The partition dimension of a complete
multipartite graph, a special caterpillar and a
windmill

Darmaji*, S. Uttunggadewa, R. Simanjuntak, E.T. Baskoro

Combinatorial Mathematics Research Group
Faculty of Mathematics and Natural Sciences
Institut Teknologi Bandung (ITB)

Jalan Ganesha No. 10 Bandung 40132, Indonesia.

darmaji@students.itb.ac.id,
{s-uttunggadewa, rino, ebaskoro}@math.itb.ac.id

Abstract. In this paper, we determine the partition dimension of a
complete multipartite graph Kn, ns,-.- ,n,., namely pd(Kn, nz,--- ,n,)
istr+n—1ifn; =nforl<i<randpd(Knj,ng, . n.) is7+n—-2
forn = n; > ny > .- > n,. We also show that the partition
dimension of caterpillar graph C' is m for n < m and m + 1 for
n > m, and the partition dimension of windmill graph W3" is k,
where k is the smallest integer such that (£) > m.
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1 Introduction

For any two vertices u and v in a connected graph G(V,FE) and a
subset S of V(G), the distance d(u,v) between u and v is the length of
a shortest path between u and v, and the distance d(u,S) between u and
S is min{d(u,z),z € S}. For an ordered k-partition IT = {S5;,S52,---, Sk}
of V(G), the representation of vertex v € V(G) with respect to II is the
k-vector r(v|II) = (d(v,S1),d(v,S2), - ,d(v,Sk)). The k-partition IT is
called a resolving partition for G if every vertex of G has a unique rep-
resentation. The partition dimension of G, denoted by pd(G), is the least
positive integer k for which there exists a resolving k-partition for G.

Trivially, pd(G) = 1 if and only if G = K. It is easy to see that pd(G) <
n for any connected graph G of order n > 2. Chartrand et al.[2] also showed
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that a path is the only graph with partition dimension 2. The complete
graph G on n vertices is the only graph with pd(G) = n. For bipartite
graphs, they showed that pd(K, ») = max{m,n} if m # n and Pd(Kmn) =
m + 1 if m = n. Furthermore, they showed that pd(G) is n — 1 if and only
if G is one of the graphs K 1, Kn — e or K1 + (K1 |J Kn-2).

Tomescu et al. [6] derived the lower and upper bounds of the partition
dimension of a wheel graph W,,. They showed that |¥/2n| < pd(W,,) < p+1
where p is the smallest prime number such that p(p — 1) > n. In particular,
they obtained the exact values of pd(W,) for n < 19. In [6] Tomescu also
characterized all graphs G of n vertices whose pd(G) equals n — 2.

In this paper, we consider the partition dimension of a complete mul-
tipartite graph Ky, n,,.. n,.. We show that pd(K,, n; .. n,.) Is 7+ 70 =1 if
n;=nfor 1 <i<rand pd(Kn, nypom,)isr+n—-2forn=mn; >ny >
ng 2 +-- > n,. We also show that the partition dimension of caterpillar
graph C7' is m for n < m and m + 1 for n > m. At last, we prove that
the partition dimension of windmill graph WJ" is k, where k is the smallest
integer such that (§) > m.

2 The Partition Dimension of Complete multipartite
Graph

A complete multipartite graph Ky, n,,..- n, is a graph consisting of r-
partite V1, Va, - - - , V;. where every two vertices in different partite are always
adjacent. The cardinality of each partite is nj,ng,-- - n,, respectively. A
multipartite graph whose r—partite is also called r-partite graph. If n, =
ng,-+- = n, = n, the r-partite graph is denoted by K,xn. A j-th vertex
in i-th partite of r-partite graph is denoted by v;,; where 1 < i < r and
1< j < n If r =2 then an r-partite graph is called a bipartite graph and
denoted by K, n.

Let IT = {51,82,---,8:} be any resolving partition of Kn, n,,... n,-
Each S, for i = 1,2,--- ,t, is called a partition class of IT. For each partite
Vi of K ny,-- n.., define a partite index set I; such that j € I; if and only
if (V;NS;) # 0, wherel <i<randl<j<t¢t It means, for j € I, j
represents a vertex z € V; and z € S;.

Lemma 1. If IT is a resolving partition of K, ny,... n., then there is a
resolving partition IT' such that (a) every partite index set has an element
belongs to a singleton partition class, and (b) the cardinality of IT' equals
the cardinality of IT.

