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ABSTRACT

For two vertices u and v in a connected graph G, the detour dis-
tance D(u,v) between u and v is the length of a longest v — v
path in G. The detour diameter diamp(G) of G is the greatest
detour distance between two vertices of G. Two vertices v and
v are detour antipodal in G if D(u,v) = diamp(G). The detour
antipodal graph DA(G) of a connected graph G has the same
vertex set as G and two vertices u and v are adjacent in DA(G)
if u and v are detour antipodal vertices of G. For a connected
graph G and a nonnegative integer r, define DA"(G) as G if
r =0 and as the detour antipodal graph of DA™"}(G) if r > 0
and DA™"}(G) is connected. Then {DA"(G)} is the detour an-
tipodal sequence of G. A graph H is the limit of {DA"(G)} if
there exists a positive integer N such that DA"(G) = H for all
r > N. It is shown that {DA"(G)} converges if G is Hamil-
tonian. All graphs that are the limit of the detour antipodal
sequence of some Hamiltonian graph are determined.
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1 Introduction

The distance d(u,v) between two vertices u and v in a connected graph G is
the length of a shortest u — v path in G. The greatest distance between two
vertices of G is the diameter of G and is denoted by diam(G). Two vertices
u and v of G for which d(u,v) = diam(G) are called antipodal vertices in
G. In 1971 Smith [11] introduced the concept of the antipodal graph A(G)
of a connected graph G, defined as that graph having the same vertex set
as G and where two vertices u and v are adjacent in A(G) if u and v are
antipodal in G. This concept has been studied by others in {1, 2, 3] and
(7, 8, 9]; however in some instances A(G) is defined for disconnected graphs
G as well, in which case u and v are defined to be antipodal if u and v belong
to different components of G. We refer to the book [6] for graph-theoretical
notation and terminology not described in this paper.

Although the definition of distance between two vertices in a connected
graph given above is the standard definition of distance, it is by no means
the only definition of distance between two vertices. For two vertices u and
v in a connected graph G, the detour distance D(u,v) between u and v is
defined (see (4], for example) as the length of a longest « — v path in G.
A u —v path of length D(u,v) is called a u — v detour. As with standard
distance, detour distance is a metric on the vertex set of a connected graph.
Clearly, for vertices u and v in a connected graph G of order n,

0 < d(y,v) < D(u,v) <n-—1,

where D(u,v) = 0 if and only if d(u,v) = 0 if and only if u = v, D(u,v) =1
if and only if uv is a bridge of G, and D(u,v) = n—1 if and only if G contains
a Hamiltonian u—v path. Moreover d(u,v) = D(u, v) for every two vertices
u and v of G if and only if G is a tree.

The detour diameter diamp(G) of a connected graph G is the length
of a longest path in G. Two vertices u and v in G are detour antipodal
vertices of G if D(u,v) = diamp(G). The detour antipodal graph DA(G) of
a connected graph G has the same vertex set as G and two vertices « and v
are adjacent in DA(G) if u and v are detour antipodal vertices in G. Thus
DA(G) is used to model those pairs of vertices connected by a longest path
in G.

Our primary interest is in connected graphs whose detour antipodal
graphs are also connected. In this connection, we have the following result.

Proposition 1.1 If u is a cut-vertez in a connected graph G, then u is
an isolated vertez in DA(G).

Proof. Let v be any vertex in V(G) — {u}. We show that u and v.are not
detour antipodal vertices in G, which implies that u is an isolated vertex in
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DA(G). Assume, to the contrary, that u and v are detour antipodal vertices
in G. Let P be a u — v detour in G. Then P — u belongs to a component
G; of G —u. Let w be a vertex of G — u not belonging to G; and such that
w is adjacent to u in G. Then adding w and uw to P produces a longer
path in G, which is impossible. n

The following is a consequence of Proposition 1.1.

Corollary 1.2 Let G be a connected graph of order 3 or more. If DA(G)
is connected, then G is 2-connected.

Hamiltonian graphs are, of course, 2-connected. If G is a Hamiltonian
graph of order n > 3, then diamp(G) = n — 1. In this case uv is an
edge in DA(G) if G contains a Hamiltonian v — v path. In particular, if
C :v,V2,..., Un = V0,Uns+1 = V1 is a Hamiltonian cycle in G, then G
contains a Hamiltonian v; — v;41 path for every integer ¢ with 1 < i < n.
Hence C is a Hamiltonian cycle in DA(G) as well. If G consists of the
cycle C only, then G does not contain a Hamiltonian v; — v; path with
1<i<j<n+1unlessj=:i+ 1. Hence DA(G) = G in this case. On
the other hand, if G is a Hamiltonian graph consisting of a Hamiltonian
cycle with at least one chord, then the same can be said of DA(G). More
precisely, we have the following.

Lemma 1.3 Let G be a Hamiltonian graph of order n with a Hamiltonian
cycle

C: v,V2,...,Un = V0, Uns1 = V1-

If G contains a chord viv;, where1 < i< j < n and j #1i+1, then DA(G)
contains the cycle C together with the chords vi_1v;_1 and vi41vj41.

