On the nonexistence of graphs of
diameter 2 and defect 2

Mirka Miller!?, Minh Hoang Nguyen®
Guillermo Pineda-Villavicencio®®
1School of Electrical Engineering and Computer Science
The University of Newcastle
Callaghan, New South Wales 2308, Australia
2Department of Mathematics
University of West Bohemia,
Univerzitni 22, 306 14 Pilsen, Czech Republic
mirka.miller@newcastle.edu.au
3Ericsson Managed Service
Global Service Delivery Centre - Ericsson
112-118 Talavera Road, North Ryde
New South Wales 2113, Australia
minh.n.nguyen@ericsson.com
4School of Information Technology and Mathematical Sciences
University of Ballarat
Mount Helen, Victoria 3353, Australia
SDepartment of Computer Science
University of Oriente
Ave. Patricio Lumumba S/N, Santiago de Cuba 90500
Cuba
g.pinedav@gmail.com

Abstract

In 1960, Hoffman and Singleton investigated the existence of
Moore graphs of diameter 2 (graphs of maximum degree d and d®+1
vertices), and found that such graphs exist only for d = 2,3,7 and
possibly 57. In 1980, Erdés et al., using eigenvalue analysis, showed
that, with the exception of Cy4, there are no graphs of diameter 2,
maximum degree d and d® vertices. In this paper, we show that
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graphs of diameter 2, maximum degree d and d? — 1 vertices do not
exist for most values of d with d > 6, and conjecture that they do
not exist for any d > 6.

1 Introduction

There are many famous and difficult graph-theoretical problems that arose
over the past four decades from the design of interconnection networks (such
as local area networks, parallel computers, switching system architecture
in VLSI technology, and many others). Perhaps one of the most prominent
problems is the degree/diameter problem, which is to determine, for each d
and k, the largest order n4 of a graph of maximum degree d and diameter
at most k. It is easy to show that ngx < Mg where My is the Moore
bound given by

Nax < Mgp =1+d+dd—1)+-+d(d— 1)1

For a survey of the degree/diameter problem, see [9].

In this paper, we concentrate on the case when the diameter is equal
to 2. Since a graph of diameter 2 and maximum degree d can have at
most d? 4 1 vertices, it was asked in [4): Given non-negative numbers d
and A (defect), is there a graph of diameter 2 and maximum degree d with
d? + 1 — A vertices? It was proved in [6] that if A = 0 then there are
graphs corresponding to d = 2,3,7, and possibly d = 57. For each of the
values d = 2,3 and 7, there exists a unique such graph [6]. The case A =1
was solved by Erdés et al. [4]. In this paper, we consider the case A = 2,
and prove that graphs of defect 2 do not exist for infinitely many values of
degree d > 6.

We refer to a graph of maximum degree d, diameter k£ > 2 and order
My, — A (A >1)as a (d, k,A)-graph. Let G be a (d, k, A)-graph.

Definition 1 Let u be a vertex in G. A vertex v in G is called a repeat of
u with multiplicity m,(u) (1 < my(u) < A) if there are exactly m,(u) + 1
different paths of lengths at most k from u to v.

It is immediate that

Observation 1 Vertez u is a repeat of v with multiplicity my(v) i, and
only if, v is a repeat of u with the same multiplicity.



A repeat with multiplicity 1 will be called a single repeat, a repeat with
multiplicity 2 will be called a double repeat, and a repeat with multiplicity
A will be called a mazimal repeat.

We denote by R(u) the set of all repeats of a vertex u in G. Taking
into account the multiplicities of repeats, we denote by R,,(u) the multiset
of all the repeats of a vertex v in G containing each repeat v of u exactly
my(u) times.

Let u be a vertex in G, we denote by N(u) the set of all neighbours of
u. If A is a multiset of vertices of G then N(A) denotes the multiset of all
the neighbours of the vertices of A. We use R,,,(A) to denote the multiset
of all the repeats of all vertices in A.

Proposition 1 If G is regular then, for all u € V(G),
|Rm(w)| = Y my(u)=A.

vER(u)

In [8], Miller et al. proved the following:

Theorem 1 (Neighborhood Theorem [8]) For every vertez u in a reg-
ular (d, k, A)-graph, N(R.,(u)) = Rpn(N(u)).

Definition 2 A subset S of V(G) is called a closed repeat set if R, (S) = S.

A closed repeat set is minimal if none of its proper subsets is a closed repeat
set.

