Motivated by this observation we introduced
the concepts of simple graphoidal covers [4] and simple acyclic graphoidal
covers [5] in graphs.

Definition 1.2. [4] A simple graphoidal cover of a graph G is a graphoidal
cover ¥ of G such that any two paths in 1 have at most one vertex in com-
mon. The minimum cardinality of a simple graphoidal cover of G is called
the simple graphoidal covering number of G and is denoted by 7,(G). A
simple graphoidal cover ¥ of G with || = 1:(G) is called a minimum sim-
ple graphoidal cover of G. Similarly we define the simple acyclic graphoidal
covering number 15(G) and a minimum simple acyclic graphoidal cover
of G.
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Theorem 1.3. [5] If there exists a simple acyclic graphoidal cover ¢ of
G such that every vertez v of G with deg v > 1 is an internal verter of a
path in P, then ¢ is a minimum simple acyclic graphoidal cover of G and
7as(G) = g — p + n, where n is the number of pendant vertices of G.

Theorem 1.4. [5] Let G be a unicyclic graph with n pendant vertices. Let
C be the unique cycle in G and let m be the number of vertices of degree
greater than 2 on C. Then

3 ifm=0
n+2 ifm=1
n+1 fm=2
n ifm>3.

Theorem 1.5. [5] For the wheel W, = K + Cy,—y, we have

7s(G) =

_ |6 ifn=4
”“‘(W")‘{ n+l  ifn>5.

Arumugam et al. [3] introduced the concept of isomorphism between
graphoidal covers of a graph G and studied the properties of graphs in which
any two minimum graphoidal covers are isomorphic. Arumugam and Suresh
Suseela. (6] extended the notion of isomorphism between graphoidal covers
to acyclic graphoidal covers.

Definition 1.6. [3] Tuwo graphoidal covers ¥, and 32 of a graph G are
said to be isomorphic if there exists an automorphism a of G such that 1, =
{a(P) : P € y1}. A graph G is said to have a unigue minimum graphoidal
cover if any two minimum graphoidal covers of G are isomorphic.

Theorem 1.7. [3] A tree T has a unique minimum graphoidal cover if
and only if there exists at most one vertex v with deg v > 2 and the distance
from v to all the pendant vertices of T are equal.

In this paper we extend the notion of isomorphism between graphoidal
covers of a graph to simple acyclic graphoidal covers and characterize
trees, unicyclic graphs and wheels having a unique minimum simple acyclic
graphoidal cover.

2 Main Results

Definition 2.1. Two simple acyclic graphoidal covers ¥, and 3 of a
graph G are said to be isomorphic if there exists an automorphism a of G
such that Y2 = {a(P) : P € ¢, }. A graph G is said to have a unique min-
imum simple acyclic graphoidal cover if any two minimum simple acyclic
graphoidal covers of G are isomorphic.
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Remark 2.2. Let ¥, be a simple acyclic graphoidal cover of G and let
P €. Then v, = (¥1 — {P})U{P~1} is also a simple acyclic graphoidal
cover of G and we adopt the convention that the simple acyclic graphoidal
covers ¥, and Y, are isomorphic.

Remark 2.3. Clearly any two isomorphic simple acyclic graphoidal cov-
ers of a (p, g)-graph G give rise to the same partition of the integer g. How-
ever the converse is not true. For example consider the graph G given in
Figure 1.

Let 91 = {(vs, v1, v2,vs), (v1,v4, ), (v2,v3,v7), (v4,v3)} and

Y2 = {(vs, v1, V2, v3)(v1, V4, v8), (v4, V3, v7), (v6,72) }.

Then 1, and 1, are two minimum simple acyclic graphoidal covers
of G which are not isomorphic. However v, and 1o determine the same
partition of q.

Vs Ve

n Vg

L2 V3

Vs vr

Figure 1

Remark 2.4. Since every member of a simple acyclic graphoidal cover
of a graph is an induced path, for a complete graph G, ¥ = E(G) is the
only simple acyclic graphoidal cover.

Theorem 2.5. Let W,, = K;+Cr_1 be a wheel on n vertices. Then W,
has a unique minimum simple acyclic graphoidal cover if and only if n =4
or 5.

Proof. Let V(W,,) = {v,v1,%2,...,Vn—1} and E(W,) ={wov; : 1 <i <
n—1}U{vvip : 1 <i<n—-2}U{v1vn1}.

If n = 4, then W = K and hence ¥ = E(W,) is the only simple acyclic
graphoidal cover.