Proof. Since

P :vi_1,vi-2,...,V5, Vi, Vit1, Vit2y -+ - Vjm1
and

P Vit1yVig2y - - -5 Y5y Viy Vi1, Vi—2y...,Vj41

are Hamiltonian v;_; — vj—; and v;41 — vj41 paths, respectively, it follows
that v;_1v;_1 and v;41v541 are edges of DA(G). n

Indeed, if G is a Hamiltonian graph, then DA(G) is a cycle if and only
if G is a cycle. We can, in fact, say more.

Lemma 1.4 If G is Hamiltonian, then |E(G)| < |E(DA(G))|.
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Proof. Let n > 3 be the order of G and C : vy,vs,...,v, = Vg, Un+1 =01
a Hamiltonian cycle in G. Let H be the graph such that V(H) = V(G) and
¢ : V(H) — V(G) defined by ¢(v;) = vi4+1 is an isomorphism. Thus G = H
and |E(G)| = |E(H)|. We show that H C DA(G) by showing that E(H) C
E(DA(G)). Let v;v; € E(H), where 1 < i < j < n. Then v41vj4; =
#(vi)p(v;) € E(G) and by Lemma 1.3, it follows that v;v; € E(DA(G)).
Hence E(H) C E(DA(G)) and so |E(G)| = |E(H)| < |E(DA(G))|. ]

Theorem 1.5 Let G be a connected graph of order n > 3. Then DA(G) =
Cy if and only if G = C,.

Proof. We have seen that if G = C,, then DA(G) = G. For the con-
verse, suppose that DA(G) = C,,. If G is Hamiltonian, then G = C, by
Lemma 1.4. Hence we may assume that G is not Hamiltonian. Let C :
V1,V2,...,Un = V0,Vn+1 = v1 be the cycle of DA(G) and let diamp(G) =
k <n—1. Thus G contains a v; — v;4+1 path of length k for every integer i
(1<i<gn) ‘

We claim that v;vi4, ¢ E(G) for all ¢ (1 < i < n), for suppose that
vV, say, is an edge of G. Since G is not Hamiltonian, no v; — vy detour
P’ in G is a Hamiltonian path. However, P’ together with v;v2 produces
a cycle C’ in G. Since C’ is not a Hamiltonian cycle and G is connected,
" there is a vertex of G not on C’ that is adjacent to a vertex of C’. This,
however, produces a path longer than P’, which is impossible. Thus, as
claimed, v;vi41 ¢ E(G) for all i (1 < i< n). Let

P: Vi = UG, UL, ..., Uk = Vi)

be a v; — vi41 detour in G.

Since DA(G) is connected, G is 2-connected by Lemma 1.2 and so
8(G) = 2. Every vertex adjacent to v; is on P; for otherwise, P is not
a longest path in G. Let u; be a neighbor of v; different from u;. Since

Q: vy = Uky Uk—1y+ 00y Uj, UQy UL, - . ., Uj—1

is also a path of length & in G, it follows that v;;1u;_) is an edge of DA(G).
If v; is adjacent to any vertex different from u; and u;, then the degree of
vi41 in DA(G) is at least 3. Since this is impossible, degs v; = 2. Since v;
is arbitrary, G is 2-regular. Because G is connected, G = Cj, producing a
contradiction. =

We now turn to graphs whose detour antipodal graph is complete. A
graph G is Hamiltonian-connected if every two vertices of G are connected
by a Hamiltonian path in G. Not only is the detour antipodal graph of
a Hamiltonian-connected graph complete, a graph whose detour antipodal
graph is complete must be Hamiltonian-connected.
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Theorem 1.6 Let G be a connected graph of order n > 2. Then DA(G) =
K,, if and only if G is Hamiltonian-connected.

Proof. Certainly, if G is Hamiltonian-connected, then DA(G) = K.
For the converse, suppose that there is a graph G of order n that is not
Hamiltonian-connected but for which DA(G) = K,. Then diamp(G) =
k < n —1 and for every two vertices v and v of G, D(u,v) = k. Let =
and y be two adjacent vertices in G and P an z — y path of length k in G.
Then P together with zy produces a cycle of length k£ + 1. Since C is not
a Hamiltonian cycle of G and G is connected, there is a vertex of G not on
C adjacent to a vertex of C. This however implies that G contains a path
of length k£ + 1, which is impossible. .

Cycles and complete graphs are isomorphic to their detour antipodal
graphs. These are not the only graphs with this property however. Suppose
that G is a Hamiltonian graph of even order n with independence number
n/2 and A is a maximum independent set of vertices of G, where B =
V(G) - A. Then certainly diamp(G) =n — 1. If P is a Hamiltonian v — v
path in G, then at most one of u and v belongs to B. If B is independent
as well, then one of u and v belongs to A and the other belongs to B.
In particular, if G = Kz = with partite sets A and B, where u € A and
v € B, then G contains a Hamiltonian « — v path and so DA(G) = G. This
observation yields the following.

Proposition 1.7 IfG is a regular complete bipartite graph, then DA(G) =
G.

