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ABSTRACT

The concept of using basis reduction for finding t—(v,k )
designs without repeated blocks was introduced by D. L. Kreher and
S. P. Radziszowski at the Seventeenth Southesstern International
Conference on Combinatorics, Graph Theory and Computing. This
tool and other algorithms were packaged into a system of programs
that was called the design theory toolchest. It was distributed to
several researchers at different institutions. This paper reports the
many new open parameter situations that were settled using this tool-
chest.

1. Introduction

A t—(v,k ) design (X,@) is a family of k-element subsets & from a
element set X such that every t—element subset TC X is contained in exactly A of
the k-element subsets in d. A current listing of the settled parameter situations for
t—(v,k,2) designs is provided in [CCK]. A group G < Sym(X) is an automorphism
group of a t—(v,k X) design (X,&) if @ is a union of orbits of k-element subsets
under G. For each G-orbit A of t-element subsets and for each G-orbit T of &
element subsets define Ay[A,T] to be |{K€T: K2 T}|, where T€ A. This value is
independent of the choice of T. If N; is the number of G-orbits of i-~element subsets,
then Ay is an N; by N, nonnegative integer valued matrix. In 1973 Kramer and
Mesner [KM] made the following observation:

A t—(v,k,}) design exists with G < Sym(X) as an automorphism group if and

only if there is a (0,1)-solution U to the matrix equation

AgU=)J, (1)

where: J=[1,1,1,...,1)7.
Several attempts were made to design a computer program for finding solutions to
equation (1) among the most successful is the so called Basis Reduction algorithm
designed and implemented by Kreher and Radziszowski [KRLKR2]. The central
idea of this algorithm is to find a (0,1)-vector U such that:

[AI‘* —(;J} [g] = [ UT,O,"‘,O]T.

Such a U gives a t—(v,k,d")) design with automorphism group G for some non-
I o
negative integer d. They observe that if B= Ag - and T is the lattice

obtained as the integer span of the columns of B then
U =(UT,0,,0)7 is a short vector of T (i.e. [U[? < N;).
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Finally they implemented several methods of efficiently transforming the basis B to
a new basis B’ of I such that

s{lv)*:veB}2n{lV|*:VeB’}.

Repeated application of these methods to the basis causes basis vectors to become
shorter and shorter and a solution to eqn. (1) very often appear in the basis. Using
these methods and other tools found in the design theory toolchest we were able to
settle all of the parameter situations found in Table L

TABLE 1

Parameter Situation

Automorphism group
SAF i 17%,,

2-(18,T,A A =0 (mod 336) o
2-(20,4,2 A=0 (mod 3) SAF(19)e
3-(16,7,2 A=10 Frobenius of order 16-5
3-(19,7,A all possible A’s AF(19)
A € {112,196, 924,1204,
3-(199)) 17645204;,26&?8':;?54«:3724} AF(19)
2 €{18,28,48,58} Hypergraphical
3(205,) A€ {24,54} Semi-hypergraphical
v 2 €{12,22,34,42,52,64) H,, where H is Frobenius of order 19-6.
) € {50,56}) Dy wr Ag
A €{15,39,48,69,75 Semi-graphical
(215,2) Ae{ao,as,sg,sg,'lsi Graphical
€ {40,68,108,120,136,
160,208,220,236,248,268,
3-(21,6,2) 280,296,320,328,340,356, Semi-graphical
376,388,400,168,176,256,
288,336,368}
S(388) 522 AF(23
3(239245) e>2 AF(23
3-(25,4,2 A €{2,8,10} CsuorAg
3(268.) X=0or1 (mod10) A¢{10,11} _ PSLy(25)
@5 =4 AF(19)0
(2082 A=30 AF(19),
+(216,)) A€ (36,40,60} PSL;(19),
4(235) A€ {2,4,5,6,7,8,9) AF(23)
4-(29,5,A A=5 ﬂ‘”
5-(24,6,A all possible A’s PSL3(23)c0
5-(24,7,A all possible A's PSL3(23) 00

In Table I the following notation is used for describing automorphism groups.
I g=p* where p is a prime, then AF(¢)={z— a'z+8:a,#€ GF(q), a #0} is the
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8o called affine group and has order ¢'(¢—1). The representation of this group we
use is the natural action on the elements of GF(q). We denote by
SAF(q)={z—a*z+B:a,8¢€ GF(g), a#0} the special affine group a subgroup of
AF(g). Any other transitive subgroup of AF(g) of order ¢g'n, n |(g—1) is referred
to as Frobenius of order ¢'n. PSL3(p) is the projective special linear group acting
on the projective line. The terms hypergraphical, graphical, semi-graphical and
semi-hypergraphical are described in the next section. If G is a group acting on a
set Y with co¢ Y, then we denote by G, the representation of G on X = Y {oo}
obtained by adding the point oo fixed by all group elements. Let G and H be per-
mutation groups acting on sets A and B respectively; G wr H denotes the wreath
product of G by H acting on 4 x B.

3. Graphical, Semi-Graphical, Hypergraphical and Semi-Hypergraphical designs

A t—((3),k}) design (X, &) is said to be graphical if X is the set of all v= ()
labeled edges of the undirected complete graph K|, and if B € @, than all subgraphs
of K, isomorphic to B are also in &. Thus (X, @) has the full symmetric group S,
as an automorphism group. If the t—((;),k,k) design (X, @) only has the alternat-
ing group A, as an automorphism group then we say that it is semi-graphical. An
example of these designs are given in Figure 1 and the graphical and semi-graphical
designs we found are presented in the appendix. Two orbits under A, whose union
is a single isomorphism class of graphs is indicated by adding the subscripts 1 and 2
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FIGURE 1:(a) incidence matrix of a graphical 3-(10,5,6) design.
(b) incidence matrix of the design in (a) partitioned into two
semi-graphical 3-(10,5,3) designs.
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The generalization from graphical to hypergraphical designs is straight forward.

We simply consider the action of the full symmetric group on X = (5) the collec-
tion of all d-clement subsets of the p-element set P. Many of the 3-designs on

20= (g) points were found this way. They appear in the appendix.

3. Concluding remarks

Although we found many solutions in several of the parameter situations given
in Table I, space prohibited the inclusion of more than one in the appendix. During
this investigation we have realized that many improvements to the tools in the
design theory toolchest can be made. Research is planned to make these improve-
ments in the near future.
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APPENDIX

Al 2—(18,7,)) Designs with A =0 (mod 336)

In Table III is a convenient listing of the orbit representatives of 7-element
subsets under the action of SAF(17),,. Develop each of the 7-element subsets indi-
cated in Table II with the automorphisms in SAF(17),, to obtain a 2—(18,7,1)

design.

