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Abstract. A (p,q)-graph G is called (a,d)-edge antimagic total,
in short (a,d)-EAMT, if there exist integers a > 0, d > 0 and a
bijection A : VUE — {1,2,...,p+q} such that W = {w(zy) : zy €
E} ={a,a+d,...,a+(q—1)d}, where w(zy) = A(z) + A(y) + AM(zy)
is the edge-weight of zy. An (a,d)-EAMT labeling X of G is super,
in short (a,d)-SEAMT, if A(V) = {1,2,---,p}. In this paper, we
propose some theorems how to construct the new (bigger) (a,d)-
SEAMT graphs from old (smaller) ones.

Key words and phrases: Labeling, (a,d)-EAMT, (a,d)-SEAMT, Dual
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1 Introduction

We consider finite undirected graphs without loops and multiple edges.
The notation V and F stand for the vertex set and edge set of graph G,
respectively. Let e = {u, v} (in short, e = uv) denote an edge connecting
vertices u and v in G. P, denotes a path on n vertices. We denote by
(p, g)-graph G a graph with p vertices and g edges. Other terminologies and
notations for graph-theoretic ideas we follow the book of [6].

A (p,q)-graph G is called (a,d)-edge antimagic total, in short (a,d)-
EAMT, if there exist integers ¢ > 0, d > 0 and a bijection A : VU E —
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{1,2,...,p+q} such that the set of edge-weights is W = {w(zy) : zy € E} =
{a,a +b,...,a + (g — 1)d}, where w(zy) = A(z) + A(y) + A(zy). We shall
follow (7] to call w(zy) = A(z) + A(y) + AM(zy) the edge-weight of zy, and
W the set of edge-weights of the graph G. In particular, an (a,d)-EAMT
labeling A of a (p, g)-graph G is super if A\(V) = {1,2,-- ,p}. For the rest
of the paper, we will denote super (a,d)-EAMT of G by (a,d)-SEAMT.

For any (a, d)-SEAMT labeling on a (p, g)-graph G, the maximum edge-
weight is no more than p+ (p -~ 1) + (p + ¢). Thus

a+(g—-1)d<3p+qg-1. (1)

Similarly, the minimum possible edge-weight is at least 1 4- 2 + p -+ 1. This
implies that

az2p+4. (2)
So, from (1) and (2), we have
2p+q-5
< —
ds =3 ®3)

In general, for any (a,d)-EAMT labeling on a (p, ¢)-graph G, the max-
imum edge-weight is no more than (p+q¢—2)+ (p+q—1) + (p + 9)-
Thus

a+(g—1)d<3p+3¢g-3. 4)

Similarly, the minimum possible edge-weight is at least 1 + 2 + 3. Conse-
quently,

a>6. (5)
So, from (4) and (5), we have
3p+3¢—-9
—
as ¥t ©)

A number of classification studies on (a, d)-SEAMT (resp. (a,d)-EAMT)
for connected graphs has been extensively investigated. For instances, in [3],
Baéa et al. showed that wheel Wy, has a (a, d)-SEAMT labeling if and only
ifd =1 and n = 1(mod 4); Fan F,, has a (a,d)-SEAMT if 2 < n < 6 and
d € {0,1,2}. Ngurah and Baskoro 7] proved that for every Petersen graph
P(n,m) has a (4n+2,1)-SEAMT labeling, forn > 3and 1 < m < %. More
results concerning antimagic total labeling, see for instances [9,1] and a
nice survey paper by Gallian [5].

People also consider how to construct a new (bigger) (a,0)-SEAMT
graphs from some known (smaller) (a,0)-SEAMT graphs. These construc-
tions are proposed by inserting some new pendant edges and points, see for
instance [4, 10, 12, 8].
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In this paper, we propose new constructions of (a,d)-SEAMT (bigger)
graphs from old (smaller) ones. By using this construction, we can have
more classes of (a,d)-SEAMT graphs. We also give (a,d)-SEAMT labeling
of graph nPy U F, 42, for even n > 2 and d € {0,1,2}.