2 Iterated Detour Antipodal Graphs

A sequence {H,.} of graphs is said to converge to a graph H if there exists
a positive integer N such that H, = H for all r > N. In this case, H
is called the limit of {H,}. For a graph G and a nonnegative integer r,
define DA"(G) = G if r = 0 and DA"(G) = DA(DA™"}(Q)) if r is =
positive integer and DA""!(G) is connected. The sequence {DA"(G)} is
called the detour antipodal sequence of G. By Theorems 1.5 and 1.6 and
Proposition 1.7, if G € {Cy, Ky, K3,2}, then DA(G) = G and {DA"(G)}
converges to G. In fact, if G is any graph for which DA(G) & G, then
DA"(G) = G for every r > 1 and so {DA"(G)} converges to G. The graph
G of Figure 1 has this property as well. By Theorem 1.6, if G is any
Hamiltonian-connected graph of order n, then {DA"(G)} converges to K.

In this section, we restrict our study to Hamiltonian graphs. In par-
ticular, we determine all graphs H that are the limit of {DA"(G)} for
some Hamiltonian graph G. The following observation is a consequence of
Lemma 1.3.
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Figure 1: Iterated detour antipodal graphs

Observation 2.1 If G is a Hamiltonian graph and e € E(G), then e €
E(DA*(Q)) for every k > 1. Therefore, G C DA%(G) for every k > 1.

With the aid of Observation 2.1, a characterization of graphs that are
isomorphic to their detour antipodal graphs can be given.

Proposition 2.2 Let G be a Hamiltonian graph. Then DA(G) = G if
and only if DA%(G) = G.

Proof. Assume first that DA(G) = G. Since G = DA(G) = DA%(G) and
E(G) C E(DA%(G)) by Observation 2.1, it follows that

|E(G)| < |E(DA*(G))| = |E(G),

implying that E(DA%(G)) = E(G). Therefore, DA%(G) = G.

For the converse, assume that DA%(G) = G. Let n be the order of G
and C : v1,v2,...,Up = ¥, Uny1 = v7 & Hamiltonian cycle in G. If H
is the graph such that V(H) = V(G) and ¢ : V(H) — V(G) defined by
&(v;) = vi4q is an isomorphism, then G = H C DA(G). We show that
H = DA(G). Since DA(G) is Hamiltonian, |E(DA(G))| < |E(DA%(G))| by
Lemma 1.4. Since DA%(G) = G, we have

|B(G)| = |E(H)| < |E(DA(G))| < |E(DA*(G))| = |E(G),

implying that |E(H)| = |E(DA(G))|. Since H C DA(G), it follows that
H =DA(G) and so G = H = DA(G). (]

For the graph G of Figure 2, observe that DA(G) % G and DA%(G) is
isomorphic to neither G nor DA(G). However, DA*(G) = DA%(G) = K33
and so {DA"(G)} converges to K3 3.

The kth power of a graph G, where k > 2, is that graph with vertex set
V(G) such that » and v are adjacent in this graph if and only if dg(u,v) < k.
In particular, the second power of G is also called the square of G. The
following result appears in [5] and will be useful to us.
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Figure 2: Iterated detour antipodal graphs

Theorem 2.3 The square of every 2-connected graph is Hamiltonian-
connected.

Let G be a Hamiltonian graph of order n with a Hamiltonian cycle
C : v,v2,..., Un = Vg,Uny1 = v3. For two distinct vertices v and v
of G, define dc(u,v) to be the distance between u and v on C. For an
integer k with 2 < k < n/2, an edge v;v; of G is called a k-chord of C if
Vi, Vi4ly- -+, Vj OF Uj,Vjt1,...,V; is a path of length k, where subscripts are
expressed modulo n. A k-chord v;v; together with the v; —v; path of length
k belonging to C produces a (k + 1)-cycle called an outer (k + 1)-cycle of
G (with respect to C). For integers n and k with n > 3 and 2 < k < n/2,
the k-step graph cl¥ of the n-cycle Cy, is defined as the graph obtained
from the n-cycle Cy, : v1,v2,...,Vn = Vp,Vny1 = 1 by adding all k-chords
vvi+k (1 < i < n) to C,, where subscripts are expressed modulo n. Thus
C’,[l‘l is 3-regular if k = n/2 and 4-regular if £ < n/2. In particular, ci is
the square of C,,.

If a graph G of order n contains CHasa (spanning) subgraph for some
k with 4 < k < n/2, then G contains C® asa spanning subgraph as well.

Proposition 2.4 Let C be a cycle of order n > 8 and suppose that k is
an integer with 4 < k < n/2. If G contains C™l as a spanning subgraph,
then DA(G) contains C®l as a spanning subgraph.

Proof. We may assume that the graph G contains the n-cycle

C:v1,v2,...,0n =V0,Un41 =N
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together with the edges v;v;1x (1 < ¢ < n). Observe that
P: V1,VUny Un—1y+ -« s Un—k+3, U3, U2y Un—k+2y Un—k+1,-- -,y U5, V4

is a Hamiltonian path in G, implying that v;v, € E(DA(G)). By symmetry,
viviy3 € E(DA(G)) for all i (1 < i < n), producing the desired result. m

We now consider Hamiltonian graphs of odd order and of even order
separately.