TABLE II

tow and column entry of Table I

23D 24D 24E 27B 27F 27H 28B 13G 13H 16H 17B 18C 14B 2C 14F 14H 15G 2D

3|8

23D 24D 24E 27B 27F 27H 28B 28H 20B 29C 20D 29H 30A 30D 13G 13H 16H
17B 18C 2F 19E 10F SA 3C 14B 2C 14F 14H 15G 2D 17D 17H 3B 3E 3G 4B

18G 21G 22C 23C 23E 23F 24F 24G 25A 25B 25C 25D 25E 26C 26G 26H 27E
28A 28E 20F 31G 14B 2C A4F 14H 15G 2D 17D 17H 3B SE 3G 4B 5A 5B 5C
§E 5F 5G 1D ¢E 6F €H 7B 7G 8B &F 14A 14C 14D ME 15A 15C 17E

1344

18G 18H 20H 21D 21E 21H 22A 22B 21G 22C 23C 23E 28F 24F 24G 25A 35B
25C 25D 25E 26C 260G 26H 27E 28A 25E 29F S1G 14B 2C I4F 14H 15G D
17D 17H 3B SE 3G 4B SA 8B 5C SE §F 5G 1D ¢E 6F ¢H 7B 7G 8B 8F 9B 1H

1680

18G 18H 208 21D 21E 21H 22A 27B 22E 22F 23A 23B 24A 24H 25H 21G 22C
23C 28E 23F 24F 24G 25A 25B 25C 25D 2SE 26C 26G 26H 27E 28A 28F 20F
$1G 14B 2C I4F 14H 15G 2D 17D 17H 3B 3E 3G 4B 5A 5B 5C SE SF 5G 1D
6E 6F 6H 7B 1G 8B 8F 9B 1H 11E 12C 14A 14C 14D IME 15A 15C 17E 1TF
18A 18B 18D 18E 1¢H 1B 3D SD 6C 6D 6G 8A 8E 8G 8H 9A 9D 10A 10D 11B
11H 12F 13A

2016

18G 18H 20H 21D 21E 21H 21G 23C 23C 23 23F UF 24G 25A 2SB 25C 25D
25E 26C 26G 26H 27E 28A 28E 20F 31G 23D 24D 24E 27B 27F 37H 26B 28H
20B 29C 29D 29H S0A 30D S1A SIF 13C 13H 16H 17B 18C 2F 19E 10F 3A 3C
SF 4D 4E 1C 4F 6A 6B 14B 2C 14F 14H 15G 2D 17D 1TH SB $E 3G 4B 5A 5B
5C 5E SF 5G 1D 6E 6F 6H 7B 7G 8B &F B 1H 11E 12C 14A 14C 1D ME 15A
15C 17E 17F 18A 18B 18D 18E 198 1B D 5D 6C 6D 6G
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TABLE II

A B c D E F (4] H
1] o1se781s | 01356810 | 0135679 | 03356878 | 0134887 | 01233867 | 0123456 | 0134678
2] 0133478 | 0123468 | 0123678 ] 0336678 | 0234678 | 0133470 | 0133450 | 0345878
s| 0123560 | 01233670 | 0334570 ]| 0134679 | 0334679 | 02133506120 | 0134680 | 0134580
¢| 0123489 | 0123680 |01334510] 0234700 | 0134789 | 0356780 | 01334810 | 01348710
sl 0123¢710 ] 01345610 |012367:0}01356710] 023346710 | 01346810 | 01345810 01356101
6l 02345711 | 01234611 |03567810|01347810] 03466610 ]| 03347810 ] 03568010 | 01356010
7l o123¢512 [ 01335611 |01234711|03366011] 02346711 ] 01340711 | 0133671 01346810
sl o13essn | 03356711 |Jorssesnn|orserenr] 021347211 | 01236911 | 03567811 | 01356912
ol 03567812 | 01346812 J01238712|01335612]| 01234612 | 03345712 | 01234812 01356712
10] 01236812 | 02356812 J01356812]01337813] 03456812 | 02367812 | 01238813 | 01234613
1n]o1sses12]} 02346012 [035681112{/03236713| 01234713 | 02234813 | 013560813 | 01346818
12 01237819 Jor3681315|o1356101¢f021234724]| 013068013 ] 03567813 | 02367813 | 02348013
18] 01236913 Jo1ses1213|0o1s681018j013561018] 0136812137 035681113| 01335614 | 01334614
14| 01366816 | 01356714 |01236714]|02340714] 01236814 | 013458124 | 01347814 | 03480881
15] 01356814 | 01237814 |osS567814|02347814] 03568014 | 02347934 | 01358715 Jo136813 M4

t6] 035681016 | 0135471024 |023¢71014]0236721136]023471134| 035663114 ]034761214) 01235618
17] 03234615 | 01236715 [02340725]03456815] 01346815 | 01345815 | 01356815 | 03567815
18] o1se7815 | o1sara1s J02367815[023451015] 01348915 034581015)] 0233470900 | 012367
10{o13681316] 01356716 |[023¢6716[01234616] 03567816 | 01346818 | 01347818 013561018
01234700 | 01234600 [01234500|01235600]| 02345700 | 03456800 | 01345800 | 01356870
01346700 | 02346700 |0228¢800]01346800] 01236800 | 02356800 | 013568800 | 03587800
01347800 | 01287800 |01367800]03347800] 02367800 | 023466000 | 02345000 01234900
012336000 | 0135600 |013461200]035681000|013481000] 03568000 | 01348900 ] 03367900
0234651000 |012341000[0123610|013671000]013671000]013561000|023472000J013480
023675000 034581000{013681000[033481100/01347110|01337TU[03348ll @ 023671
02347110 0856811 000366811 m[013881100]023451200]03478110}012361300]103348M 0
013681300 |036801200]0123901200[013671300}012371200]/023671300]013491200}0136883
012361300]0388111200{023¢51300[013371300]013461300]033471300[03681013 0 03568813c0
034081300|023601800{038801300[036781300]013471400]/0134612400]032361400 033478
013681500]0368131400[036891400{0356081400]0368111400}023671500|033481500 013461600
0368131500] 023681500 [013481600[013471600]013671800]0366131600/035681800 0334151800

glejui|einiejuiiz|s

©

A3. 2-(20,4,)) Designs with A =0 (mod 3)

Let H be the Frobenius group of order 319 generated by a:X — X+1 and
B:X —TX. In Table V is a convenient listing of all the orbit representatives of 4-
clement subsets under the action of G;=H,. Developing each of the 4-element
subsets in Table IV with the automorphisms in G, constructs a 2—(20,4,)) design,
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for each A=0(mod 3).