2 The Duality of EAMT and SEAMT Labeling

leen any (a,d)-EAMT labeling A on a (p, ¢)-graph G. Then, its dual
labeling A" can be defined ([13]) by

X (z) = p+ g+ 1— A(z), for any vertex z, and
XN (zy) =p+ g+ 1 — A(zy), for any edge zy.

By using this above duality property, we have the following theorem.

Theorem A. (Wallis et al. [13]) If a (p,q)-graph G has an (a,d)-EAMT
labeling then G has an (3p+3q+3—a—(q—1)d, d)-EAMT labeling as its dual.

Theorem B. (Sudarsanc et al. [11]) Let Ay be a (a,d)-SEAMT labeling of
a (p,q)-graph G. Then, the labeling )\1 defined:

,\l(x) p+1-XM\(z),Vz eV, and
Mzy)=2p+q+1-A(zy), Vzy € E

isa(dp+q+3—a—(qg—1)d,d)-SEAMT labeling of G.

The labeling A; is called a dual (a,d)-SEAMT labeling of A on G.

3 Some Lemmas

The properties of (a,d)-SEAMT graph proposed in the next lemmas
will be useful in the next section. Baéa et al. [2] have proved the following
lemma.

Lemma 1. (Baga et al. [2]) If a (p, q)-graph G has a bijection f : V(G) —
{1,2,...,p} such that the set Sy = {f(u) + f(v) : wv € E(G)} consists of q
consecutive integers with difference d then G has a (a1,d—1)-SEAMT and a
(ag,d+1)-SEAMT labeling with a; = min(S)+p+q and a2 = min(S)+p+1.

Lemma 2. Let G be a (p, q)-graph having a bijection f': V(G) — {1,2,...,p}
such that the set Sy = {f'(u) + f'(v) : wv € E(G)} consists of q con-
secutive integers. If q is odd then G has a (a,1)-SEAMT labeling with
a=min(Sy) +p+ L ora =min(Sy) +p+ =141
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Proof. Suppose that a (p,q)-graph G with g odd, has a bijection f’ :
V(G) — {1,2,...,p} such that the set Sy = {f'(u) + f'(v) : wv e E(G)}
consists of g consecutive integers, namely, Sy = {s,s +1,...,s + (g — 1)}.
Let S’ be a subset of Sy consisting of all even elements and S” be a subset
of S consisting of all odd elements.

Case 1. s even.

Since g odd then |S'| = £ and |§"| = 21 Meanwhile, we can label the
edges of G using labels p+ 1,p+2,. ,p+q Let e; = uv be the edges of G
with f'(u) + f'(v) =s+2(j—1) € S, for j=1,2,.., 2% and ¢; = :z:y be

the edges of G with f'(z)+ f'(y) = s+2(i—1)+1 € S” forz =1,2,.., %%
Define a bijection f” : E(G) — {p+ 1,p+2,...,p + ¢} as follows

f(es)=p+qg+1—i,fori= 1,2,...,9%1-,
fej)=p+2 +1—j,forj=1,2,.., %2

Combining the vertex buectmn f' and the edge leectlon F gives the set of
edge-weights W = {s+p+9-—- +j-1):1<5< 9—}U{s+p+q+z 1<
i < %1} = {min( Sfr)+p+9— mln(Sf')+p+5—+1 mm(Sf')+p+
ol pact min(Sp ) +p+ 2L+ 25141, ,mm(Sf:)+p+ 2t 4 g—1}. This
1mphes that combination of the bljectlon f’ and f” gives a (a,1)-SEAMT
labeling of G with @ = min(Sy/) +p + 9——

Case 2. s odd.