2.1 Hamiltonian Graphs of Odd Order -

We first determine those graphs that can be the limit of {DA"(G)} for a
-Hamiltonian graph G of odd order. Of course, if G = C, for some odd
integer n > 3, then {DA"(G)} converges to C,. Hence we can assume that
G contains at least one chord of a Hamiltonian cycle. First, we consider
those graphs containing at least one 2-chord of a Hamiltonian cycle.

Theorem 2.5 If G is a Hamiltonian graph of odd order n containing an
outer triangle with respect to a Hamiltonian cycle of G, then {DAT(G)}
converges to K,,.

Proof. Let C: v,v2,...,9, = v9,Un+1 = v1 be a Hamiltonian cycle of
G, where n = 2{+ 1. By Lemma 1.3, v;v;42 is a 2-chord of C in the graph
DA™ 1(G) for all ¢ with 1 < 4 < n and so the square of C is a subgraph
of DA""}(G). By Theorem 2.3, the square of C is Hamiltonian-connected
and so is DA""}(G). Therefore, DA™(G) = K, for all 7 > n. ]

Proposition 2.6 Let G be a Hamiltonian graph of odd order n containing
a Hamiltonian cycle C. If G contains CPl as a spanning subgraph, then
DA(G) contains the square of C as a spanning subgraph.

Proof. We may assume that the graph G contains the n-cycle
C:v1,02,...,Un = U0, VUnt1 =11

together with the edges v;v;43 (1 < ¢ < n). We show that there is a
Hamiltonian v; — vz path in G. If n =1 (mod 4), then n = 4¢+ 1 for some
integer £ > 2. Observe that

P: v,v4041,V4¢,v2, s, U6y - -« y Vdit1y V4i+2, - - - y V4£-3, V40—2, V4e-1,
U4e—4,V40—5y .+ -, V4j,V45—-1,---,V4,73

is a Hamiltonian path. If » = 3 (mod 4), then n = 4¢ + 3 for some integer
£>1. If n =17, then P : vy, vr,vs,v2,Vs,vq,v3 is a Hamiltonian v; — v3
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path in G. Otherwise, n > 11 and

P v1,U4043, V4042, V2, U5, U6, - - - s Vait1, Vdit2s - « « y V43, V42—2, Val+1,

V4gy Vae—1,V4e—4, V48—5; « + - » V45, V45—1,...,V4,V3

is a Hamiltonian v, — v3 path in G. Therefore, viv3 € E(DA(G)) in each
case. By symmetry, v;v;.2 € E(DA(G)) for all ¢ (1 < i < n), implying that
DA(G) contains the square of C as a subgraph. (]

Corollary 2.7 IfG is a graph of odd order n containing cH asa spanning
subgraph, where 2 < k < n/2, then DA3(G) = K.

Combining the information obtained above gives us the following.

Theorem 2.8 If G is a Hamiltonian graph of odd order n > 3, then
{DA™(G)} converges to either C, or Kp.

Proof. Let C : v1,v2,...,Un = ¥g,VUn+1 = v; be a Hamiltonian cycle
of G. If G contains no other edges, then {DA”(G)} converges to C, by
Theorem 1.5. Otherwise, G contains a k-chord for some integer k£ with
2 < k < n/2. Since nis odd, it follows by repeated application of Lemma 1.3
and then applying Propositions 2.4 and 2.6 and Theorem 2.5, and then
Theorem 2.3 that {DA"(G)} converges to K,. .

2.2 Hamiltonian Graphs of Even Order

We now turn our attention to Hamiltonian graphs of even order. We have
seen that if G is the 3-step graph of C,, where n is odd, then DA%(G) = K.
This is not the case when 7 is even however.

Proposition 2.9 IfG = C¥¥, where n > 6 is even, then DA(G) = K3 3.

Proof. For n = 6, observe that G = Cgﬂ = K33 and the result follows
by Proposition 1.7. For n > 8, the graph G is constructed from the n-cycle
C :v1,va,...,Vn = Up,Uns1 = v; by adding the edges v;viys (1 < i < n)
to C. Observe first that G is a bipartite graph whose partite sets are
Uy ={v;:%i=1(mod 2)} and Uz = {v; : i = 0 (mod 2)}. Since
U1} = |U2|, no Hamiltonian path in G has its initial and terminal vertices
belonging to the same partite set, implying that if v;v; € E(DA(G)), then
i and j are of opposite parity and so DA(G) is bipartite.