TABLE IV

row and column estry of Table V

6A 7G ICE 8B TH

10E 12E 7H 10B SA 6H

L- B NN B

11A 10E 12E 6A 2F 8H 5C

11A 12A 10E 125 TH 5A SA 2F SH 5C

11H 11A 124 10E 125 7H 108 8A 3A oF 3H 5C SE

-
o

1A 2G 6 10G 3A 3B 2F 3H 5C SE

10E TH 1A 2G 3C 9E 10G 3A B 4C 2F SH 6C

10E 125 TH 10B 1A 2G $C SF OF 10G 3A 3B ¢C (H 7F SH

$D 1A 2G 9E 10G SA B 2F $H 5C SE 5F 6C 6D 6G

10E TH 9D 1A 2G 3C 9E 10G SA 3B (C 2F 3H 5C 5E 5F 6C 6D

30E 12E 7H 10B ¢D 1A 2G 3C SF OF 10G SA 3B 4C (H 2F 3H 5C 5E SF 6C

$D 11B 1A 2G $E 10G 3A 3B 7F SH 5C 5E §F 6C 6D 6G 7B 8C 8D &G

10E 7H 9D 11B 1A 2G SC 9E 10G SA 3B 4C 2F SH 5C 5E 5F 6C 6D 6G 7B 8C 8D

10E 12E 7H 10B ¢D 11B 1A 2G 3C SF OF 10G 3A $B 4C «H 2F SH 5C 5E 5F 6C 6D ¢G 7B 8C

$D 11B 11C 1A 2G 3C 9E 10G 3A 3B ¢C 2F S$H 6C 5E 5F 6C €D 6G 7B 8C 8D 8G 9G 2B

10E 7H 8D 11B 11C 1A 2G 3C 9E 10G SA 8B 4C 2F 3H 5C 5E §F ¢C 6D ¢G 7B 8C 8D 8G 9G 10A 2A

SiIs[s |6 || |B |||

10E 12E TH 108 9D 11B 11C 1A 2G 3C 3F O 10G 3A $B 4C «H 2F 3H 5C 5E §F 6C 8D 6G 7B 8C 8D 8G 9G
10A

4

8D 11B 11C 11D 1A 2G SC &F 9E 10G 3A 3B 4C (H 2F SH 5C 5E 5F 6C 6D 6G 7B 8C 8D 8G 9G 10A 2B 2C

10E 7H 9D 118 11C 11D 1A 2G 3C SF 4B 9E 10G 3A SB 4C (H 6B 2F $H 5C SE §F 6C 6D 6G 7B C 8D 8G
9G 2B 2C

10E 12E 7H 168 9D 11B 11C 11D 1A 2G 3C SF 4B 9E 10G 3A 3B «C 4H 6B 2F SH 5C 5E SF 6C 6D 6G 7B 8C
8D 3G 9G 10A 2A 2B

$D 11B 11C 11D 11G 1A 2G SC 3F 4B 9E 10G 3A 3B 4C 4H 6B 2F SH 5C 5E §F ¢C €D 6G 7B 8C 8D 8G 9G
10A 2A 2B 2C D

10E 7H $D 11B 11C 11D 11G 1A 2G SC 5F 4B 4G 0E 10G 3A 3B ¢C (H 6B TA 2F 3H 5C 5E 5F 6C 6D ¢C 7B
8C 8D 8G 9G 2B 2C 10A

10E 12E 7H 10B D 11B 11C 11D 11G 1A 2G 3C SF 4B (G SE 10G 3A SB 4C (H 6B 7A &E 2F S 5C 5B &F
6C €D 6G B 8C &D 8G 9G 10A 2D 28 2C

$D 11B 11C 11D 11G 12C 1A 3G $C §F 4B 4G 9F 10G 3A 3B 4C 4H 6B 7A &E 2F SH 5C 5E 5F 6C €D 6G 7B
8C 8D 8G 9G 10A 2D 2B 2C 4D 5D

10E 7H 9D 11B 11C 11D 11G 12C 1A 2G 3C SF 4B 4G SE 10G 3A 3B 4C 4} 6B 7A SE 2F SH 5C §E 6F 6C
8D 6G 7B 8C &D 3G 9G 10A 2A 2D 3D 3G 2B 2C
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TABLE V

[+]

D

E

F

02910

0139

0236

0336

0134

0123

0125

0245

0126

0338

03387

0127

0246

0267

0167

0128

0268

0348

0148

0278

0178

0289

0259

0239

0179

0269

0379

02510

03310

01310

02410

01710

020610

02810

02914

02912

032911

02311

o121

01711

o8l

02711

01212

02612

02412

02812

02413

02318

01213

02918

01713

02613

01913

02314

02916

02515

02315

01315

02415

02915

02715

02815

Ol nle|w]in]e

02318

021115

03618

02819

02319

02418

02917

021016

5

02918

02718

01219

026819

02519

02419

02719

01719

[l
[ =1

01819

021219

031019

02919

01919

011019

021119

041019

[

011219

031519

021819

041329

021639

A3, A 3-(16,7,10)

Let G, be the representation of the Frobenius group of order 80 generated by

the permutations in table V1. Then developing the 7-element subsets
02345915 and 012451015
into 160 blocks with the members of G4 gives a 3-(16,7,10) design.

TABLE VI

(01)(23)(4.5)(6,7)(8.9)(10,11) (12,13)(14,15)
(0,2)(1,3)(4,6)(5.7)(8,10)(9,11)(12,14) (13,15)
(0:4)(15)(26)(37)(8:12)(9,13)(10,14)(11,15)
(0,8)(19)(2,10)(3,11)(4,12)(5,13)(6,14)(7,15)
(0)(1,8,15,5,3)(2,9,7,10,6)(4,11,14,13,12)

Ad. 3—(19,7,)) designs from AF(19).

Using the elements of AF(19) the orbit representatives given in Table VII can
be developed into seven disjoint 3-(19,7,A) designs for A = 35, 35, 105, 210, 210, 210
and 210 respectively. Taking unions of appropriate combinations of these designs

yield 3-(19,7,)) designs for each possible A.
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TABLE VII

_;\== Orbit representatives

35 012371114 01234512 0123567 01367812

35 013671517 0123456 0123457 0123678

105 0123459 0123589 01356911 01346712
01235813 012341112 01345813 01345815
01348918

210} 013671114 012371116 01234510 01256917
01367810 01346812 01367915 0123478
01256711 01368913 01345818 01367811
01234811 01346918 01368910 01234710
0136101112

210§ 01345911 012381116 0134689 01235817
01256913 01346711 012341113 01256710
012351116 01235818 01347914 012358186
01346814 013671011 01356918 012361011
01368912

210 01237817 01367813 0136101115 01310111318
0134569 013451014 0125679 01234511
01345917 0123458 0136101116 01237813
0136101113 01346818 01356818 01346816
01347918

210 01356816 012341116 01348915 0134679
0123467 01345910 0136101118 01356711
01256912 01234810 01356914 012371011
01235810 0123568 01345817 01346817
01237814

A5, 3—(19,9,)) designs from AF(19).
Using the elements of AF(19) the orbit representatives given in Table VIII
can be developed into eleven disjoint 3-(19,7,)) designs for A = 28, 84, 84, 252, 252,
504, 504, 504, 504, 504 and 504 respectively. Taking unions of appropriate combina-
tions of these designs yield 3-(19,9,)) designs for many of the previously unreported
values of A in this situation. That is A = 112, 196, 280, 364, 924, 1204, 1764, 2044,
2604, 2884, 3444 and 3724.
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TasBLE VIII

A ) Orbit representatives —

28 01235681013 0123678914 012357121316

84 0123458913 01234581013 01345681113 0123456916

84 01345681015 01346781018 012345678 01345791417

252 J 0123456812 0123678912 0123467913 01234681013
01346781011 01234671217 0123456910 01234781013
0134568914

252 101235691011 0134678917 013678101115 0123456818
0134568911 01234571114 0123456710 01234571015
0134578918

