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Abstract. For asimple graph G with the vertex set V and the edge
'set E, a labelling A : VUE — {1,2,3,...,k} is called a vertex-
irregular total k-labelling of G if for any two different vertices = and
y in V we have wt(z) # wi(y) where wt(z) = A(z) + E A(zy).

The total vertex-irregular strength, denoted by tvs(G), is the small-
est positive integer k for which G has a vertex-irregular total k-
labelling. In this paper, we determine the total vertex-irregular
strength of a disjoint union of ¢ copies of a path, denoted by tP,.
We prove that for any t > 2,

t forn=1,
tus(tPr) = t+1 for2<n <3,
[2t£L] form > 4.
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1 Introduction

A labeling of a graph is a mapping that carries graph elements to the
numbers (usually to the positive or non-negative integers). A labeling of a
graph is called a vertez labeling, an edge labeling, or a total labeling, if the
domain of the mapping is the vertex set, the edge set, or the union of the
vertex set and the edge set, respectively.
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In this paper, we consider a total labeling. For a graph G = (V, E), the
weight of a vertex x under a total labeling A is

wt(z) = Az) + Y, Mzy).

zyeE

A total labeling A : VUE — {1, 2,...,,k} is called a vertez-irregular
total k-labeling of G if every two distinct vertices x and y in V satisfies
wit(z) # wi(y). The total vertez-irregular strength of G, denoted by tvs(G),
is the minimum positive integer k& for which G has a vertex-irregular total
k-labeling.

The notion of a total vertex-irregular strength was introduced by Baga
et al. [2). They studied this notion and derived a lower bound and an upper
bound of the total vertex-irregular strength of any tree T with no vertices of
degree 2. Recently, Nurdin et al. have determined the total vertex-irregular
strengths of some other types of trees (see [3] and [4]).

There are not many graphs of which their total vertex-irregular strengths
are known. Baga et al. [2] have determined the total vertex-irregular strengths
of some classes of graphs, namely cycles, stars, paths, and prisms. Wijaya
et al. (5] have determined the total vertex-irregular strengths of complete
bipartite graphs. Besides that, Wijaya and Slamin [6] have determined the
total vertex-irregular strengths of wheels, fans, and suns. Recently, Ah-
mad, Nurdin, and Baskoro [1] have determined the total vertex-irregular
strengths of Halin graph.

In this paper, we determine the total vertex-irregular strength of a dis-
joint union of ¢ isomorphic copies of a P,.

2 Main Result

In this section, we determine the total vertex-irregular strength of the ¢
copies of a path P, forany t >2 and n > 1.

Theorem 1. Let tP, be the t copies of a path on n vertices. For t > 2,
t forn=1,
tos(tPp) =< t+1 for2<n<3,
[2tl] forn > 4.
Proof Let the vertex set of tP, be
V(tP,)={z:;;]1<i<t and 1<j<n}
and the edge set of tP, be

E(tPn) = {e,-,j = x,-,jxi,j+1|1 <i<t and 1<j<n— 1}.
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We divide the proof into three cases.

Caseln=1.

Since the number of vertices in tP; is t and their degree is 0, the smallest
and the largest weights of the vertices are at least 1 and ¢, respectively.
Since the weight of a vertex is the label of the vertex, tvs(tP;) > t. For an
upper bound, define a total t-labeling A of tP; as A(z;;) =i for 1 << ¢,
It is easy to see that the largest label is ¢ and the weights of all vertices of
tP; are distinct. So, tvs(tP;) < t.

Case2n=2o0rn=3.

Since the number of vertices with degree 1 of tP, is 2t, the smallest and
the largest weights of the vertices are at least 2 and 2t + 1, respectively.
Since the weight of a vertex is the sum of two positive integers, tvs(tP,) >
[(2t +1)/2] =t + 1. For an upper bound, define a total ¢ + 1-labeling A of
tP, in the following ways.