Definition 3 A repeat subgraph Hg of a closed repeat set S of G is a
multigraph whose vertex set V(Hs) = S and the number of parallel edges
between a vertex u and any of its repeats, say v € R,,(u), equals the
multiplicity m,(u).

We observe that

Observation 2 IfA <1+ (d=1)+---+(d — 1)*~! then G is regular.

It is also true that

Observation 3 If G is regular then the repeat graph Hg of G is A-regular.



For the purpose of this paper, we shall consider each pair of parallel edges
in Hg as a cycle of length 2.

Observation 4 Hg is the union of cycles of lengths > 2, each cycle being
a minimal closed repeat set of G.

Note that instead of writing “a vertex z is adjacent to a vertex y”, we
write  ~ y. Unless explicitly shown where necessary, by u; and u; (¢ # 7)
we shall mean two distinct vertices.

2 Structural properties of (d,2,2)-graphs

In this section, we consider graphs of diameter 2 with defect 2. For d < 2,
the path on 3 vertices is the only such graph. Let G be a (d, 2, 2)-graph for
d > 3. From Observation 2, we have that

Observation 5 For d > 3, every (d,2,2)-graph is regular.

Let us consider the possible repeat configurations in (d, 2, 2)-graphs. Let
u be a vertex of a (d, 2,2)-graph. Then,

(2) u has two single repeats, 7;(u), ¢ = 1,2.
(%) u has one double (maximal) repeat, () = 71(v) = r2(u) with multi-
plicity 2.
With respect to repeats in G, there are five possible repeat configura-
tions, as depicted in Figure 1.

We will denote the set of vertices of each type as Type 0, Type 1, Type
2a, Type 2b and Type 2c, as shown in Figure 1. We denote by ng, n1, n2q,
ngp and ng. the number of vertices of the corresponding repeat types.

Figure 2 shows the only known non-isomorphic (d, 2, 2)-graphs for d > 3.

We observe the following

Observation 6 ng + ny + nge + ngp + nNge = d? — 1.

From now on, each cycle in Hg will be called a repeat cycle.

The following structural properties of G were proved in [10].
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Figure 1: Possible repeat configurations for vertex v in a (d, 2, 2)-graph.
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(iii)) d = 4: ng =3, ngp =12
(ivyd=56:np=9,n =6,n, =9

Figure 2: All the known (d, 2, 2)-graphs.



Theorem 2 [10] Let G be a (d,2,2)-graph G. Then,

(?) If d is even then ng = 3 and ng, = d*> — 4 . Furthermore, if d = 4
then G is the graph in Figure 2(iii), whose uniqueness was proved in

2.
(%) If d is odd then either

— d =3 and G is the graph in Figure 2(i) or 2(ii); or
— d =15 and G is the graph in Figure 2(iv); or
—d>7 and ngp = d? — 1.

Corollary 1 [10] ng, =0 (mod 2).

(d,2,2)-graphs for even d

Let the vertices ug, u;,us form a triangle in G, denoted by T', and let Ty
be the subset of all vertices of Type 2b in N(ug) JN(u1) U N(uz2). Then
Top is a minimal closed repeat set. We shall call Yo, the outer repeat cycle
of T in Hg. Note that Ty is the set of vertices at distance 1 from T, and
Yo, ()T = 0. The number of vertices of Top is 3(d — 2).

Figure 3 illustrates a labeled partial structure of G in the case of even
even d, and shows the cycle ugujus and its outer repeat cycle. Since all
the vertices in Yo, are of Type 2b, and Yo is a minimal closed repeat
set, by Corollary 1, there exists in Hg another cycle T, also of the same
size as Yqp, that is, 3(d — 2). Note that, in Figure 3, uz ~ u3z4_4 and
U3d—3 ~ Ugg—16. This is because uz and ugg—16 belong to Yop, whereas
ugg—3 and uzq_4 belong to T5,.

Lemma 1 [10] Let T be a triangle in G and let Tqp be the outer repeat
cycle of T in Hg. Let C; be any repeat cycle in Hg of length t > 4 such
that there exists in G an edge between a vertex on Yop, and a vertex on C;.
Then either t = 3| Tay| or t =0 (mod |Ya|).

The methods used to deal with (d, 2,2)-graphs for even d differ from the
ones used for odd d. Therefore, we will analyze these classes of graphs in
different sections.
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Figure 3: An illustration of the neighborhood of T in G for even d.

3 Nonexistence of infinitely many (d, 2, 2)-graphs
for even d

In this section, we shall prove that for most values of even d, (d, 2, 2)-graphs
do not exist.

From Theorem 2, it immediately follows that

Corollary 2 G is not vertez-transitive for even degree d.