504 1 01256791112 0134678913 01234591017 01234671415
0123467811 01234561014 01234671113 0123468910
0123458912 0123467912 01356781011 01235891115
01234681115 0123458917 01236781011 01234781113
0123567914

504 ] 013679101115 0123567810 0123456813 01346781113
01346891012 0123478911 01234671015 0134578917
01234571017 013689101112 01234571014 0134578915
01234571213 01345681118 0123456816 0134578911
01235891013

504 101234681015 01234781014 0123478912 01256891013
01346891118 0123567913 0134567812 01236781117
0123567911 01236891115 0123467813 0123467814
01234671011 01346891017 01346781012 0123456810
0123467812

504 10123458915 0123456711 0134578916 0123467817
0123456911 0123567915 01235891011 01235671012
01236781014 01346781015 01356781118 01234581015
01345681012 01234781117 0123468915 01345791011
0134567811

504 | 0123467815 0134567814 01234591016 0123457912
0134678918 01235681011 0123468911 0123478917
0123567912 01234781011 0134568910 0123456914
0134567813 01234781016 01236791014 01356781115
01345681016

504 1] 013678101118 0123458916 01234581016 01346781217
012368101118 01236781017 012378101114 0134568912
012368101113 01345681017 01234681116 01234571112
0123567910 01236781012 01234581114 013678101116

0123478913
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A.8. Hypergraphical 3—(20,5,)) designs, A € {18,28,48,58}
A representation of Sg on 20 points is generated by the permutations a and
below.
a=(0,10,16,7,2)(1,11,4,13,5)(3,12,17,19,9)(6,14,18,8,15)
B=(2,3)(5,6)(7,8)(11,12)(13,14)(16,17)
Let Gg=<a,p>.

A1 3-(205,18)
To obtain a 3-(20,5,18) design develop each of the 5-element sets below with
the automorphisms in G

037910 03479 01245 036710 012416 013718

A83. 3-(20528)
To obtain a 3-(20,5,28) design develop each of the 5-element sets below with
the automorphisms in G4

037910 03457 012410 035710 036712 012416
012316 0171116 013718 0171418 0371619

A83. 3-(20,5.48)
To obtain a 3-(20,5,48) design develop each of the 5-element sets below with
the automorphisms in G

01347 03457 035710 0371012 034712 012411
0371016 013716 0171116 0371018 0371017

A84. 3-(20,5,58)
To obtain a 3-(20,5,58) design develop each of the 5-element sets below with
the automorphisms in G

01234 01347 012410 035710 034710 034712
036712 034713 13713 012415 0371016 012316
013716 0171116 0371018 013718 0171418 0141119

A.7. Semi-Hypergraphical 3—(20,5,)) designs, A € {24,54}.
A representation of Ag on 20 points is generated by the permutations 4 and §
below.

~=(0,10,16,7,2)(1,11,4, 13,5)(3,12,17,19,9)(6,14,18,8,15)
§=(1,2,3)(4,5,6)(7,9,8)(10,11, 12)(13,15,14)(16,18,17)
Let G {=<7 .
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AJL 3-(205.24)
To obtain a 3-(20,5,24) design develop each of the S-element sets below with
the automorphisms in G

02678 012710 056710 023712 016712 0571014
023715 016715 023718 0671019

A3, 3(20,5,54)
To obtain a 3-(20,5,54) design develop each of the 5-element sets below with
the automorphisms in G,

02467 015710 02678 02567 016710
016712 0571015 0571014 023715 0171015
023716 012717 026717 012718 023718
0671019 0371019

A.8. 3—(20,5,)) designs with ) € {12,22,34,42,52,64}.
Let X=219y{co} and let w€Z;g be a primitive root. Let €:X— X and
¢: X — X be given by
z+1if z€ 2\
«(z) = { zif z=00

=(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18) and

wzt+lif z€2)
o(z)= { zifz=00

=(1,12,11,18,7,8)(2,5,3,17,14,16)(4,10,6,15,9,13)

Then G 5= <¢,¢> has order 114 .

A8.L 3-(205,13)
To obtain a 3-(20,5,12) design develop each of the 5-clement sets below with
the automorphisms in G

01268 02349 02589 012310 023610 025610
024812 025812 025613 023919 0231519 0281819

A8.3. $-(205,43)
To obtain a 3-(20,5,42) design develop each of the 5-element sets below with
the automorphisms in G5

025810 02568 02567 01236 01237 02367
02358 02458 01278 02369 02389 01489
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02789 012810 025610 014810 025811 012811
027811 023911 024812 012812 025612 016712
023812 026812 023413 024813 025819 023415
025615 023818 023419 023918 012819 024819
023919 0121019 0241119 0281319 0231519 0281719
0281519

A8.3. 3-(20,5,23)
To obtain a 3-(20,5,22) design develop each of the 5-element sets below with
the automorphisms in G5 :

0281014 01236 01237 01258 02578 02369

01289 02789 025610 023612 012811 025612
024612 023812 0261012 024813 023815 025619
028919 0241119 0171119 0281319 0251519 0231419
0231519

A.84. 3-(205,53)

To obtain a 3-(20,5,52) design develop each of the 5-element sets below with
the automorphisms in G5

0281014 02568 02567 01236 01237 02358

02348 01458 023410 01278 02578 02369

02589 02389 02789 012810 024610 025610
014810 023612 012811 023411 016711 027811
026811 023412 012812 025612 024612 023812
028912 025613 024813 012814 025818 023415
025615 023818 023918 023619 023819 012819
024819 0281119 0251019 0121019 0241119 0231119
0171119 0261219 0251519 0231419 0231519 0281519

A.8.5. 3-(20,5,34)
To obtain a 3-(20,5,34) design develop each of the S-element sets below with
the automorphisms in G5

0281014 01236 02367 02358 012568 02578

02349 02589 02389 01489 02789 023610
014810 025811 012811 023911 025612 026812
023413 014813 012813 024813 023615 023415
023815 023915 024819 0281119 028919 0251019
0241119 0231119 0171119 0281319 0251519 0231419
0281519

66




A.B86. 3-(20,5,64)
To obtain a 3-(20,5,64) design develop each of the 5-element sets below with

the automorphisms in G5
02567 01236 02348 01238 01258 026919
01268 023410 02578 02349 02389 0261019
01489 02789 02689 024610 025610 0121019
016710 014810 023810 025811 024811 0241119
026811 023911 023412 0281012 024812 0171119
012812 025612 016712 014812 023912 0281219
025813 023613 023413 0281013 012814 0251519
0121014 025819 025818 023616 023615 0231419
023415 025615 028915 023416 025816 0281719
025617 023818 023918 028918 023619 0281619
023819 014819 027819 023919 012919 0281819

A9. 3-(20,5,)) designs with A € {50,56}.
A representation of the wreath product of D, wr Ag on 20 points is generated

by the permutations ¢, ¢, 7 and & below.
¢=(0,16,17,18,19)(1,2,3,4,5)(6,7,8,9,10)(11,12,13,14,15)
¢=(0,5,10,15)(1,6,11,16)(2,7,12,17)(3,8,13,18)(4,9,14,19)
n=(0,15)(1,6)(2,7)(3,8)(4,9)(5,10)(11,16)(12,17)(13,18) (14,19)
0=(0,19)(1,2)(4,5)(6,7)(9,10)(11,12)(14,15)(16,17)

Let G4=<¢€,$,n,0>.