For n =2,
A(xi,j)={;+i£z§i§:§: ::ﬁjz;:
Aeip) =1 for 1 <4<,
forn =3,

1 for1<i<t and j=1,
Mzij)=(t+1for1<i<t and j=2,
1+iforl1<i<t and j=3

Meis) = iforl1<i<t and j=1,
€ij) = tfor1<i<t and j=2.

We can check that the weight of z; ; is
for n =2,

21 for1<i<t and j

wt(z; ;) = "
i, 2i+1for1<i<t and j

2,

and for n = 3,
1+14 for1<i<t and j=1,
wt(zi ;) =< 2t+1+i for 1<i<t and j=2,
t+1+i forl1<i<t and j=3.

It is easy to see that the largest value of X is ¢ + 1 and the weights of
all vertices of tP, are distinct. So, tvs(tP,) <t +1.
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Case 3 n > 4.
Let k = [(nt+1)/3]. Since the number of vertices of tP, is nt and the min-
imum degree and the maximum degree of them are 1 and 2, respectively,
the smallest and the largest weights of the vertices are at least 2 and nt+1,
respectively. Since the weight of a vertex of degree 2 is the number of three
positive integer, tvs(tP,) > k.

To proof that tvs(tP,) < k, we consider two subcases below.

Subcase 8.1 n=4 or n = 5.
Define a total k-labeling A of tP, in the following ways.
For n =4,

1 for either 1 <4<t and j=1or
1<i<k-t and j=4,
Mzs ;) = 2t+1-k for either 1 <i<t and j=2o0r
" 1<i<k-t and j=3,
3t+1+i-2kfork—t<i<t and j=3,
1+t—k+i fork—t<i<t and j=4,

for n =35,

(1 for either 1 < i<t and j=1
or 1<i<k-t and j=35,
2+1—-k for either 1 <i<t and j=2
A(z; 5) = 4 or 1<i<k-—t and j=4,
4t+1—-2k+iforl1<i<t and j=3,
3t+14i—-2k fork—t<i<t and j=4,
| 1+t—-k+i fork—t<i<t and j=35,

and for n =4 or n = 5,

7 for1<i<t and j=1,
Meij)=4q t+ifor1<i<k—-t and j=n-1,
k for else ¢ and j.
It is easy to check that the largest value of X is k. We can check that
the weights of the vertices of tP; are

144 for1<i<t
t+1+1 forl1<i<t
2A+14ifor1<i<t
JGH+14+iforl1<i<t

~

-

wi(z;,5) =

&
EERE
LR A
R
LN

-
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and the weights of the vertices of tPs are

1414 for1<i<t and j=1,
t+1+% for1<i<t and j=35,
wt(z;;) =< 2t+1+ifor1<i<t and j=2,
3t+1+ifor1<i<t and j=4,
dt+1+iforl1<i<t and j=3.

Hence, we can see that the weights of all vertices of P, are distinct. So,
tvs(th,) < k.

Subcase 3.2 n > 6.
Let a = |n/2] and for 1 < i < t, define a total k-labeling A of tP, in the
following ways:

i fol' ]=1
mln{2|.]/2_lt) k} for 2 Sj <a
Meig) = k forj—a
min {(n - j)t,k} fora+1<j<n—-2
t+1 forj=n—1.
and
L fOl'j:l,n
Mazig) = 2( — 1)t + 141 — Aeij—1) — Ales;) for2<j<a
ty) = (n— Dt+1+i— /\(8@_,’-1) - )\(ei,j) forj=a+1

(2(n —J) + 1)t+ 1+~ /\(e'i,,j—l) — /\(e,-,j) fora+2<j<n-1.

It is easy to check that the largest label is k, and the weights of tP, is

200G — 1)t +1+i for 1<i<t and 1<j<a,
wi(zi;)=4{ Cn—J)+1)t+1+ifor1<i<t and a+2<j<n,
(n-1t+1+1 for1<i<t and j=a+1.

Hence, we can see that the weights of all vertices of tP, are distinct.
Therefore, we conclude that tvs(tFPy,) < k. (]

For illustration, we show a total vertex-irregular 16-labeling of 5F, in
Figure 1.
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Fig. 1. A total vertex-irregular 16-labelling of 5P,
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