Lemma 2 For even d > 6, every cycle, other than the triangle in Hg, has
length 3k(d — 2) for some k > 1.

Proof. As demonstrated in Section 2, if d is even then Hg contains one
cycle of length 3 and at least two cycles of length 3(d ~ 2). Let ujususz be
the triangle T' of G, and let v; ... v3(g_2) be the outer repeat cycle Yo of T
in Hg such that the repeats of v; (1 < j < 3(d—2)) are Y(j—1)( mod (3(d—2)))
and V(j41)( mod (3(d—2)))- Without loss of generality, let us suppose that
uy~Nn andug ~ vy in G.

Let the a;, ¢ = 1,...,b, be the lengths of the cycles in Hg, and let
a1 = 3, az = ag = 3(d — 2) correspond to T, Yo and T5,, respectively.
Thus, f = Y7 4 a: = (d — 2)(d ~ 4).

Let C,; be an arbitrary cycle in Hg (j # 1,2,3). Then, by Lemma 1,
either a; = d — 2, or a; = 0 (mod 3(d — 2)). Suppose that a; = d — 2.

11



Denote by wi,...,wq—2 the vertices of C,; such that the repeats of wy
(1 <k < d—2)are wg_1) (mod (d-2) 20d W(k+1) (mod (d-2))-

We know that the vertices of C,; must reach the vertices of T' through
the vertices of To5. Without loss of generality, suppose that wy ~ v; and
wg ~ vy. However, since (d — 2) is not divisible by 3 when d is even, by the
Neighborhood Theorem, u; and w; would then have at least three common
neighbors, namely vy, vq—1 and vaq—3. This is clearly impossible.

Therefore, each a; (4 < ¢ < b) must be a multiple of 3(d — 2). o

Theorem 3 For even d > 4, there is no (d,2,2)-graph whenever d # 1
(mod 3).

Proof. Let b be the number of cycles in Hg. Let a;, fori =1...b, be
the lengths of these cycles, denoting by a1 the triangle. Then as Z,_ a; =
d? — 1, by Lemma 2, we have that 30 ,a; = 3(d —2)k = d> -4 =
(d —2)(d + 2). Therefore, d+ 2 =0 (mod 3). o
By counting the total number N5 of 5-cycles in G, we derive some further

necessary conditions for the existence of G.

Theorem 4 For evend > 4, if N5 = (d'z)(d‘“dz_%_zs) is not an integer
then there is no (d,2,2)-graph.

' Proof. The number of 5-cycles is closely related to the number of edges
involving vertices at level 2 from a particular vertex in a (d, 2, 2)-graph G.
For computing such a number, it is necessary to classify each vertex up in
G into three types. By Theorem 2, we see that there is only one triangle T’
in G.

Type A. ug is one of the vertices of the triangle T
Type B. ug is a vertex such that uo ¢ T and N(uo) NT # 0.
Type C. ug is a vertex such that ug ¢ T and N(uo) NT = 0.
Note that the number of vertices of Type A, B and C is 3, 3(d — 2) and

(d — 2)(d — 1), respectively.

Let us now denote by N,, Ng and N, the number of 5-cycles passing
through a vertex of Type A, B and C, respectively. The number of vertices
at distance 2 from ug is (d — 2)(d — 1) + 2(d — 2) = (d — 2)(d + 1).
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Computing the number N,

In this case, the number E of edges involving only vertices at distance 2 from
up is (d_—gz_(%)jﬂ. Each such edge determines one 5-cycle containing .
Therefore, N, = E; see Figure 4(a).

g

®

Figure 4: Auxiliary figure for Theorem 4.

For the remaining two cases, let ug be a vertex of Type 2b, and let v, w
be the two repeats of ug. The number E of edges involving only vertices at

distance 2 from ug is 2(d-2)+lal(«rlz-l)--'il(vl—1)_

Computing the number Ng

For this case, refer to Figure 4(b). Let us denote by E' the number E — 1;
we do not count the edge mn.

We paftition the number E’ into Ey, E; and Ej3, where E; and E, are
the number of edges incident with the vertices v and w, respectively, and
E; is the number of the remaining edges. Then E' = E, + F, + Ej.

Each edge counted in either F; or E; determines two 5-cycles, while
each edge counted in E3 determines only one 5-cycle. Therefore, given that
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E, = E3 = d — 2, we have that the number of 5-cycles N passing through

the vertex ug is

Ad—2)+[d(d—1)—4)(d-1) _
2

2E,+2E+E3 = 4(d—2)+( 1-2(d- 2))

Computing the number N,

In this case, the vertices of T' are at distance 2 from ug. We partition the
number F into E;, E; and E3, where E; and E; are the number of edges
incident with the vertices v and w, respectively, and FE3 is the number of
the remaining edges. Then E = E; + E; + E;.