If n =5, then ¢ = {(1)1,1)2,'03), (v2v Yo, ‘04), (vO)vl)a (vO:v 1)3), (’01,1)4),
(v3,v4)} is 2 minimum simple acyclic graphoidal cover of Ws. Clearly, any
minimum simple acyclic graphoidal cover of Wj is isomorphic to 1. Hence
W5 has a unique minimum simple acyclic graphoidal cover.
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Suppose n > 6. Let P, = (v1,v2,...,Vn-2), P2 = (Vn_3,%,Vn-1), Q1 =
(v1,v2,...,n-3), Q2 = (Un—3,Yn~2,Vn-1) and Qs = (Vp—2,%0,1). Let $;
be the set of edges of W), not covered by the paths P, and P;. Let S, be
the set of edges of W, not covered by the paths Q;, Q2 and Q3. Then
Y1 = {P1, P} US) and ¢ = {Q1,Q2,Q3} U S, are two minimum simple
acyclic graphoidal covers of W,,. Since n > 6, both 1; and 12 determine
two different partitions of the integer ¢ = 2(n— 1) and hence ¥; and ¥, are
not isomorphic. O

We now proceed to characterize trees and unicyclic graphs having a
unique minimum simple acyclic graphoidal cover.

Theorem 2.6. A tree T has a unique minimum simple acyclic graphoidal
cover if and only if there exists at most one vertexr v with deg v > 2 and all
the pendant vertices of T are at the same distance from v.

Proof.  Since every graphoidal cover of a tree T is a simple acyclic graph-
oidal cover of T, the result follows from Theorem 1.7. a

Theorem 2.7. A unicyclic graph G has a unique minimum simple acyclic
graphoidal cover if and only if G is either C3 or Cy or a graph obtained by
attaching a path to a vertez of a triangle.

Proof. Let C = (vy,vs,...,%,v1) be the cycle in G. Let m denote the
number of vertices of degree greater than 2 on C. Let n be the number of
pendant vertices in G. Suppose G has a unique minimum simple acyclic
graphoidal cover.

We claim that m < 1. Suppose m > 3. Let vy, v; and v;, where 1 < i <
J < k, be vertices of degree greater than 2 on C. Let P = (vy, w1, wa,...,w,)
be the longest path in G such that V(P) N V(C) = {v}. Let P! =
(vs,u1,...,us) be the longest path in G such that V(P')NV(C) = {v:}. Let
P" = (vj,21,2a,. .., 2) be the longest path in G such V(P")nNV(C) = {v;}.
Let

Pl = (wrywr—la“-a'wl)vlf'uk""’vjazlaz%'-"zt);
P2 = (vjivj—lt‘ <y Vi U, U2, .. 7u8)1

Py = (v1,v2,...,v),

Ql = (wrswr—lt‘")wlyvlvvk)'”avj)9

Q2 = (zt)zt—li"‘!zl!vj)’vj—li'”1vi) and

Q3 = (usaus—l:---sul,viavi—lv- -,vl)'

Suppose m = 2. Let v;, and v;,, where 1 < 4; < iy < k, be the vertices
of degree greater than 2 on C. Let S, and S, denote the (v;,,v;,)-section
and (v;,,;, )-section of the cycle C respectively and let v, be an internal
vertex of Si(say). Let R, and R; denote respectively the (v;,,v,) and
(vr, i, )-sections of S. Let Q be the longest path in G with origin v;, such
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that V(Q) N V(C) = {v;,} and let Q' be the longest path in G with origin
v;, such that V(Q)NV(C) = {v;,}. Now, let P, =Q~108;0Q’, P, = Ry,
P;=R;, Q1 =Q '08;,Qz: =R, and Q3 = Ry0Q'. Let P; = {P, P;, P3}
and P2 = {Q1,Q2,@3}. In both cases the two collections of paths P; and
P2 in G satisfy the following conditions:

(i) Both P, and P; cover the same set of edges and these edges cannot
be covered by a fewer number of paths.

(ii) Both P; and P, have the same set of vertices as internal vertices.

(iii) The paths in P; and P, cannot be extended to cover more edges of
G.

(iv) Any two paths in each of P; and P, have at most one vertex in
common.

(v) Both P; and P; cover all the edges of the cycle C.

Hence we can find two minimum simple acyclic graphoidal covers ¥,
and ¥ of G such that P; C ¥ and P, C .. It follows from condition
(v) that any automorphism of G maps P; to P2. However, in Py, both end
vertices of P, are pendant vertices, whereas no path in P; has this property.
Hence there is no automorphism of G which maps ¥, to i so that ¥, and
15 are not isomorphic, which is a contradiction.

Thus m <1.

Casel. m=0.