Since ¢ odd then |S'| = 23! and |$”| = 21 Tet e; = uv be an edge of G
with f/'(u) + f'(v) —S+2(J -1)+1€ S’ forj=1,2,..,%* and e; = zy
be an edge of G with f/(z) + f'(y) = s+2(¢6 —1) € §”, for i =1,2,.., 4.
Define a bijection f” : E(G) — {p+1,p+2,...,p + ¢} as follows

f’”(e‘i) =p+q+1—i, fol’i: 1)2) -.-yg-;_l’
f’"(e-)=P+g_—1+1—j’ forj=1,2,.. .‘1‘_1

Combination of the bijection f’ and f’” gives the set of edge-weights W =
{s+1+p+9—+g—1) 1<j5< 9—}U{s+1+p+q+z—2 1<:<
9—} = {mm(Sf/) +p+ 5—— +1, mm(Sfr) +p+ 9— +2,. ,mm(S,') +p+
e N Imn(Sfr)+p+9—+9-—+1 ,mm(Sf:)+p+5;-+1+q 1}.
ThlS concludes that G has a (a,1)-SEAMT labeling with e = min(S;/) +
P+ -‘1_—1 + 1. This completes the proof of the lemma.

4 The Expansion Techniques

The theorems proposed in this section are expansion techniques on the
(a,d)-SEAMT graphs.
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Theorem 1. Let G be a (p,q)-graph having a bijection f : V(G) —
{1,2,...,p} such that the set Sy = {f(u) + f(v) : wv € E(G)} consists
of q consecutive integers with deference d. Let n be any positive integer
with n < M' If Gy is a graph constructed from G by adding ex-
actly one verter adjacent to n distinct vertices uy,uy, ..., un of G labeled by
f(u;) = max(Sy)—p—1+di, for1 < i < n, then Gy has a(ay,d—1)-SEAMT
and a (ag,d+1)-SEAMT labeling with a1 = min(Sf)+p+q+n+1 andaz =
min(Sy) +p+2. Furthermore, if g+n is odd then G, has a (as,1)-SEAMT
labeling with ag = min(Sy)+p+ 9-";'2&1 +1 or ag = min(Sy)+p+ 9—""2‘—"1- +2.

Proof. Let zq¢ be the new vertex. Define the new vertex bijection f; on G1
as follows.

fi(w) = f(u), for u € V(G),
fi(zo) =p+1.

To prove the first statement consider the set Sy, = {fi(u) + fi(v) : wv €
E(G1)}. Clearly, S;, = Sy U {f1(z0) + f(w) : 1 <4 < n}, where zou; are
the new edges. Note that Sy = {f(u) + f(v) : uv € E(G)} consists of ¢
consecutive integers with deference d, namely, Sy = {s, s+d, ..., s+(g—1)d}.
So, we get {fi(zo) + f(us) : 1 <i<n}={s+(g+i-1)d:1<¢<
n} = {s +qd,s + (¢ + 1)d,...,s + (¢ + n — 1)d}. This implies that Sy,
consists of ¢ +n — 1 constitute an arithmetic progression with difference d
and min(Sy,) = min(Sy) = s. By Lemma 1, the graph G has a (a1,d - 1)-
SEAMT and a (az,d+1)-SEAMT labeling with a; = min(Sy)+p+g¢+n+1
and az = min(Sy)+p+2. Furthermore, if d = 1 this implies that the set Sy,
consists of g+ n consecutive integers with min(Sy,) = min(Sy) =s.lfg+n
is odd then Lemma 2 guarantees that G; has a (a3, 1)-SEAMT labeling
with ag = min(Sy) +p+ gﬂz‘—"'—l +1 or az = min(S;) +p + Qﬂ;-:-l- + 2. The
theorem holds only if the highest label of the vertex adjacent to zo is less
then or equal to p, namely max(Ss)—p—1+4dn < p. So,n < 2’—“-:—'33&’—).

a

Theorem 2. Let G be a (p,q)-graph having o bijection f : V(G) —
{1,2,...,p} such that the set Sy = {f(u) + f(v) : wv € E(G)} consists
of g consecutive integers. Let G3 be a graph constructed from G by joining
h > 1 new vertices x; to z and z;41 (1 <1 < h), where z; € V(G) with
f(z) =min(Sy)+q—p—2+1i. If h < 2p+1—min(Sy) — q then G3 has a
(a1,0)-SEAMT and a (ag, 2)-SEAMT labeling with a; = min(Sy)+p+q+3h
and a; = min(Sy)+p+h+1. Purthermore, if q is odd then G3 has a (a3, 1)-
SEAMT labeling with az = min(Sy) + p + L1 + 2h.