A93. 3-(20,5,50)

To obtain a 3-(20,5,50) design develop each of the 5-element sets below with
the automorphisms in G4
0561011 01239 01256 02568 02567 012310
01289 06789 012311 025610 012511 012811
025613 0151012 012513 0121314 056715 056716
012319

A93. 3-(305,56)
To obtain a 13-(20,5,56) design develop each of the 5-element sets below with
the automorphisms in G4

015610 02356 01256 02568 02567 012310
06789 012510 012311 056710 012811 025613
0561012 012513 0121112 0121113 056715 025616

056718 0161718 19
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A10. Graphical and Semi-graphical 3-(21,k,\) designs, k € {5,6}.

S S
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A104. A 3-(21,5,39) design
“ E:
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A10.3. A $-(21,5,30) design.

N o7
5

A10.1. A $-(31,5,3) design.
A10.2. A $-(31,5,15) design.
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A105. A 3-(21,5,39) design.
A10.6. A 3-(21,5,39) design.
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A.11. 3—(23,8,85) designs for s>2.

Generating the orbit of {0,1,2,3,5,7,12,16} under the group AF(23) constructs
a 3-(23,8,16) design and the union of the orbits of {0,1,3,4,6,7,8,22} and
{0,1,2,3,5,7,12,17} forms a 3-(23,8,24) design. These two designs are disjoint. In
each box of Tables IXa, IXb and IXc is displayed two 6-element subsets, A and B.
The union of the orbits of A {0,1} and B {0,1} under AF(23) is for each box a
3-(23,8,32) design. Furthermore the 241 designs generated from these tables are
pairwise disjoint and are each disjoint from the 3-(23,8,16) and 3-(23,8,24) designs
given above. Thus by taking unions of combinations of these 243 pairwise disjoint
designs we can construct a 3-(23,8,)) design for each A=8s<(15504)/2="7752

except A =8,
TABLE IXa
356101120 3580L1T | 234568  s«s910n | 235689 85671013
235679 3456910 234579 25791012 | 234589 2356101
345789 2356010 | 2345710 s4679m | 2345610 se780m
2345810 34571012 | 2356710 S46O1110 | 2346810 34531014
2368910 23571215 | 2367810 23571013 | 3456810 334810M
3567810 25791013 | 3467810 2348015 | 2346910 23671113
23579010 2567018 | 2347010 3456716 | 2367910 2357132
3567910 3457813 | 2587910 33571218 | s4se7m  ses5T02
2345711 3458913 | 2845611 35681014 | 3468910 2357018
2346811 356101134 | 2345811  seseom | 2356811 2356014
sse7o11  s45101114 | 2856911 2358018 | sse78m 2348911
23687811 2357913 | 3457811 3457018 | S4e7811 23481013
3457911 23601113 | 2357911 2367813 | 336701 23681018
2567011 3456914 | se58011 2345612 | 234801 234572
4567011 2358013 | 2358011 23481314 | 346801 23461019
2368011 23481221 | 3345101 s4es1s15 | ss7som  ssevsus
357801 23681221 | 457801 2358014 | 2368101 34681215
35671011 2346914 | 23581010 3456717 | s4s50fom 2345813
46701011 234901314 | 25701012 33461815 | 2358912 2345812
3567812 2348017 | 3456812 356101814 | 3456712 3356812
2356712 3567921 | 2367812 33451016 | 2357812 sc6s1213
3457312 23481015 | 3467813 34581016 | 2367912 seTeu1s
2357912 2356814 | 2356912 35801218 | 2347012 35671210
3567912 367101214 | 2567913 23591014 | 23481012 34681117
23561012 2358101 | 23451012 33561118 | 3578912  34s67L
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TaBLE IXb

23571012 256679016 23471012 2356818 34561012 34681221
28681012 23581214 34581012 36781216 28581012 28457190
34681012 2867315 45791012 35679138 28561112 23681014
34561112 35781118 S4681112 35781415 34671112 23671013
4871112 3458916 23681112 35671017 345101112 3457918
sS6781112 34579020 35681112 28481021 34501112 seTR
34791112 2345818 368101112 33671315 8568101112 2348920
8456713 36891115 2856718 236792 3456813 257911 14
3487813 23691014 2867918 236101221 23569013 34581115
2567913 33571015 23561018 34681214 34789013 23661015
S46889018 356101117 23451018 4579112 35789138 $710111214
234610138 36781314 36781018 23479017 34581013 3457915
23581018 sd4881021 34681013 28681421 35781013 34681317
23591018 356781 368901018 31011121315 356712138 34671213
345901118 336101210 257101118 235713168 25671213 34681016
4781218 23571217 35781218 2358920 348101213 34578 14
368101218 845101214 $6781014 2857916 2367914 23601118
2346814 3567102 39101112138 34781420 3410111213 25671015
3510111213 3467814 3810111213 2367814 2345714 $5891110
2356714 23591210 23561014 2367922 3458014 35671119
3467014 35671015 3587014 34571016 34789014 35671018
23451014 346782 3578914 35681019 33571014 34571217
3347100 23561016 25671014 323461117 34671014 34881219
35671014 33591216 S6681014 2346915 35781014 23481210
346911 14 23857915 34691014 45791114 25791014 2345717
34791014 23571220 S48 114 234101217 236711 4 348101216
34581114 38491021 345901114 24571218 368101114 $6791116
36TO11 14 23591010 2571011 34 31011121317 34671214 2356917
34571214 23591016 35671214 23451119 S458121¢ $1011121320
347101214 23469017 3566101214 34671217 34681314 2345712
2345715 347901019 2356715 346111216 2356815 346101217
2347015 36781017 35679015 3459011168 3467915 23561218
2358915 234901015 34789015 2357917 2368915 23571019
3578915 sse7112N 23671015 2347918 36781015 868111215
23581016 3468102 35681018 34679016 368901015 $4671017
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TaABLE IXc

23481215 84681018 365681115 357802 358901115 2347918
356101116 23491320 ‘35671215 23491116 345101215 23481019
38681215 s$4857112 34671315 3359102 28661315 23489021
3478016 2310111220 3567816 34691116 2345716 235101216
34871415 34791020 33671416 3678019 34567168 34691010
3456816 4791118 23687818 3457921 3457916 2367820
35671118 3356818 286710168 33566102 8578916 3678112
33671018 sesu11221 28671018 23401118 234901016 23581310
23451118 3458918 23471116 2867822 34671116 2368917
457011168 4571222 34589017 34571017 34501416 347901022
367101518 34571818 2345817 34781218 23679017 23571218
34579017 34581417 3587917 356732 3467017 2345718
28561017 34691021 23451017 3458921 3578917 23681117
23671017 34581017 23571017 368101310 23681017 s5610112
347901017 23471210 34691017 234711128 33481117 34681121
34691117 84571019 35681117 34591119 4S50 17 34571820
257101117 S4881217 4701217 $456718 36891317 348101319
s4691317 235711221 3467818 23571018 2356918 36781221
3478918 23561019 234713018 36891118 34571018 23689190
23591118 23481020 3456811 23481122 234101218 23891121
23571318 368901021 )

A12. 3-(23,9,12s) designs for 5>2.

