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Abstract. Let G = (V(G), E(G)) be a simple graph and f be a
function from V(G) to a subset of positive integers. An f-coloring
of G is a generalized edge-coloring such that every vertex v € V(G)
has at most f(v) edges colored with a same color. The minimum
number of colors needed to define an f-coloring of G is called an f-
chromatic indez of G, and denoted by x}7(G). The f-chromatic
index of G is equal to As(G) or Af(G) + 1, where Ay(G) =
maz{[d(v)/f(v)] | v € V(G)}. G is called in the class-1, denoted
by Crl, if x7(G) = Ay(G); otherwise G is called in the class-2,
denoted by Cj2. In this paper, we showed that the corona product
of a cycle with either the complement of a complete graph, or a
path, or a cycle is in Cyl.
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1 Introduction and statement of results

We consider simple graphs, which are finite undirected graphs without loops
or multiple edges. Let G = (V(G), E(G)) be a graph with the vertex set
V(G) and the edge set E(G). Let f be a function from V(G) to a subset
of the positive integers. An f-coloring of G is a coloring of edges such
that each vertex v has at most f(v) edges colored with a same color. The
minimum number of colors needed in the f-coloring of G is called an f-
chromatic indez of G, denoted by x(G). If f(v) = 1 for every v € V(G),
the f-coloring is the classical edge-coloring.

* Permanent Address: Faculty of Science, Institut Teknologi Telkom (IT
Telkom), Jl. Telekomunikasi no.1, Dayeuh Kolot Bandung, Indonesia 40257.

JCMCC 71 (2009), pp. 235-241



A problem in the f-coloring is how to determine x’f (G) of a given graph
G. It arises in many applications, including the network design problem, the
scheduling problem, and the file transfer problem in a computer network 1,
2]. The file transfer problem in a computer network is modeled as follows.
Each computer is represented by a vertex and the file transfer process every
two computers is represented by an edge. Each computer v has a limit
number f(v) of communication ports. If we assume that the transfer time
is constant for every file, we can use an f-coloring to manage transferring
all files along the minimum time needed.

Let d(v) be a degree of v and

_ d(v)
a1 = mee {563} W
Hakimi and Kariv (3] showed that

A7 (G) < x5 (G) £ 45 (G) +1. (2)

G is called in the class-1, denoted by G € Cf1, if x;(G) = Af(G); otherwise
G is called in the class-2, denoted by G € Cy2). Holyer [5] proved that
the edge-coloring problem is an NP-complete. It is reduced from the 3SAT
problem. Consequently, the f-coloring problem is an NP-complete problem.

Hakimi and Kariv (1] showed that any bipartite graph isin Cy1. If Gisa
graph with even f(v) for each v€ V(G), then G is in Cy1. Yu et al. 7] gave
sufficient conditions for fans and wheels to be in C;1. Zhang and Liu [9]
found the f-chromatic index for complete graphs and gave a classification
of complete graphs on f-coloring. In 2008, Zhang et al. [10] presented a
classification of regular graphs on f-coloring.

Let G and H be two graphs with n and m vertices, respectively. The
corona product of a graph G with a graph H, denoted by G©® H, is a graph
obtained by taking one copy of an n-vertex graph G and n copies of H,
namely H;, Hj, ..., Hy, and then for i = 1,2,...,n, joining the i-th vertex
of G to every vertex of H;. Here G is called the center of G® H and H is
called the outer of G® H. In this paper, we determine the class of G which
obtained by the corona product of a cycle with either the complement of a
complete graph, or a path, or a cycle. Let Cp,, K&, and P, denote a cycle,
the complement of a complete graph and a path on m vertices, respectively.
Our results are shown in the following three theorems.

Theorem 1. Letn >3 and m > 1, G = C, ® K&, and f be a function
Jrom V(G) to a subset of positive integers, then G € Cyl.

Theorem 2. Letn >3 and m > 2, G = C, ® Pp, and f be a function
Jrom V(G) to a subset of positive integers, then G € Cyl.
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Theorem 8. Let n > 3 and m > 3, G = C,, ® Cp,, and [ be a function
from V(G) to a subset of positive integers, then G € Cyl.

Let C = {c1,¢c2,...,ca,(c)} be a set of Ag(G) colors. An edge colored
with ¢ € C is called an c-edge. Let,

%@ ={o153 - axcrvevial, )
and
@ = {o1 [ %3] - arervevie} @

Zhang and Liu in [8] gave some sufficient conditions for a graph to be in
Cs1 as follows.

Lemma 1. (8] (Zhang dan Liu, 2006)
Let G be a graph. If the subgraph induced by Vo*(G) is forest, then G €
Crl.