Analogously, each edge counted in either F; or E, determines two 5-
cycles, while each edge counted in E3 determines only one 5-cycle. There-
fore, given that E; = E; = d — 2, we have that the number of 5-cycles N,
passing through the vertex ug is

2(d - 2) + [d(d — 1) — 4)(d - 1)
2

2E1+2E2+E3=4(d—2)+( —2(d—2))

Thus, the total number of 5-cycles is given by the following expression.

3Na +3(d—2)Ng+ (d—2)(d —1)N, _ (d —2)(d* + 2d% — 2d — 25)
5 - 10

Ns =
m]
The results of Theorems 3 and 4 improve the upper bound for the order

of (d,2,2)-graphs so that ngq < d2 — 3 for infinitely many even degrees d.
Indeed, if a value of d is ruled out by Theorems 3 and/or 4 thenng s < d2-3.
For d > 10, the first 50 values of d for which G might still exist are shown
in Table 2.

Nonexistence of mﬁnltely many (d, 2,2)-graphs
for odd d

Let us now get back to the graph Hg. For d > 7, from Theorem 2, we
see that each vertex u € G has exactly two different repeats, that is, each
component of He is a cycle of length at least 4.
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10 22 34 40 52 64 70 82 94 100
112 124 130 142 154 160 172 184 190 202
214 220 232 244 250 262 274 280 292 304
310 322 334 340 352 364 370 382 394 400
412 424 430 442 454 460 472 484 490 502

Table 1: The first 50 values of d for which a (d, 2, 2)-graph might still exist
for even d.

Let A be the adjacency matrix of G, and let B be the adjacency matrix of
Hg, called the defect matriz, in which the main diagonals consist entirely of
0’s, and the row and column sums are equal to 2. With a suitable labeling
of Hg, B becomes a direct sum of symmetric at®-order circulants of the
form,

010 01

1 01 00
D,=10 1 0 0 0la>4

1 00 10

This matrix has been studied in [3] and {7] in the context of regular graphs
of girth 5.

Let n be the order of G, let b be the number of cycles in Hg, and let
ai, ¢ = 1,...,b, be the lengths of these cycles. We consider the following
equation

A2+ A-d-1)I=J+B (1)

where J is a matrix all of whose entries are 1, and I is the identity matrix
of order n.

The special case when there is just one repeat cycle, that is, b = 1 and
Hg = C,, was studied by Fajtlowicz in [5]. In that paper, Fajtlowicz
proved the following,

Theorem 5 (5] If B is the adjacency matriz of the n-cycle then d = 3.

As A, B and J are symmetric matrices, they are diagonalizable. Since
J commutes with A and B, B commutes with A, and hence all the three
matrices are simultaneously diagonalizable, that is, there is an orthogonal
matrix P for which P=?AP, P~1BP and P~!JP are diagonal, and the
columns of P are the corresponding eigenvectors for each of these matrices.
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Furthermore, it is well known that the eigenvalues and their corresponding
multiplicities of a matrix representing a m-cycle are

2 2n m _ -
E 2cos2 x 1 2cos2 X2 N 2cosm>2<(2 1) 12](meven)
2 2cosZ x1 2cosEx2 ... 2cos2"x m-1
[1 7 3 (=5~ )] (m odd)

The first row displays the eigenvalues, and the second row their corre-
sponding multiplicities.

Therefore, the eigenvalues of J + B are n + 2, 2 and 2c052:1'—"L with
¢=1...a;—1and i=1...b, of multiplicities 1, b— 1 and 1, respectlvely

Thus, the spectrum of A in the general case b > 1 is:

(i) The eigenvalue d with multiplicity 1,

(%) b— 1 roots of the equation
4+a-(d-—1)=2, 2)

(#9¢) one root of each of the equations

a+a-(d- 1)—2cosg—c1 (&)

wherei=1...band¢;=1...a; — 1.

We denote by m(a) the multiplicity of an eigenvalue o of A. The solutions of
Equation (2) are 8, = M and By = M , and m(B;)+m(Bs) =
b — 1. The general solutlon of Equation (3) is

—~1 \/4d +8cos(22%) - 3
2

ﬁ:

For each even a;, ¢ = 1,...,b, and when ¢; = %, there is exactly one
eigenvalue B of A with multiplicity 1 satisfying Equation (3). In other
words, corresponding to the special case when cos(2"—°i) = —1, there are
eigenvalues §3 = 1""‘42"1 , Ba = M Let me = m(03) + m(Ba)-
Then m. is exactly the number of even cycles in Hg.