Then G = C and 744(G) = 3. Suppose k > 5. Let P, = (v1,%),
P = (Vk,Uk-1,..-,v2), B35 = (v1,%2), Q1 = (v1,V,vk-1) and Q2 =
(vk_l,vk_g,...,vz). Then 1/)1 = {Pl,Pz,Pa} and ¢2 = {Ql,Qz,Pa} are
two minimum simple acyclic graphoidal covers of G which determine two
different partitions of g, which is a contradiction. Thus k < 4. Hence G is
either C3 or Cjy.

Case2 m=1.
Then 7,5(G) = n + 2. Let v; be the vertex of degree greater than 2
on C.

Claim 1. Every vertex not on C has degree either 1 or 2.

Suppose there exists a vertex w not on C such that deg w > 3. Let
P= (w) wy, Wy, ..., Wy, 'U],)- Let Ql = (uh U2y «ovy Upy Wy Upgl,y --- ,us)
be the longest path such that V(Q1) N V(P) = {w}. Let v; and v;, where
1 <i < j <k be two vertices on C. Let

Q = (vi, vit1,. - ,Uj),

R = (v;,j41,- -2V, V1),
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= (us’us—lv <o Upy, W, Wy, We, .. -,‘w;,’Ul,Uz,...,'Ui),
P2 = (ul,uz,. .. ,u,.,w) and
Q2= (w7wlv '°swl)vlav2s'~'avi)-

Then Sl = {Pla P21 Q’ R} and S2 = {Ql! Q2’ Q,R} are two collections
of paths satisfying the conditions (i) - (v) as stated earlier. Hence we
can find paths P5, Pe, e ,Pn+2 such that ¢¥; = {Q,R, P]_, P2, P5, N ,Pn+2}
and Y2 = {Q, R,Q1,Q2, Ps5, Fs, ..., Paot2} are two minimum simple acyclic
graphoidal covers of G. Since P, and Q2 are respectively the paths in ¥,
and v, having v; as an internal vertex, any automorphism « of G maps P,
to Q2. However the path P, has a pendant vertex, whereas the path Q2 has
no pendant vertex. Hence there is no automorphism of G which maps ¥,
to % so that 1, and 1, are not isomorphic, which is a contradiction.Thus
every vertex not on C has degree either 1 or 2.

Claim 2. deg v, =3.

Suppose deg v; = r > 4. Let u3, ug, - . ., Ur—2 be the pendant vertices of
G. Let P;, where 1 < i < r — 2, be the u;-v; path in G. Let v;, and v;,,
where 1 < i; < i3 < k, be two vertices on C. Let

Ql = ('U],,'U2, s ’v‘il)a

Q2 = (vil 1 Uiy 415 - - ,viz) and

Q3 = (vizaviz-l'-ly' .- ,'Uk,‘vl)-

Then 11’1 = {PIOPZ_I)PS:' .. ’Pr—27Q1’Q2aQ3} and 7!’2 = {PIOQI! 1)21P3a
«vvy Prog,Q2,Q3} are two minimum simple acyclic graphoidal covers of G.
Now, the path in ; having v; as an internal vertex has two pendant ver-
tices, whereas the path in ¥, having v, as an internal vertex has exactly
one pendant vertex. Hence 3; and v are not isomorphic, which is a con-
tradiction. Thus deg v; = 3.

Claim 8. k=3.

By Claim 2, G contains exactly one pendant vertex, say u;. Let P be
the u;-v; path of length [ > 0.

Suppose k > 5. Then ¥; = {Po(vy,v2), (v2,v3), (vs, ¥4, ..., Vk,v1)} and
Yo = {P o (v, v2), (v2,v3,v4), (v4, 5, .., Vk,v)} are two minimum simple
acyclic graphoidal covers of G giving rise to the following partitions of ¢
respectively.

() 1+1,1,k~2
(i) {+1,2, k—3.

Since { > 0 and k > 5, ¥, and Y are non-isomorphic, which is a
contradiction. Hence k < 4.

Suppose k& = 4. Then ¥, = {P o (v1,v2), (v2,v3), (v3,v4,11)} and ¢ =
{Po(v1,v2,v3), (vs, vs), (va, 1)} are two minimum simple acyclic graphoidal
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covers of G which determine two different partitions of ¢ and hence ¥; and
1o are non-isomorphic, which is a contradiction. Thus k = 3.

Thus by Claim 1, Claim 2 and Claim 3, G is a graph obtained by
attaching a path to a vertex of a triangle.

The converse is obvious. a

The following is an interesting problem for further investigation.

Problem 2.8. Characterize graphs having a unique minimum simple
acyclic graphoidal cover.
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