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Abstract

The chromatic polynomial of a graph G, P(G;)), is the polynomial
in A which counts the number of distinct proper vertex A-colorings
of G, given A colors. We compute P(Cy X Pp; A) and P(Cs X Pn; )
in matrix form and will find the generating function for each of these
sequences.

1 Chromatic Polynomial of Cy x P,

For more information on chromatic polynomials see (1] and [2]. Let ©,
denote the graph Cy x P,. For n > 1, by applying deletion-contraction
method to ©,, — more precisely, deleting and contracting the edges linking
©,,_1 to last copy of Cy — one may write chromatic polynomial of this
graph in terms of P(©,_1;)) and P(©),_,; \) where ©, is obtained from
©,, by linking two non-adjacent vertices in the last copy of Cy4 (see Figure
1). Similarly, P(©,,; ) can be written in terms of chromatic polynomials
of ©,_, and ©,_,. We have

P(On; ) = (A* —8A3 42802 = 47TA +31)P(©,_1;A) — (4AXA— 10)P(©7,_;; V),
P(O!;)) = A=2)(A3=7A24+19A=19) P(Opr_1; A)+(A=5)(A—3)P(6}_;; A).

JCMCC 70 (2009), pp. 107-110



Figure 1: ©/,

Let A = (a;;) be the matrix of the coefficients of the above recursive rela-
tions. Clearly, we have

N = [ BN ] W

By substituting P(Cyq;A) = A(A —1)(A%2 — 3X + 3) and P(K; — e;)) =
A = 1)(A — 2)? for P(©p;A\) and P(©); ), respectively, we will have
P(B,; ) and P(©),;A), for all n.

Now let f,(z) and f2(z) be the generating functions for chromatic poly-
normials of ©, and ©),, respectively. Using (1), we have

e ]-xme

n e;)\ -1 P@,/\
‘Z( 4) [P(e9 N | === [PE@Z;A”

and after inverting (I — zA)~!, we derive
P(@o; )\) + (amP(G){,; )\) - azgp(eo; )\)) z
1 - (a11 + a22) z + (a11022 — ay2a91) 2 ’

P(©};)) + (a21P(B0;A) — a11P(0; A)) =
1 — (@11 + ag) z + (a11a22 — a12a01) 2

fi(z) =

fa(z) =

2 Chromatic Polynomial of C5 x P,

Now let ®,, denote the graph Cs x P,. Similar to the previous example,
chromatic polynomial of ®,,, for n > 1, can be computed by deleting and
contracting the edges linking ®,,_; to last copy of C5. With some effort, one
may check that chromatic polynomial of this graph can be written in terms
of P(®n_1;A), P(®)_;;A), and P(®}_,; X) where &), and &), are graphs
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obtained from ®,, by linking a vertex in the last copy of C5 to, respectively,
one and two non-adjacent vertices in the same copy of Cs (see Figure 2).
Similarly, P(®/,; A) can be written in terms of chromatic polynomials of
®,_1, ®/,_;, and ®]._,. It follows that we have

P(®4;2) = (A= 2)*(A? = 4X +9) P(@n_1;A)

—(5A2 — 28\ + 38) P(®),_1;A) + (A — 6) P(®_1; ),
P(®;)) = (A% — 112* 4+ 53)% — 135A% + 177X — 95) P(<I>n_1; A)
+(A = 2)(A = 3)(A —9) P(®],_1; A) + (4A = 14) P(®}_1; A).

Figure 2: &, and 9/

On the other hand, one may easily check that P(®o;)) is equal to
P(®); \) + P(K3 + €; A) and P(®{; \) — P(K3 + €; A) by respectively ap-
plying addition-contraction and deletlon-contra.ctlon Hence, P(®g5;A) =
2P(®); A) - P(®0; \). In a similar fashion, we have P(®}; ) = 2P(®7,; A) —
P((I’,,;)\) using induction. By substituting this back in above recursions,
we derive

P(®,;0) = (A% — 10A% + 4523 — 11002 + 139X — 66) P(®n_1; A)
—(5A% — 30A 4 50)P(®),_;; N),
P(®;)) = (A% — 112* 4+ 53)% — 135)% + 173X — 81) P(®n—1; )
+(A3 — 14)2 + 597 — 82) P(®),_;; A).

By letting B = (b;;) to be the matrix of the coefficients of the above
recursive relations, we write

(5] [
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where P(®0;A) = A(A — 1)(A — 2)(A2 — 2A + 2) and P(@}; ) = A(A — 1)
(A —2)(A\2 — 3)\ + 3). This allows us to compute chromatic polynomial of
&, and P, and consecutively, that of ®/..

Finally, let g1(x), g2(z), and gs(z) denote the generating functions for
chromatic polynomials of ®,, ®,, and ®!, respectively. Clearly, gs(z) =
2g2(z) — g1(x) while

P(®0; A) + (b12P(®p; A) — boa P(®o; ) =
1~ (b11 + bo2) z + (b11ba2 — bigbey) 22 '

gi{z) =

g2(z) = P(®5;A) + (b21P(®0; A) — b1 P(®h; \)) =
2 1— (b1 + b22) T + (b11baz — brobar) 22
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