Observation 7 For odd d, n = d? — 1 is even. Therefore, if d is odd then
me = b (mod 2).

16



We now need to state (without proof) the following known result; see, for
instance, [1, 7).

Lemma 3 Let o; and a; be eigenvalues of a real square matriz A with
rational entries, and let m(o;) and m(a;) be their multiplicities. If a; and
@; are algebraic conjugates over Q then m(a;)=m(c;).

Using a similar method to that described in [7], we next show that

Theorem 6 G does not exist for any odd d > 7 such thatd # 12 +1+ 3
and d # 12 + 1 — 1, for each nonnegative integer l.

Proof. If all the four eigenvalues B, ..., B4 are irrational then, by Lemma
3, m(B1) = m(Bs) = b;21- and m(83) = m(By) = 7. But, by Observation
7, these equations cannot hold at the same time. We can then see that
corresponding to those odd values of d such that d # 12 + 1+ 3 and d #
12 +1—1, for each nonnegative integer I, the four eigenvalues 8y,...,0; are
irrational, thus the proof follows. D
By counting the total number (Ns) of 5-cycles in G, we derive some further

necessary conditions for the existence of G.

Theorem 7 G does not erist for any odd d > 7 such that Ny is not an
integer, where

(d? —1)(d® — 2d® + 3d ~ 8)
Ns = 10 :

Figure 5: Auxiliary figure for Theorem 7.
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Proof. As said earlier, the number of 5-cycles in G is closely related to
the number of edges involving vertices at level 2 from a particular ver-
tex in a (d,2,2)-graph G. The number of vertices at level 2 is d(d —

1) — 2, and the number E of edges involving only vertices at level two
is 2(d—2)+[d(d2—1)—4l(d-1).

From Theorem 2, we know that ng, = d? — 1. Let up be a vertex of
Type 2b. Let v, w be the two repeats of ug; see Figure 5.

We partition the number E into E;, E; and Ej3, where E; and E; are
the number of edges adjacent to vertices v and w, respectively, and E3 are
the remaining edges. Then E = F; + Ey + Ej3.

Each edge counted in either E; or E; determines two 5-cycles, while
each edge counted in E3 determines only one 5-cycle. Therefore, given that
E, = E; = d — 2, we have that the number of 5-cycles passing through the
vertex up is the following.

2d—2)+[dd—1)~4(d-1) dd—1)>+2d-8
2 - 2

Thus, the total number of 5-cycles is given by the following expression.

2F)+2E;+FE3 = 2(d—2)+

Ny

(@ -1)[dd—1)*+2d—8] _ (d® —1)(d® —2d% +3d - 8)
T 5 [ 2 ]‘ 10

(W]
The results of Theorems 6 and 7 improve the upper bound for the order

of (d,2,2)-graphs so that ngz < d> — 3 for infinitely many odd degrees d.
Indeed, if a value of d is ruled out by Theorems 6 and/or 7 then ngs < d?-3.
For d > 7, the first 50 values of d for which G might still exist are shown
in Table 2.

9 11 19 23 29 33 41 59 71 89

93 109 113 131 159 181 209 213 239 243
271 309 341 379 383 419 423 461 509 551
509 603 649 653 701 759 811 869 873 929
933 991 1059 1121 1189 1193 1259 1263 1331 1409

Table 2: The first 50 values of d for which a (d, 2, 2)-graph might still exist
for odd d.
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5 Conclusions

Let ' be a (d, 2,2)-graph for d > 3. In this paper, we presented the following
new results.

(¢) We proved that for even d > 4, if d # 1 (mod 3) then there is no
(d,2, 2)-graph.

(#1) We proved that G does not exist for any odd d > 7 such that d #
2+1+3andd#I2+1 -1, for each nonnegative integer [.

(¢#it) By counting the total number N5 of 5-cycles in G, we derived some
further necessary conditions for the existence of G.

e For even d > 4, if N5 = (4_2)(‘14"‘12:2_2"_25) is not an integer
then there is no (d, 2, 2)-graph.

e Foroddd > 7,if Ny = (dg"l)(dafozdz"'w's) is not an integer then
there is no (d, 2, 2)-graph.

Finally, we conjecture the following.

Conjecture 1 Ford > 6, (d,2,2)-graphs do not exist.
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