We now show that there exists a Hamiltonian vy — v path for every
even integer k. Since this is true for k = 2 and k = n, we may assume that
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4 < k £ n—2. Suppose first that k = 0 (mod 4). Then k = 4¢ for some
positive integer £. Observe that
P: v1,vn,0n-1,..., V4041, Vae—2, Vae—3, Vae—6, Va¢7, - - -
V4i+2, Vdi+1, V4i-2, V4i—3, -+ « , U, Us, U2, U3, V4, U7, U8, .. .,
Uaj—1, V45, V4543, V4544 - - -, Vae—1, Vae = Uk

is a Hamiltonian path. Next, suppose that k = 2 (mod 4). Then k = 4¢+2
for some positive integer £. In this case,

P: V1,Vn, Vn—1,...,V4043,V4¢, V421, Va¢—4, V4e—5y+++,
Vd4iy V4i—1, Vai—4, V4i=5, . - . , Vg, U3, V2, U, Vgy - . .,
V45 +15V45+25 V4545, V4546, - - - ; Vae+1, Vde4+2 = Uk

is a Hamiltonian path. Therefore, vyvx € E(DA(G)) for every even integer
k with 2 < k < n and by symmetry, v;v; € E(DA(G)) for every pair i, j of
integers of opposite parity. Therefore, DA(G) = K n

i
The following is a consequence of Propositions 2.4 and 2.9.

Corollary 2.10 Suppose that k > 3 is odd and n > 2k is even. If G
is a bipartite Hamiltonian graph of order n containing cH 45 spanning
subgraph, then {DA"(G)} converges to K3 a.

Let G be a bipartite Hamiltonian graph of (even) order n > 6 with a
Hamiltonian cycle C : v1,vs,...,vn = v9,¥p41 = v1 and k an odd integer
with 3 < k < n/2. If i is odd, then the k-chord v;v; is said to be of
type I; while if i is even, then the k-chord v;v; 4 is of type II.

Proposition 2.11 Suppose that G is a bipartite Hamiltonian graph of
(even) order n > 6 containing a chord. Then there exists a positive integer
N such that DAY (G) contains at least one chord of each type.

Proof. Since the result follows for n = 6, 8 (see Figure 2), we may assume
that n > 10. Let C : vy, v2,...,Yn = vo,¥n+1 = v; be a Hamiltonian cycle
in G and assume that G contains a k-chord, where k is an odd integer with
3 <k < n/2. Then k = 2a+1 for some integer a satisfying 1 < a < | 272|.
Let b be an even integer (0 < b < k + 1) such that n. = b (mod (k + 1)).

Repeated application of Lemma 1.3 guarantees the existence of a posi-
tive integer 7o such that DA™ (G) contains all possible k-chords of type I.
Therefore, DA™*1(G) contains all possible k-chords of type II.

We first consider the case with n = 0 (mod 4). Thus |232| = 2 — 1,
We claim that DA™*1(@) contains an ¢-chord of type I, where

3 ifa=%-1
L = { k+2 iflSaS%—2andb=0
2b—1 otherwise.
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If a = % — 1, then observe that
P: U1, Un, Un—1,---,VU%+3,V2,V3, V3+42,V%+1,-..,V5,V4

is a Hamiltonian v, — v4 path in DA™ (G), implying that the edge v v, is
a 3-chord of type I in DA™*!(G). Hence we assume that 1 < e < ¥ — 2.
Suppose first that b = 0. Then observe that

P: U1y Vk+1yVky -+, V2,
Un—k+2) Un—k+3y -+ 1Uny Unak, Un—k+1,
VUn—2k+1: Un—2k+2; + - - y Un—k—1, Un—2k—1,Vn—2k,
Un—3ky + » + y U2k+1 V2k+25 Vk+2) Vk+3

is a Hamiltonian v; —vg+3 path in DA™ (G), implying that the edge vy —vk43
is a (k + 2)-chord of type I in DA™*Y(G). If b > 1, then

P: v,vs,...,0,

Un—k+4b) Pn—k4bt1y .-+ VUny Un—k; Un~k+1y -+ -y Un—k+b—1,
Un—2k+b—1;Vn—2k+by:++yUn—k—1,Un—-2k—1,Un—-2k . - - , Un—2k+5—2,
Un—3k+b-25- -+ Vb+1, Vo425 - - -, U2b

is a Hamiltonian v; — vep path in DA™ (G), implying that the edge vivap is
a (2b — 1)-chord of type I in DA™*(G).
The case with n = 2 (mod 4) can be verified in a similar manner. =

Proposition 2.12 If G is a bipartite Hamiltonian graph of order n con-
taining at least one chord of each type, then {DA"(G)} converges to K3 5.

Proof. Suppose that G contains a k-chord of type I and an ¢-chord of
type II for odd integers k and £ with k& > £. If k = £, then for sufficiently
large 7, the graph DA™ (G) contains C'!. Then by Corollary 2.10, {DA"(G)}
converges to Kz ». Hence we may assume that k > £. Therefore, for some
sufficiently large rp, we may assume that H = DA™ (G) contains the edges
U1Vk4+1 and vaveso. Since

P vp41,00,00-1,- . ,U2, U242, Ve+3) -« + y Uk 1 V1, Uny Un—1, - + + , Vkt2

is a vg41 — Vk+2 Hamiltonian path in H, it follows that vet1vk42 is a (k —
"€+ 1)-chord of type Il in DA(H). Since k > ¢ > 3, we may write k = 2a+1
and £ =2b+1, wherea >b>1. Thusk-£¢+1=2(a—-b)+12>3. By
letting k1 = max{k — £+ 1,£¢} and £; = min{k — £+ 1, £}, we may proceed
as before with k£ and ¢ replaced by k; and ¢;, respectively. Continuing as
above, we eventually arrive at odd integers k; and ¢;, where k; = £; > 3.
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Then for sufficiently large 7, > ry, DA™ (G) contains ClF as g spanning
subgraph. By Corollary 2.10, {DA"(G)} converges to Kz e ]

Corollary 2.10 and Proposition 2.12 give us the possible limits of the
sequence {DA"(G)} when G is a bipartite Hamiltonian graph.