Generating the orbit of {0,1,3,4,5,6,7,11,12} under the group AF(23) con-
structs a 3-(23,9,24) design and the union of the orbits of {0,1,2,3,5,7,8,9,10} and
{0,1,3,4,5,6,7,8,12} forms a 3-(23,9,36) design. These two designs are disjoint. In
each box of Tables Xa, Xb, Xc, Xd and Xe is displayed two 6-element subsets, A
and B. The union of the orbits of A({0,1} and B {0,1} under AF(23) is for
each box a 3-(239 32) design. Furthermore the 403 designs generated from these
tables are pairwise disjoint and are each disjoint from the 3-(23,9,24) and &(23 9 36)
designs given above. Thus by taking unions of combinations of these 405 pairwise
disjoint designs we can comstruct a 3—(23,9,)) design for each
A =125 < (38760) /2 = 19380 except A =12.
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TABLE Xa

235781018 3406801015 345691010 345601117 3678111218 3458111519
3468111520 236701221 $468101221 3356101222 3101112131417 288801115
361011121814 35679112 234571218 45879112 34587818 845671012
234571012 2358901018 234581011 23457014 34567811 236891012
23667810 234681112 2356789 356701011 23456810 2358901012
23456710 346701138 365678010 345601014 235689010 23687912
235879010 236891215 34567810 345689018 23458910 28579 M4
34568910 358703018 2345681 34590101114 23456711 2567121318
23667811 3101112131416 S456851 234631110 33567011 346781213
23467911 23567813 23568012 334581124 23488911 234561315
35678911 235681012 34578011 2345101215 23518011 345601214
23878911 38456812 25878911 2345T12 14 234571012 284581014
384561011 235681114 23456712 3469111817 235601011 23458918
238568t012 234501214 2368781011 28458410 234601011 36890101317
33450101 Se58T1422 $45691002 234891415 236791011 23458914
256701012 23567916 236891011 234781314 346891011 234681210
23568012 3458111417 23657812 346791217 23567812 23469011 2¢
23487912 35610111214 23453912 235671218 34578912 2357301316
34668912 $5667101220 23578012 284781213 35678912 2887101315
23678912 3345812 25678012 234561012 234581012 2358901018
235671012 35673913 234681012 346781113 28¢781012 SE6TP UM
345781012 235801320 345681012 345601124 $46781012 S45891415
23468901012 34567814 234791012 23456714 3456015012 3710111213 14
356791012 3579105315 356791012 234681018 2356101112 34578914
356781112 238566901216 357891012 236791216 3468051012 2357111220
356891012 23687101814 2345681112 367891118 235871112 2579101113
345681112 345781018 234581112 366791218 235681112 2346811 14
sS48731112 357801114 234001112 235671416 3456901112 45701011 14
2368701112 345871317 345751112 34567818 340791112 345681015
335891112 234581314 2346101113 336781318 334801212 3567111417
2357101112 345891818 2363101112 245871018 3458101112 3357101314
2358101112 234691214 3568101112 3458913168 3468101112 235681415
23456718 3469101120 4579103112 234791314 235681013 3350901014
23508018 2358601015 2335687918 28568111215 23457018 3467811 20
234538918 457801118 345789013 3357101215 23578918 2367101113
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TABLE Xb

23873013 345671015 235671018 23567919 234571013 3467301214
234561018 345781118 334581018 3567101113 345671013 236789015
346781018 235681014 346681013 334581218 236781013 2358101213
356781013 2348911 256781013 236601218 234691013 3678101815
235791013 235681021 345601018 235671218 346791013 33451“23_
236791013 346912140 356701013 861011121315 48671118 238810120
234561113 S4568 10 236801018 235791216 3563801013 3567901017
257891018 334570117 334571118 3348101214 23567113 234891014
234681113 356710112 284581118 457121407 336781118 2346101217
457801118 345681017 234891113 457911 M 335691118 4567901U 1
234691113 345681019 236791113 234691018 s458011 13 234571015
235801113 3450672418 236801113 3456101210 257801118 235781114
47891113 8567101520 3358101118 2340812014 2357101113 236781216
2356101118 356789015 3346101118 235681421 34561021138 23457130
2359101118 34568915 2369101113 23567914 3679101113 234080115
23610111213 4880014 356781213 2363901018 345681213 2356101214
345071213 36710121814 235681213 236811122 345781218 234681117
285781218 236781017 236791213 235681215 2348101218 236781018
235891213 356731118 856791213 856810114 236891218 235671015
3578901218 3456711 04 2387101213 235681020 2347101218 235781014
3457101218 3458111422 3567101213 234791214 3457111218 235671818
3468101213 23567814 3458101213 2358101217 2368101213 345781314
2359101218 34510221420 2579101213 23571112215 3458111218 8456713168
3467111213 345681018 23668014 2366101215 23678014 2357181621
234561014 s45010121 245671014 238791017 235671014 23458102
348781014 345671420 345681014 38101112134 238781014 234501117
35678104 345791316 236891014 234581117 2334701014 235671018
23870101 35703103418 2368701014 234671316 356791014 34810121315
256791014 36791113108 235801014 356791015 33457 M 3456111215
346891014 2356101217 345681214 334601018 23581011 14 235601018
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TABLE Xc

345781114 23569100 3467811 14 2346101121 3457011 14 345910112
S467011 14 345671116 236701114 334691021 23667911 14 235791418
47801 14 234001217 34580114 350781218 2358911 14 236891015
4576011 14 34780118 3578011 14 3459101118 23461011 14 36790111214
2368101114 34568381116 33571012 14 2348061016 233471011 14 391011121810
3456101114 2340101317 35671011 4 334601110 3467101114 234501018
2358101114 2356711168 23481011 1¢ 334571315 34801114 2579101316
34601011 04 234681015 3468101114 234581015 345671214 345701116
234581214 284791015 235681214 234681018 2367101214 3sToUR
2358901214 345671219 238701214 2356871217 356781214 334571318
340781214 2348101819 345795214 3456901015 3567915214 4579101115
256701214 234810132 2345101214 2369101214 3457101204 23457917
3567101214 $48891817 s«701012 14 234561015 3569101214 234701016
2368111214 356791018 Sq68111214 457891118 Se010111214 3101112131415
479111214 3358101310 seTI01102 04 356791210 36810111214 36781016137
236781314 ¢ 306810111215 234891314 288781117 346781314 234091017
2356101814 235681219 347801814 $71011121815 S46891314 85610111217
2346101814 345681418 2347101304 3469101116 3667101814 234791018
2567101314 235791017 3578121314 2368101417 2378111814 3467101217
34810121354 3456111218 36310121814 346781118 341011121804 23679118
3510111218 4 235671018 235691016 346801017 23568915 234691015
3910111218 14 2457121417 233567915 345701110 34567815 234801110
23457915 3468901115 234508915 2356101116 258789015 235791018
2335681015 3457101216 236781015 345801817 356781015 340701220
235791018 234801315 345600115 3457101219 3345061118 34878132
3568901015 36810111220 45671115 34670110 234581115 3459105119
235681115 235610418 23560115 3346901221 3346900115 235681019
$487911 15 257801118 236791215 235679% 334801115 334081010
235801115 ©° 2570101817 23345101115 3478131422 3357101115 345891416
3456101115 234581418 2368101115 35678917 3458101115 3408121322
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TasLE Xd