Proof. Define the new bijection f3 : V(G3) — {1,2,...,p + h} as follows.

fa(w) = f(u), for u € V(G),
fa(zi)) =p+i,for1<i<h
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Consider the set Sz, = {f3(u) + f3(v) : uv € E(Gs)}. It is not difficult to
verify that Sp, = Sy U {fa(z:) + f(z:) : 1 < ¢ < R}U {fa(z:) + f(zip1) :
1 <4 < h}, where z;2; and z;2;4; are the new edges. Note that Sy =
{f(u) + f(v) : wv € E(G)} consists of q consecutive integers, call Sy =
{s,s+1,...,8+(¢—1)}. Consider the set S; = {fa(z:) + f(z) : 1 <i < h}
and Sz = {fa(z:) + f(zi41) 1 1 <i < h}. S0, S1 ={s+q+2—-2:1<
i<hl={s+¢s+g+2.,5+g+2h~2}and Sy = {s+q+2i—1:
1<i<h}={s+q+1,s+q+3,...,5+q+ 2h — 1}. Therefore, we have
that the set Sp, =57 US| US, consists of g + 2h consecutive integers and
min(Sy,) = min(Sy) = s. Again, Lemma 1 gives that G5 has a (a;,0)-
SEAMT and a (a3,2)-SEAMT labeling with a; = min(Sy) +p+ ¢ + 3h
and az = min(Sy) + p + h + 1. Furthermore, if ¢ is odd then q + 2A is
always odd. So, we can use Lemma. 2 to show that G has a (a3, 1)-SEAMT
labeling with a3 = min(S¢) + p + 9';—1 + 2h. The theorem holds only if
the highest label of z; adjacent to zj is less then or equal to p, namely
min(Sy) +g¢—-p—-2+h+1<p. So, h<2p+1-min(S;) —gq. O

Theorem 3. Let G, be a (p1,q1)-graph having a bijection f; : V(G;) —
{1,2,...,;} such that the set Sy, = {fi(uv) + f1(v) : wv € E(G,)} consists
of q1 consecutive integers. Let G2 be a (p2, g2)-graph having a bijection f;
V(G2) — {1,2,...,p2} such that the set Sy, = {f2(u) + f2(v) : uv € E(G3)}
consists of g consecutive integers. Let G* be a graph constructed by joining
all vertices of G, to one vertez ug of Gy with f1(uo) = min(Sy,)+q1—p1—1.
If min(Sy,) = p2 + min(Sy,) + ¢1 — 2p1 then G* has a (a1,0)-SEAMT and
a (az,2)-SEAMT labeling with ay = min(Sy,) + p1 + q1 + 2p2 + g2 and
az = min(Sy,) + p1 + p2 + 1. Furthermore, if 1 + p2 + q2 is odd then G*
has a (a3, 1)-SEAMT labeling with ag = min(Sy, ) + p1 + ps + {Ltpzteatl)
or a3 =min(Sy,) + py +pp + LFe2te=l) 4 g

Proof. Call the new vertex bijecfion F* 2 V(G*) = {1,2,..,p1 + p2} as
follows.

F*(w) = fi(u), for u € V(Gy),
f*(v) = fa(v) + p1, for v € V(Gy).

Consider the set §* = {f*(z) + f*(v) : zy € E(G*)}. Clearly, $* = Sj, U
{fi(uo) + f*(v:) : 1 < i < p2} U Sy, where upu; are the new edges in
G* Sp, = {fi(w) + fi(z) : uz € E(G1)} and S> = {f*(v) + f*(y) :
vy € E(G2)}. Call 85, = {s1+5—1:1< j < q}. Since fi(up) =
min(Sy,) + q1 — p1 — 1 then the set {fi(uo) + f*(v:) : 1 < i < py} is
{s1+q+i-1:1 <1 < p2}. Let Sy, ={s2+k—-1:1<k< g}. Now,
consider Sz = {f*(v) + f*(y) : vy € E(G2)}. Since f*(v) = fo(v) + p1,
for v € V(G2) then S; = {fo(v) + f2o(y) + 2p1 : vy € E(G2)} and hence
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Fig. 1. The (27,2)-SEAMT graph F) is formed from the graph F' by applying
Theorem 1.
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Fig. 2. The (29,1)-SEAMT graph Gs is formed from the graph G by applying
Theorem 2.