Theorem 2.13 If G is a bipartite Hamiltonian graph of (even) order n,
then {DA"(G)} converges to either C, or Kz 2.

We now turn our attention to Hamiltonian graphs of even order that
are not bipartite. If G is a Hamiltonian graph of even order n > 4 with a
Hamiltonian cycle C : v1,vs,...,v5 = vg,¥n4+1 = vy, then C is a spanning
bipartite subgraph of G with Uy = {v; : i =1 (mod 2)} and U; = {vi:i=
0 (mod 2)} as its partite sets. Since G is not bipartite, G contains an edge
joining two distinct vertices belonging to the same partite set, say U;.

We first consider the situation where no two vertices in U, are adjacent.

Proposition 2.14 Let G be a Hamiltonian graph of even order n with a
Hamiltonian cycle C : vy,va,...,Un = 9, Vn41 = v;1. Also, let U; (i =1,2)
be the subset of V(G) as described above. If U; contains a pair of adjacent
vertices while Uy does not, then for each r > 0, exactly one of Uy and U,
contains a pair of adjacent vertices in DAT(G).

Proof. The result holds for » = 0 by assumption. Also, since G contains a
k-chord of C for some even integer k (2 < k < n/2), it follows by Lemma. 1.3
that DA (G) contains a k-chord as well and this chord must join two vertices
both belonging to U; or both belonging to U;. For » = 1, observe that
G contains no Hamiltonian path whose initial and terminal vertices both
belong to U, since no two vertices in U, are adjacent in G. This implies
that no two vertices in U, are adjacent in DA(G).

Now if the statement is false, then there exists a smallest positive integer
ro such that both U; and U, contain some pairs of adjacent vertices in
DA™ (G). Then exactly one of U; and U, contains a pair of adjacent vertices
in H = DA™ YG), say U;, which in turn implies that only U, contains
a pair of adjacent vertices in DA(H) by the above argument, which is a
contradiction. a

In the next two results, we consider the special case in which every
vertex in Us is of degree 2 in G.

Proposition 2.15 Let G be a Hamiltonian graph of even order n with a
Hamiltonian cycle C : v1,vs,...,Yn = Vg, Un4+1 = ¥1 such that degv; = 2
for all even integers i. Then DA(G) contains a k-chord (2 < k < n/2) if
and only if G contains a k-chord.
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Proof. By Lemma 1.3, if G contains a k-chord, then DA(G) contains a
k-chord. For the converse, assume, to the contrary, that DA(G) contains a
k-chord while G does not. Since every chord in DA(G) joins two vertices
with even subscripts, we may assume that e = voup42. Since vovks2 €
E(DA(G)), there exists a Hamiltonian vy — vg42 path P in G. Then P
must contain

Q1:v3,v4y...,Vk4+1 and Q2 :Vky3,Vktd,---,Un, 01

as subpaths. However, this is impossible since deggve = deggvk+2 = 2
and vy Vk+1, v3vk+s € E(G). n

We now turn to iterated antipodal detour graphs of those graphs under
consideration.

Proposition 2.16 Let G be a Hamiltonien graph of even order n with a
Hamiltonian cycle C : v1,v2,...,Un = V0,Vny1 = V1 Such that degv; = 2
for all even integers i.

(a) For every nonnegative integer r, degpar(gyvi = 2 for each i with
i =7 (mod 2).

(b) For every nonnegative integer r, DA™ (G) contains a k-chord (2 < k <
n/2) if and only if G contains a k-chord.

Proof. We verify (a) by induction on r. By hypothesis, the result holds
when 7 = 0 since DA°(G) = G and deggv; = 2 if i is even. Assume,
for a nonnegative integer r, that degpar(gyvi = 2 for every ¢ with i =
r (mod 2). Consider the vertex v; in DA™(G), where j = r+1 (mod 2).
By assumption, degp-(g)yvj+1 = 2. This implies that DA"(G) contains
a Hamiltonian v; — v path if and only if v = v;+;. Therefore, the only
neighbors of v; in DA™!(G) are v;_; and vj41, that is, degpar+1(g) i = 2.
Hence (a) is verified.