2358101118 3681012132 34591201115 234812410 335801215 3347901017
345671215 2340901117 335671215 23469102 234081215 3367101121
234581315 346791016 356781315 346781218 2348901215 23679122
357891315 345081318 356671012156 23568016 3458101215 36810111228
3468101215 346781118 3468111215 3456102117 3680111215 235671010
35610111315 3236801917 3450671615 2357910319 347801315 34568111217
235681315 3867910168 345671315 234881020 346781318 3478101216
345891315 25679011168 236801315 3346101315 2345101318 3467011 0
2348101315 3878111210 36710131315 234691319 2345712418 345801110
235891415 23679100 345600415 357802 234801415 34581011136
2357101418 2348101218 345687816 234301122 234580168 3459101116
235681016 3487121 234581018 234510112 346781016 345791222
$45681216 2356710 234571118 25670130 310111218 1417 236891118
3610121213 14 26679112 234571218 4567911 34567313 345671012
284571012 235691018 234581001 234571014 34567811 236891012
23567810 234081112 2356789 $ss701012 234563810 235891012
23456710 346791118 35678910 345691014 23588910 23587912
23567910 236891215 34567810 345880138 23458910 23579 14
34568910 3567901018 23456811 3459101114 28456711 25671213168
23567811 3101112131416 3456891 3234081110 28567011 346781218
2345791 23567813 23568011 2345811 14 23458011 2345681315
356789011 1235681013 3457891 3345101215 23578911 345691214
23878012 23458812 25678011 234571224 234571011 234581014
334561011 235681114 23456712 3469111517 235691011 234589018
235681011 234561114 23678101 2545814139 2346901012 3689101317
284501011 ‘34567TU 34569101 234691615 236791012 234589014
2587101011 285687910 338891001 33478314 3468901018 234681219
238¢89012 34581110417 234578312 348791217 33567312 23409114
234579212 356610111314 23458913 235671218 34578912 3357101318
34508012 356710122 23578912 234781218 35678913 3367108315
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TABLE Xe

23673912 2sd58u1n 25678912 234561012 234681012 235691018
235671012 35678913 234681012 346781113 336781012 366791114
345781012 33589132 345681012 345601114 340781012 345801415
234691012 34867814 234791012 234566714 3456691012 371011121314
356791012 2579101815 366701012 334681018 2356101112 34578014
356781112 335691218 367891012 336791218 3468901012 335711122
356891012 2367101314 234561112 3867891118 235671112 2579101113
S45681113 345781018 234581113 356791213 335681112 334681114
34678112 3578911 14 2848901112 335671416 345601113 4579101114
236791112 345671317

A3, 3—(25,4,)) designs with A€ {2,8,10}.

Let G be the representation of the wreath product Cywr Ag generated by
the permutations in Table XI. Then a 3—(25,4,)) design for each A €{2,8,10} can
be obtained by developing the 4-element subsets in the appropriate table below.

TABLE XI

(1,2,3,4,5)(6,7,8,9,10)(11,12,13,14,15)(16,17,18,19,20) (21,22,23,24,0)
(1,6,11,16,21)(2,7,12,17,22) (3,8,13,18,23) (4,9,14,19,24) (5,10,15,20,0)
(1,2)(3,4)(6,7)(8,9)(11,12) (13,14) (16,17)(18,19) (21,22) (23,24)

TABLE XE A 3-(25,4,2) design.

0128 01610 01511 05616 051015
06718 011021 051121 0212223

TABLE XI: A 3-(25,4,8) design.

0125 0678 05610 01511 o121 06710
01712 011020 01215 061012 011015 011017
05617 06718 01218 06720 05622 051620
051121 01522 011022 01723
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TABLE XI: A 3-(25,4,10) design.

0156 0125

06711 011020
011015 051015
05617 01218
01522 011022

011011
01215
011017
05620
01723

01211
01713
01517
06720

012223

06710 05611
01213 061012
051016 081016
05622 06721

0212223

A.14. 3-(26,6,)) designs with A =0o0r 1(mod 10), A ¢ {10,11}
Let G4 be the representation of PSL4(25) generated by

(1,2,3,4,5)(6,7,8,9,10)(11,12,13,14,15)(16,17,18,19,20) (21,22,23,24,25)
(1,6,11,16,21)(2,7,12,17,22) (3,8,13,18,23)(4,9,14,19,24) (5,10,15,20,25)
(1)(2,7,14,3,13,22,5,25,18,4,19,10)(6,8,20,11,15,9,21,24,12,16,17,23)

d
(0,1)(3,4)(6,16)(7,10) (8,12)(9,15)(11?1)(13,18)(14,19)(17,23)(20,24)(22,25)

There are two orbits of 3-element subsets and orbit representatives for them are:
T,={0,1,2} and T;={0,1,6}. There are forty-five orbits of 6-element subsets and
orbit representatives for them are given in Table XII Using tools in the design
theory toolchest these representatives were obtained and the A 3¢ matrix was con-
structed. The transpose of this matrix can be found in Table XII. Note: that many
columns of Ay have exactly the same entries. We represent this in Table XIII by
listing in a particular row all the orbits which yield the column entries given in that
row. From this data it is relatively easy to construct a 3-(26,6,)) design for each

A=00r1(mod 10), A ¢{10,11}.

TABLE XII
A B C D E
1 0127013 012679 012369 013567 012367
2 012345 012349 0123638 012479 012379
3 012879 01339511 0127910 | 012789 012689
4 0138711 0137911 012801 0123912 0136912
] 0137918 0127918 01367TM 0126919 0133913
6 ] 01291218 0123914 0128915 0133916 | 0126716
7 01391115 0123917 0136718 0133923 0133920
8 0123019 0126710 0134919 012362 0129182
9 016111621 012792 0124923 012302 012402
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TABLE XIII

A%
T 1‘! Row and column entries of Table XII
0 1 9A
1 0 2A
20 20 5B 5D
8 12 8E
12 8 6D
30 30 5E 9B 8E
12 18 6E 8D
18 12 2C 8B
60 60 1IBI1IC1D1E3A 3D 4D SC 7D 7E
24 36 1A 3B 4C6A 7A 9D
36 24 3C3E6C 7B 8C9C
48 72 4A 4B 4E 5A
72 48 2D 2E 6B 8A
84 38 2B
38 84 7C

A.1S. A 4-(30,5,4) Design.
Developing each of the thirteen 5-element subsets in Table XIV with the auto-
morphisms in AF (19),, constructs a 4-(20,5,4) design.