So = {s2+2p1+k~1:1 < k < g2}. Since min(Sy,) = p2+min(Sy, )+q1—2p;
then Sa = {s1+pa+q1+k—1:1 < k < ¢o}. Finally, we have $* = {s14+j—1:
1<ji<qlU{si+tq+i—1:1<i<p}U{si+p2+qi+k—-1:1<k < g}
It is not difficult to verify that the set S* consists of ¢; +p2 + g2 consecutive
integers. This implies that the bijection f* extends to a (a,,0)-SEAMT and
a (ag,2)-SEAMT labeling of G* with a; = min(Sy,) +p1 + @ + 2p2 + ¢2
and a2 = min(Sy,) + p1 + p2 + 1. Furthermore, if ¢1 + p2 + g2 is odd
then Lemma 2 gives that G* has a (a3, 1)-SEAMT labeling with a3 =
min(Sj,)+p1+p2+m%-q’iD- oraz = min(S;l)+p1+p2+$1‘-%‘”—lz+l.

]

5 SEAMT Labeling of nP, U F,, 1,

A Fan F, 2, n >0, is a graph obtained by joining all vertices of path
P, 42 to a further vertex u. called the center. The graph nP U Fyi 2 is a
disjoint union of graph nPs and F, 5. We denote that V(nP, U Fy2) =
{ul,,-,ug,,-|1 i< n} U {uc,u3,j|1 <j<n+ 2}, and E(an UFu42) =
{e1:1 < i < n}u{ex;ll < j<n+1}U{es;|ll <35 < n+ 2}, where
el = U124, for 1 <4 < nj eg5 = ugjusj41, for 1 < j < n+1;and
e3; = Ucu3 j, U3 € V(Ppya), for 1 <j<n+2.

In this section, we will show that the graph nP, U F,12 has a (a,d)-
SEAMT labeling, for n > 1 and d € {0,1,2}. By (3) and (6), we have the
following facts: for every n > 1, there is no a (a,d)-SEAMT labeling of
nPy U Fyyo with d > 3.
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Fig. 8. The (84,0)-SEAMT graph G* is formed from the graphs G, and Gz as
required in Theorem 3.
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Theorem 4. For every n > 1, the graph nP; U F, 12 has o (8n + 9,0)-
SEAMT and a (5n + 7,2)-SEAMT labeling. Furthermore, for even n > 2
the graph nPo U Fp4 o has a (L"z"ﬂ, 1)-SEAMT labeling.

Proof. Define a vertex bijection A : V(nPy U Ppy2) — {1,2,...,3n + 2}, for
every n 2 1 in the following way.

Muys) =14, for 1 <i<n,

AMugi)=2n+2+1i,for1<i<n,

Musj)=n+j,for1<j<n+2

By using Theorem 1, Lemma 1 and the definition of A as above, it can
be verified that the bijection A extends to a (8n + 9,0)-SEAMT and a
(5n + 7,2)-SEAMT labeling of nP, U F, .2 for every n > 1. Furthermore,
Lemma 2 ensures that the bijection A can be extended to a (132318 1).
SEAMT labeling of nP, U F, .o for evenn > 2. m]

By Theorems A and B, we have the following corollaries.

Corollary 1. For every n > 1, the graph nP, U F,, 4 has a (10n + 12,0)-
EAMT and a (Tn 4 10,2) EAM T labeling. Furthermore, for odd n > 1 the
graph nPy U Fy 5 has a (17322 1).EAMT labeling.

Corollary 2. For every n > 1, the graph nP; U Fy 42 has a (Tn + 8,0)-
SEAMT and a (4n+7,2)-SEAMT labeling. Furthermore, for oddn > 1 the
graph nPy U Fy 4 has a (L’;ﬂ, 1)-SEAMT labeling.
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