Lemma 2. [8] (Zhang dan Liu, 2006)
Let G be a graph. If f(v*) t d(v*) for every v* € V*(G), then G € Cyl.

The graphs G, = Cs © K§, G2 = C5 ® Py, and G3 = C5 © Cy with f(v) = 2
for every v in the center of G and f(v) = 1 for every v in the outer of G do
not fulfill the premise of Lemma 1 or Lemma 2. But the graphs are in Cy1
as we show in the next section.

2 Proof of the theorems

Let V(C:) be the vertex set of the center of G. We label all vertices in
V(C?), respectively, by v1, vs,..., vn such that E(C;) = {viv, vovs, ...
yUn—1Vn, 'Un'Ul}-

Proof of Theorem 1.
Let,
- _ 3 .

f ver‘%gn){f(v)}
Let C* be a multiset {c; € C| multiplicity of ¢; is f* for every i}, where
multiplicity of ¢; is a number of ¢; in the multiset. Now, we color all edges
of G by using some colors in C*. First, we color all edges which are incident
with v; by using some colors in C* such that for every i = 1,2,..., A5(G),
the number of ¢;-edges which are incident with v; is at most f*. Next, for
j =2,8,..,n— 1, we can color respectively, all edges which are incident
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with v; by using the colors in C* \ {r;} where r; is the color that has been
used for v;_;v;, respectively.

Finally, we color all edges which incident with v, by using colors in
C* \ {,t} where s and ¢ are the colors that have been used for v,v, and
Un—1Vn, Tespectively. So, all edges of G have been colored by using Af(G)
colors and every vertex v € V(G) has at most f(v) edges with a same
color. O

To prove Theorem 2 and Theorem 3, for i = 1,2,...,n, we label all ver-
tices, respectively, in P, or Cyp, which adjacent to v; € V(C};) by w;; for
j = 1,2,...,m. Next, we proof that the corona product of a cycle with a
path is in Cy1

Proof of Theorem 2.
It is trivial for case Af(G) = 1. For Ay(G) > 2, we divide the proof into
three cases as follows.

Case 1. 4;4(G) =2

In this case, we construct an f-coloring of G as follows. For i = 1,2, ...,n,
i=1,2,..,[2f2], and [2#2] < k < m — 1, we color all edges v;w; ; and
W; kWi k+1 by ¢1. Finally, we color the other edges by c;.

Case 2. A f(G) =3

Flrst for i = 1,2,...,| 3], we color all edges vz;_1v2; by ¢; and for i =
[" 2'|, we color all edges v9;V0;41 by c2. Next, for i = 2,3,. -1

and j= 1 ..,m, we color all edges v;w;; by cs3, c1, cg, a.lternately For

i=2,3,..,n—1land j=1,2,...,m— 1, we color all edges w; jw; j41 by ca,

cs3, C1, alternately.

Next, we divide the proof into two subcases.

Subcase 2.1. If niseven, fori =1ori=nand j = 1,2,...,m, we color
all edges v;w; ; by cs, c1, ¢, alternately. Next, for j = 1,2,...,m — 1, we
color wy jwi j41 OF Wn jwn j4+1 by c2, c3, c1, alternately. Finally, we color
the edge v,v; by cs.

Subcase 2.2. If » is odd, for § = 1,2,...,m, we color edges v;w; ; by
c2, €3, €1, alternately, and v,wy ; by c1,c2, cs, alternately. Next, for j =
1,2,...,,m—1, we color w; jw; j41 by c1, c2, c3, alternately and wn jwn j41
by cs, ¢1, ¢, alternately. Finally, we color the edge v,v; by c3.

Case 3. Af(G) >4

Ifve V* thenv e V(C}). If Vf = @, by Lemma 2, then G € C;1. If
Vo € V(Cy), by Lemma 1, then G € Cyl. If Vi = V(C3), we color all
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edges as follows. For ¢ = 1,2,...,n and j = 1,2,...,m, we color v;w;; by
€1y €25 CA4(G), alternately. If n is odd, then we replace the color of the
first of ¢4 ,(¢)-edges which incident with v, by ca,(c)-1- Fori=1,2,..,n
and ] =1,...m~—1, we color all edges Wi, j Wi 541 by €3, C4y-+ey CAL(G) C1H
c2, alternately. Finally, for i = 1,2,...,n — 1, we color all edges v;v;41 by
ca,(G)-1 and ca,(G), alternately, and v,v1 by ca,(c)-

So, all edges of G have been colored by using A¢(G) colors and every vertex
v € V(G) has at most f(v) edges with a same color. (]

In the next, we prove that the corona product of a cycle with a cycle is
in Cyl.