TABLE XIV

01234 01378 012310 013611 013411
0131113 013614 013615 013519 0131117
013419 013819 0131019

A.16. A 4-(20,6,30) Design.
Developing each of the thirty one 6-element subsets in Table XV with the
automorphisms in AF (19),, constructs a 4-(20,6,30) design.

TABLE XV

013101114 01361011 013678 012345 012378 013569
013459 013489 0123511 0123711 0134811 0136911
013101112 0123512 0134514 01451113 013101118 0134515
01231015 0136915 0134516 0136816 0136917 0123517
013101117 0123419 0134919 01381119 01361419 013111719
0136717
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A.17. 4—(21,8,)) Designs from PSL3(19) -
Let G be the representation of PSL3(19),, generated by
(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18) (19) (c0)
and

(0,19,1)(2,10,18)(3,7,9)(4,15,8)(5,16,14) (8) (11,13,17)(12) (c0)

A 4-(21,6,)) design for each ) €{36,40,60} can be obtained by developing the 5-
element subsets in the appropriate table below with the

TABLE XVI:4-(21,6,36) design.

0123411 012357 0124511 0124700 0123900

TABLE XVII:4-(21,6,40) design.

0123411 012345 012357 012479 0124700 01241100

TABLE XVIII:4-(21,6,60) design.

0123411 012347 012357 012479 0124511 0123400
0124700

A.18. 4—(23,5,)) Designs from AF(23).
A 4—(23,5,)) design for each A € {2,4,5,6,7,8,9} can be obtmned by developing
the 5-element subsets in the appropriate table below.

TABLE XIX:A 4-(23,5,2) design.

01378 013411 013512 0131213 014513 013520 012521

TABLE XX:A 4-(23,5,4) design.

01235 01346 01367 01358 013811
013412 013712 0131112 013813 013514
0131219 013617 0131518 013822

TABLE XXEA 4-(23,5,5) design.

01356 01234 01358 01369 013811
012512 013412 013512 013712 013413
012313 013813 0131214 013714 012516
013617 013519 012520 0131221 0131021
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TABLE XXIEA 4-(23,5,6) design.

01235 01346 01367 01358 013811
013412 013712 0131112 013813 013514
0131219 013617 0131518 013822

TABLE XXIII:A 4-(23,5,7) design.

013586 01234 01346 01257 01358 01349

013710 012312 014511 013811 013412 013512
013712 0131215 0131213 012313 013813 013714
013515 012516 013617 013518 012520 0131221
0131021 013822 013622

TABLE XXIV:A 4-(23,5,8) design.

01345 01235 01257 01347 014567 01369
01378 012311 013710 013612 013512 013812
013912 013413 014513 013813 0131214 013614
013714 013615 0131219 0131217 013616 013617
0131218 013519 0131518 013620

TABLE XXV:A 4-(23,5,9) design.

01368 01356 01234 01346 01358 013410
01369 01378 g12311 013710 013411 014511
013612 012512 013412 0131213 012313 014513
0131214 013514 013814 013714 013515 0131219
0131217 0131216 013617 013521 0131220 013520
012520 012521 0131221 013822

A.19. A 4-(29,5,5) Design from AF(29)
Developing each of the thirty three 5-element subsets in Table XX VI with the
automorphisms in AF(13) constructs a 4-(29,5,5) design.

TABLE XXVI

i

01234 01236 01356 01258 01279 013410

013710 013610 012511 013411 012512 0131113

014513 012913 012316 014516 013517 012716

015616 014517 013618 0121318 013819 013522

0131123 0132122 013623 012724 0131125 013526
012526 013726 0131127
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A.20. 5-(24,k, )) Designs, k=6 and k=1, from PSL,(23).

Let Gyp=<a,B> be the representation of PSL4(23) in its action on the pro-

jective line given by:

a=(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22)(23)
B =(0,23,1)(2,12,22)(3,16,11)(4,18,15)(5,10,17)(6,20,9)(7,14,19) (8,21,13)

Then 5—(24,%,)) designs for k=6 and k=7 and each admissible A can be obtained
from G;9 by developing the orbit representatives given in the appropriate table

below

TABLE XXVIE: A 5-(24,6,1) design.

012468 0123610 0124920

TABLE XXVIIL: A 5-(24,6,2) design.

012456 012478 0124713

0124917

TABLE XXIX: A 5-(24,6,3) design.

012468 0123410 0124911
0124712 0124617 0124913

TABLE XXX: A 5-(24,6,4) design.

012345 012468 012478
0124910 0123610 0124613
0124616 01241417 0124917

TABLE XXXI A 5-(24,6,5) design.

012478
0124712

012459 0123410 0124911
0124617 0124918 01241417

0124612
0124922

TABLE XXXII: A 5-(24,6,6) design.

012345
0123610
01241417

012468 012478 012469
0124612 0124713 0124614
0124917 0124618 01241618

0124910
0124918
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TABLE XXXIIL A 5-(24,6,7) design.

012478 012459 012469 0123410 0123610
0124617 0124913 0124613 01241417 0124618
0124920 0124619 01241618 0124922

TABLE XXXIV: A 5-(24,6,8) design.

012345 012468 012478 0124910 012489 0124911
0124611 0124612 0124712 0124914 0123417 0124918
01241417 0124917 0124618 0124619 01241618

TABLE XXXV: A 5-(24,6,9) design.

012468 012469 012489 0124612 0124914 0124913
0124713 0124614 0124616 0123417 0124918 01241417
0124917 0124619 01241618 0124922

TABLE XXXVE A 5-(24,7,3) design.
012491113

TABLE XXXVII: A 5-(24,7,6) design.

0123479 0123489

TABLE XXXVIIE: A 5-(24,7,9) design.

01234916 01246918 012491223

TABLE XXXIX: A 5-(24,7,12) design.

01246717 01247918 01245618 012491219

TABLE XL: A 5-(24,7,15) design.

01247917 01247922 01246721 01245922 012491223

TABLE XLI: A 5-(24,7,18) design.

01246716 012491220 01234919
01245620 01247922 01245922
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TABLE XLII: A 5-(24,7,21) design.

01246716 012486717

01247919

01245620 012491219 012491223

01234918

TABLE XLIIE: A 5-(24,7,24) design.

01234916 01247916 01247918

01245618

01246918 01234919 012491219 01245922

TABLE XLIV: A 5-(24,7,27) design.

01246716 01247916 01246717 01247919 01247918
01245618 01245620 012491219 01245922
TABLE XLV: A 5-(24,7,30) design.

01246716 01247916 01234917 01247918 01245618
01246918 012491219 01247921 01246721 01234923
TABLE XLVI: A 5-(24,7,33) design.

01247916 01247919 01246918 012361018 01245620
012491219 01245920 01247922 01247921 01234922

01246716

TABLE XLVIL: A 5-(24,7,36) design.
01247916 01246717 01247917 012491220 01246918
01245620 012491219 01247922 01234922 012491223
01234916 012361018

TABLE XLVIIL: A 5-(24,7,39) design.
01247916 01247919 01234918 01234919 012361018
012491219 01247922 01247921 01246721 012491223

01246716

01245620 01234923
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