Next we consider (b). Suppose that (b) is false. Then there is a smallest
nonnegative integer r for which it is false that DA"(G) contains a k-chord
if and only if G contains a k-chord. Let ro be this integer. Since the
statement is trivially true for » = 0 and the statement is true for 7 = 1 by
Proposition 2.15, it follows that r¢ > 2. In particular, DA™~}(G) contains
a k-chord if and only if G contains a k-chord. Let H = DA™ Y(G). By
Proposition 2.15, DA(H) contains a k-chord if and only if H contains a k-
chord. Thus DA™(G) contains a k-chord if and only if DA™~!(G) contains
a k-chord. This in turn implies that DA™(G) contains a k-chord if and
only if G contains a k-chord, producing a contradiction. u

Let n > 4 be an even integer and L = {£y,5,...,4,} a set of p even
integers with 2 < ¢y < £y < -+ < £, < n/2. Let G, be a Hamiltonian graph
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of order n containing a Hamiltonian cycle C : vy, vs, ...,V = vg, Unp1 =01
such that degg, v; = 2 for every even ¢ and e € E(GyL) if and only if e
belongs to C or e is an ¢-chord of C for some £ € L joining two vertices
with odd subscripts. That is, if £ € L, then G, contains all possible #-chords
joining two vertices with odd subscripts.

Proposition 2.17 Let G be a Hamiltonian graph of even order n with a
Hamiltonian cycle C : v1,va,...,9n = vg,Vn41 = v1 Such that degv; = 2
for every even integer i. Furthermore, let L = {€,85,...,4,} be a set of p
even integers with 2 < ) < €y < -+ < £y < n/2 such that G contains an
¢-chord of C if and only if ¢ € L. Then {DAT(G)} converges to Gr.

Proof. If £ € L, then by applying Lemma 1.3 repeatedly, there exists a
positive integer rg such that DA™(G) contains all possible ¢-chords join-
ing two distinct vertices with odd subseripts. Furthermore, by Proposi-
tion 2.16(b), DA™ (G) contains no ¢-chord if £ ¢ L. Therefore, DA™(G) =
Gr. On the other hand, by Proposition 2.16(b) again, DA%(G) = Gy, im-
plying that G = DA"(G) for every r > 0 by Proposition 2.2. Therefore,
DA"(G) = G|, for every integer r > 1o > 0. (]

Now suppose that G is a Hamiltonian graph of even order n such that
(i) U1 contains a pair of adjacent vertices while U does not and (ii) Us
contains a vertex whose degree in G is at least 3. Then G contains a chord
e of C joining a vertex in U; and a vertex in U and furthermore, F = C+¢
is a proper spanning Hamiltonian subgraph of G that is bipartite. Then by
Theorem 2.13, the sequence {DA"(F)} converges to Kz 2. This together
with Proposition 2.14 shows that there exists a positive integer ro such that
- DA™(G) contains Kz = + e as a subgraph, where e is an edge joining two

vertices in U; while the vertices in U, are independent in DA™ (G).

Proposition 2.18 If G is a Hamiltonian graph of even order n such that
(¢) Uy contains a pair of adjacent vertices while Uy does not and (ii) Us
contains a verter whose degree in G is at least 3, then {DA"(G)} converges
to Kz + —Xg .

Proof. We have seen that DA"(G) contains Ka 2 as a proper spanning
subgraph with partite sets Uy and Us for every integer r > ro. On the other
hand, observe that DA"(Kg 2 +¢) = K3 + 'I?;;_ for all positive integers r.
Therefore, DAT(G) contains K 3 +fg as a spanning subgraph for 7 > ro+1.
Since exactly one of U; and U, is the set of n/2 independent vertices by
Proposition 2.14, it follows that DA™(G) = K3a + T{-zzz for r > 7o + 1. n

We are left with only one situation that has not yet been discussed. Let
G be a Hamiltonian graph of even order n > 6 with a Hamiltonian cycle
C:v,v2,...,0 = v, Vns1 = v1 and U; and Us defined as before such that

78



both U; and U, contain some pairs of adjacent vertices. Then G contains an
£1-chord and an £3-chord of C, where £; and 3 are some even integers with
2 < #3,¢; < n/2 and each ¢;-chord joins two vertices belonging to U;. Then
applying Lemma. 1.3 repeatedly, there exists a positive integer ¢ such that
the graph DA™ (G) contains all possible £;-chords joining two vertices in U;
for ¢ = 1,2. Without loss of generality, suppose that £; < £3. If 43 = {3,
then DA™ (G) contains a Hamiltonian v; — v4 path and so e = vvq4 €
E(DA™*Y(G)); while if ¢; < £, then DA™(G) contains a Hamiltonian
v — Vg, —¢,+3 Path and so e = vavg_g,43 € E(DA’°+1(G)). Therefore,
F'=C +e is a proper spanning Hamiltonian subgraph of DA™*(G) that
is bipartite. Therefore, there is a positive integer 7y > ro + 1 such that
DA"(G) has Kn »n as a proper subgraph for r > ry, and furthermore, both

2'2
U, and U, contain pairs of adjacent vertices.

Proposition 2.19 If G is a Hamiltonien graph of even order n > 4 such
that neither Uy nor Us is an independent set, then {DAT(G)} converges to
K,.