Proof. Let IT be any resolving partition of Kp, ny,...,n,.. If every partite
index set I;, where 1 < i < r, already contains an element belongs to a
singleton partition class then II’ = II. Otherwise, there are at least one
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partite index set, say I;, has no singleton partition class. For every partite
index I;, without loss of generality, take the last element of I;, say m. Since
I; has no singleton partition class, then there are at least one partite index
set contains m. Substitute m ¢ I; with an index, say o, such that o # m
and o in a partite index set other than it’s partite index set itself. We
repeat the procedure for every partite of Kp, n,.... n, that has no singleton
partition class until there is a singleton partition class in every partite of
) G

Define the resolving partition after the procedure as I7’. From the pro-
cedure, it is clear that every partite index set I;, where 1 < ¢ < r, has
a singleton partition class. Since every substitution only uses index that
already exist in index set, the substitution doesn’t change the cardinality
of the index set, i.e., |II’| = |II|. Every vertex in every partite index set has
different representation with respect to II’, because they are distinguished
by the singleton partition class. Thus, II is a resolving partition. |

Lemma 2. [1] Let G be a connected graph and let IT be a resolving partition
for G and u,v € V(G). If d(u,w) = d(v,w) for allw € V(G) — {u, v}, then
u and v belong to different partition classes of II.

The following result is a consequence of Lemma 2.

Corollary 1. Let IT be a resolving partition of the complete T-partite graph
Kny na, m,.. Buvery two distinct vertices = and y in the same partite of
Ka, na, n, must be in different partition classes of II.

Proof, If two distinct vertices z and y are in the same partite of Kp, n,,... ,n,
then d(z,u) = d(y,u) for any vertex u other than z and y. Therefore, by
Lemma. 2, vertices z and y must be in different partition classes of II. O

Theorem 1. The partition dimension of the complete r-partite graph is:

_[n+r—1,ni=nforl1<i<r
pd(Knhn2,~--n,-)_{n+.r_2 ’n=n12n22...2nr_

Proof. Let IT = {S;,S52,---,85:} be any resolving partition of Ky, n,,.. n,.-
There are two cases to be considered.

Case I:nj=n forl<i<r.

We will show that ¢ > r+n—1. By Lemma 1, there are r singleton partition
classes of Ky, n,,... n. and, by Corollary 1, the remaining vertices of G must
be distributed into at least n — 1 non-singleton partition classes. So, there
are r singleton partition classes and n — 1 non-singleton partition classes,
hencet>r+n—1.
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To show t < r + n — 1, take the partition IT = {51,852, ,Sr4n-1}
such that

S; = { {vi5,v25,935 v h1<j<n—1
! {vG-n+1)n} m<j<r+n-1

where v; ; represents the j-th vertex in the i-th partite of Kn, n,,...n,.. Then
for each vertex v; ;, 7(v; j|IT) has 0" in the j-th entry, *2’ in the (n+i—1)-th
entry and '1’ in the remaining entries. Therefore each (v; ;|IT) is unique.
So, IT is a resolving partition and t <7 +n — 1.

Case 2:m=n1>ng >+ > n,.

Let |I;| = n be the maximum cardinality index set of Ky, ny,.. n,. and
|I;| be a minimum one. We will show that ¢ > r + n — 2. By Lemma 1,
there are r singleton partition classes in II. By Corollary 1, the remaining
vertices in partite index set I; can be distributed to n — 1 non-singleton
partition classes. So, IT consists of r singleton partition classes and n — 1
non-singleton partition classes. Now, by replacing I, with I} C I; \ {c}
for some j € {1,2,---,7 — 1}, and c is an element belongs to a singleton
partition, we can still distinguish all vertices. Therefore, t > (r+n—1)—1 =
T+n-—2.

To show ¢ < r + n — 2, take the partition IT = {S5},S52, -, Sr4n—2}
where S; = {v;5,}, for i = 1,2,--- ,r — 1; and S(y_1)4; 2 {v1,;} for j =
1,2,--+ ,n—1 and all other verticesin V2| JVa|J- - - |J Vx are distributed into
S(r—1)+; such that Corollary 1 is satisfied. It is clear that every vertex in
every partition class has distinct representation with respect to IT because
they are distinguished by the singleton partitions. Thus, t <r4+n-2. 0O

In this section we have given partition dimension for all complete mul-
tipartite graphs. In the next two sections, we will consider two families of
multipartite graphs which are not complete. The first graph under consid-
eration is a special case of caterpillar which is bipartite and the last graph
is windmill graph which is tripartite.

3 The Partition Dimension of Caterpillar Graph

Let us define a (specific) caterpillar CT* as a graph on (m + 1)n vertices
constructed by adding m vertices at each vertex z of a path P,, and con-
necting them to vertex z. Every vertex in P, is labeled by z;,%z2,--- ,zn
and m vertices on z; are labeled respectively by uy;, ug;, -+ , umi. A cater-
pillar is a tree, and therefore it is bipartite.
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Theorem 2.

_Jm, forn<m,
pd(C'T)_{m+l,forn>m.

Proof. There are two cases to be considered.

Case 1: forn < m.