Proof of Theorem 3.
For case Af(G) = 1, it is trivial since we can define an f-coloring of G with
one color. For A(G) > 2, we divide the proof into four cases as follows.

Case 1. Ay(G) =2

In this case, we construct an f-coloring of G as follows. First, we color all
edges in E(CX) by ¢;. For i = 1,2,...,n and j = 1,2,...,m — 1, we color
v;w; ; by c2, €1, alternately, and v;w;,mm by cz. Finally, fori =1,2,..,n and
j=1,2,..,m— 1, we color w; jw; j+1 by ¢1, c2, alternately, and w; mw;,
by C1.

Case 2. AJ(G) =3
In this case, the proof is divided into three subcases as follows.

Subcase 2.1 m =0 (mod 3)

First, for ¢ = 1,2,...,| 3], we all edges vg;—1v2: by color ¢; and for i =
1,2,.., [-’-‘;—2], we color all edges vo;v2i4+1 by co. For even n, we color the
last edge vnv1 by cz. For odd n, we color the last edge vnv1 by c3. For
i=1,2,...,nand j = 1,2,..,m, we color v;w; ; by c1, ¢z, ca, alternately.
Finally, for i = 1,2,...,nand j = 1,2,...,m—1, we color all edges w; jw; j+1
by cs, ¢1, co, alternately.

Subcase 2.2 m =1 (mod 3)

First, for i = 1,2,...,n and j = 3,...,m — 2, we color v;w; ; by c1, ¢, ¢s,
alternately. We color viw; 1, viwi 2, ViWim-1, ViWi,m for i = 1,2,..,n by
c3, c3, c1, and ¢, respectively. For ¢ = 1,2,...,n and k = 1,2,...,m — 1,
we color all edges w; xw; k+1 by €1, €2, ¢3, alternately, and w;,mw;,1 by c2.
Finally, we color all edges in E(C},) by ca.
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Subcase 2.3 m =2 (mod 3)

Fori=1,2,..,nand j =1,2,...,5, we color v;w; ; by ¢, ¢g, ¢2, 2, and ca,
respectively. For i = 1,2,...,n and 6 < j < m, we color edges v;w;; by c1,
¢z, c3, alternately. Next, for k = 1,2, 3, we color w; pw;x+1 by cs, c1, cs,
respectively. For 4 < k < m, we color w; sw; k+1 by ¢1, ¢z, c3, alternately,
and wmw; by cp. Finally, we color all edges in E(C}) by ¢, cs, alternately.

Case 3. Af(G) =4

If v € V*, then v € V(C;). If V§ = @, by Lemma 2, then G € Cyl. If
Vo C V(C;), by Lemma 1, then G € Csl. If Vi = V(C7), we color all
edges as follows. For ¢ = 1,2,...,n and j = 2,3, ..., m — 1, we color v;w; ; by
c1, C2, C3, 4, alternately, v;w;; by ¢1, and v;w; m by c2. If n is odd, then
we replace the color of the first of c4-edges which incident with v, by cs.
Fori=1,2,..,nand j = 1,2,...,m — 2, we color all edges w; jw; j+1 by cz,
cs, ¢4, €1, alternately. Next, for i = 1,...,n, we color w; m_1w;m by c3 and
w;mW;,1 by cq. Finally, for i = 1,2,...,n — 1, we color all edges v;v;4; by
cs3, €4, alternately, and v,v; by c4.

Case 4. Af(G) 25

By the same argument in the Case 3, if Vi = @ or V' C V(C3%), we obtain
G € Crl. If V§ = V(C}), we color all edges as follows. For i = 1,2,...,n
and j = 1,...,m, we color v;w;,; by ¢1,2,..., ¢a,(c), alternately. If n is odd,
then we replace the color of the first of c,(¢)-edges which incident with
vn by ca,g)-1- Fori=1,2,..,nand j =1,2,...,m — 1, we color all edges
Wi, jW;,j+1 bY €3, €4, ..., €a,(G)) €1, C2, alternately, and the edge w; mw; 1 by
ca(c)- Finally, for i = 1,2,...,n — 1, we color all edges v;vi41 by ca,(c)-1,
ca,(G), alternately, and v,v1 by ca,(G).

So, all edges of G have been colored by using A¢(G) colors and every vertex
v € V(G) has at most f(v) edges with a same color. O

Remark : Base on the proof of Theorem 3 Subcase 2.3, we conclude that
Wpn = Cn + {w} is in Cyl, if m = 2 (mod 3) and f(v) # 1 for some
v € V(Cy,). So, the conjecture of Yu et al. in (7], namely: a wheel W,,, is
in C52 if Af(W,,) = 3 and d(w) = 2 (mod 3) with w is core of Wy, is not
correct.
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