Proof. We have seen that for some positive integer r;, the graph DA™ (G)
contains K» = as a proper spanning subgraph with partite sets Uy and Uy,
as well as two edges f; and fa, where each f; joins two vertices belonging to
U; (i = 1,2). Then observe that DA™ (G) is Hamiltonian-connected, which
implies that DA"(G) = K,, forallT > + 1. .

Propositions 2.17 - 2.19 give us all possible limits of {DA"(G)} when G
is a non-bipartite Hamiltonian graph of even order.

Theorem 2.20 If G is a Hamiltonian graph of even order n that is not
bipartite, then {DAT(G)} converges to one of the graphs Gp, Kz + K3,
and K,,.

Combining Theorems 2.8, 2.13, and 2.20, we have the following result.
Theorem 2.21 If G is a Hamiltonian graph of order n > 3, then

lim DA™(G) € {Cn, Kn,GL,K3,3,K3 + K3}

3 Concluding Comments

‘We have been primarily concerned with determining all graphs G for which
{DA"(G)} converges and determining all graphs that are limits of such se-
quences. We have seen that if G is a Hamiltonian graph, then {DA"(G)}
converges and, depending on the parity of the order of G and the kinds of
chords of a Hamiltonian cycle of G it possesses, we know what the limit
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of {DA"(G)} will be. In fact, for a given graph G, if any graph in the
sequence {DA"(G)} is Hamiltonian, then {DA"(G)} converges. For ex-
ample, it is well known that the Petersen graph P is a vertex-transitive,
non-Hamiltonian graph of order 10. Since P contains a Hamiltonian path,
it follows that diamp(P) = 9. Because every two nonadjacent vertices of
P are connected by a Hamiltonian path, DA(P) = P. Hence the degree of
every vertex of DA(P) exceeds |V (P)|/2 = 5 and so DA(P) is Hamiltonian-
. connected by a theorem of Ore [10] (that is, if G is a graph of order n with

8(G) > %, then G is Hamiltonian-connected). Therefore, DA%(P) = K)g
and {DA"(P)} converges to Kjo. ‘

The Petersen graph is not the only connected vertex-transitive graph of
order 3 or more that is not Hamiltonian. Three other graphs are known to
have this property. One of these is the truncated Petersen graph R, obtained
by replacing each vertex of P by a triangle, as shown in Figure 3. Hence the
graph R has order 30. While the truncated Petersen graph is not Hamil-
tonian, it does contain Hamiltonian paths and so diamp(R) = 29. Each
vertex of R is connected to more than 15 vertices by a Hamiltonian path.
For example, the vertex v in R is connected to each solid vertex (indicated
in Figure 3) by a Hamiltonian path. This implies that the degree of every
vertex in DA(R) exceeds |[V(R)|/2 = 15 and so DA(R) is Hamiltonian-
connected. Therefore, DA%(R) = K30 and {DAT(R)} converges to Ksp.

Figure 3: The truncated Petersen graph R
The other two connected vertex-transitive graphs of order 3 or more

that are known to be non-Hamiltonian are the Cozeter graph X and the
truncated Cozeter graph Y. The Coxeter graph X (see Figure 4) has order
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28 and consists of three pairwise disjoint 7-cycles
C'uy,ug, ... ur,uy; C"iv,vo,. 0,701 C7 i wy,wa,. . wr,wn,
and seven additional vertices =y, s, ...,Z7, where
N(z:) = {u, v2i-1, w3i-2},

1 £ ¢ £ 17, with each subscript expressed as one of the integers 1,2,...,7
modulo 7. It can be verified that every two nonadjacent vertices of X are
connected by a Hamiltonian path and so DA(X) = X. Hence the degree of
every vertex of DA(X) is 24, which exceeds [V(X)|/2 = [V(DA(X))|/2 =
14, and so DA(X) is Hamiltonian-connected. Therefore, DA%(X) = Kos
and {DA"(X)} converges to Kas.

N N

Figure 4: The Coxeter graph X

The truncated Coxeter graph Y is obtained by replacing each vertex
of the Coxeter graph X by a triangle (see Figure 5). Thus the order of
Y is 84. Suppose that u and v.are two nonadjacent vertices of X, and
U and V are the vertex sets of the triangles in Y corresponding to u and
v, respectively. Then |U| = |V| = 3. Since v and v are connected by a
Hamiltonian path in X, each vertex in U is connected to at least two distinct
vertices in V by a Hamiltonian path in Y. Because the degree of every
vertex in DA(X) is 24, it follows that the degree of every vertex in DA(Y)
is at least 48, which exceeds |V(Y)|/2 = |V(DA(Y))|/2 = 84/2 = 42.
Thus DA(Y) is Hamiltonian-connected. Therefore, DA%(Y) = Kg4 and
{DA"(Y)} converges to Kga.
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Figure 5: The truncated Coxeter graph Y

While we have seen four non-Hamiltonian graphs G for which {DA"(G)}
converges, we know of no others. In fact, for a connected graph G of order
at least 3, we are left with the following questions.

(1) If DA(G) is connected, is DA(G) Hamiltonian?
(2) If DA(G) is connected, does G contain a Hamiltonian path?
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