It will be showed that pd(C™) = m for n < m. By Lemma 2, each of m
leaves at vertex z; belong to m partition classes of II. Therefore, pd(CT*) >
m. Now, let IT = {S1, Sa,-+- , S} Where

Sk= {ukl,uk2:"'yukn)$k} ,for].SkSn
{ur1,ur2, *+ ,Ukn} Sforn+l1<k<m

For 1 € k < n, the representation r{z¢|I) = (1,1,---,0,---,1,1), where
the k-th entry is ’0’. The representation r(uk;|IT) for every leave ug; €
v(Cm), for k = 1,2,--- ,m and i = 1,2, ,n, is different because they
have different vertex z;, that belongs to a partition class Si fork =1,2,.-- ,n.
Therefore, IT is a resolving partition for C*, and pd(C7*) < m.

Case 2: for n > m.

It will be showed that pd(C*) = m + 1 for n > m. Lemma 2 insures
that there are at least m partition classes for m leaves. By a contradic-
tion, we will show pd(C™) > m + 1. Assume IT; = {5,852, - ,Sm} and
Sk = {uk1,uk2, "+ ,Ukn, 2k} for 1 < k < m. Since n > m, at least one of
81,83, -+ » Sy, have at least two vertices z; € P, for¢ = 1,2, ,n. Without
loss of generality, if z;,z9 € S; then r(z:|I)) = r(z2|IT1) = (0,1,1,---).
There is a contradiction for IT; as a resolving partition for C7*. Therefore,
pd(C™) > m+1. Now, let IT, = {51,852, ** , Sm+1} be a resolving partition
where :

{u11, w12, -+ 1 Uin, T1, T2, yIn—1}, fork=1
Sk =< {uk1, U2, yUkn} yfor2<k<m
{zn} yfork=m+1
For j = 1,2,---,n, the representation leaves u;; with respect to Ils,
r(uy|Il2) = (0,2,2,+++ ,m + 1~ j), and for j = 1,2,--+ ,n — 1, the rep-
resentation z; with respect to IIy, r(z;|II) = (0,1,1,--- ,n — 7). Every

leave ug; € V(C), where 2 < k < m and 1 < i < n, the representa-
tion r(ug;|I12) is different because we have different distance d(ugi, Sm+1)-
Therefore, for every vertex z € V(C7') has a different representation with
respect to ITs. So, pd(C*) < m+ 1. . (]
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4 The Partition Dimension of Windmill Graph

A windmill graph WJ"* can be obtained from connecting a center vertex ¢ to
all vertices of graph mK,. A windmill graph WJ™ has m blades and every
blade has two rim vertices a and b that denoted by a; and b; for the i-th
blade. A windmill graph Wj" is a tripartite graph G((V;, V2, V3), E) where
I/1 = {alaa21"' aa'm}7 V2 = {blrb2)"' !bn'l} and V-'.’o = {C}. The edges of
graph WJ" are defined by E(WJ*) = {ca;, aibi, c;bili = 1,2,--- ,m}.

Lemma 3. If IT is a resolving partition of a windmill graph W* with
V(W’") = {¢,a;,bifi = 1,2,--- ,m} and E(WS*) = {ca,,a,b,,c,b i =
1,2,---,m}, then a; and b; must be in different partitions of IT for each i.

Proof. Since d(a;,v) = d(b;,v) for any v € V(WJ*) — {a;, b;} then a; and
b; must be in different partitions of I7. m]

Lemma 4. Let IT be a resolving partition of a windmill graph W with
V(W2m) = {C, a'iabili =1,2,--- ,m}, E(Wém) = {Ca'i’ a;b;, C,,b,l’t =12,-.. ,m}
and let S; be a partition of IT containing . For each i, define L; = {u,v}
ifa; € Sy and b; € S,. Then, L; # L; fori # j.

Proof. For a contradiction, suppose there are some ¢ and j such that L; =
L;j = {u,v}. Without loss of generality, assume {a;,a;} C S, and {b;,b;} C
Sy. Then, r(a;|IT) = 7(b;|IT) since d(a;|S) = d(a;|S) for any S € II, a
contradiction to I7 being a resolving partition. O

Theorem 3. The partition dimension of a windmill graph V(WJ*) is k,
where k is the smallest integer such that (2) >m.

Proof. Let IT be a resolving partition for a windmill graph WJ*. By Lemmas
3 and 4, a; and b; must be in different partition of IT, and L; # L; for i # j.
The definition of L; refers to the one in Lemma 4. Therefore, the number of
partition in IT is at least k, where k is the smallest integer satisfying (£) >
m. Thus, pd(W3*) > k. Now, we will show that pd(Wj*) < k. Consider
II = {81,832, -+ ,85x} obtained by assigning L;({ = 1,2,--- ,m) with a
subset of two elements from {1,2,...,k} such that L; # L; for i # j, and
letting ¢ € S;. Since r(v]IT) is unique for every v € V(Wz'") then IT is a
resolving partition of II. Therefore, pd(W3*) < k, where k is the smallest
integer such that () > m. m]
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