On (a,d)-H-antimagic coverings of graphs

Nur Inayah*, A. N. M. Salman, R. Simanjuntak

Combinatorial Mathematics Research Group
Faculty of Mathematics and Natural Sciences
, Institut Teknologi Bandung,
Jalan Ganesa 10 Bandung 40132, Indonesia
innazen®students.itb.ac.id
{msalman, rino}@math.itb.ac.id

Abstract. A simpleé graph G = (V(G), E(G)) admits an H-covering,
if every edge in E(G) belongs to a subgraph of G that is iso-
morphic to H. An (a, d)-H-antimagic total labeling of G is a bi-
jective function £ : V(G) U E(G) — {1,2,...,|V(G)] + |E(G)|}
such that for all subgraphs H ' isomorphic to H, the H-weights
w(H)=Y,.,, 'y EW)+ 2, p(u'y € (€) constitute an arithmetic pro-
gression a,a+d,a+2d,...,a+ (t — 1)d where a and d are positive
integers and ¢ is the number of subgraphs of G isomorphic to H. Ad-
ditionally, the labeling £ is called a super (a,d)-H-antimagic total
labeling, if £(V(G))={1,2,...,|V(G)|}.

In this paper, we introduce the notion of (a, d)-H-antimagic total
labeling and study some basic properties of such labeling. We pro-
vide an example of a family of graphs obtaining the labelings, that
is providing (a, d)-cycle-antimagic labelings of fans.
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1 Introduction

Let G = (V(G), E(G)) and H = (V(H), E(H)) be simple and finite graphs.
Let |[V(G)| = vg,|E(G)| = eq,|\V(H)| = vy,|E(H)| = eu. An edge-
covering of GG is a family of different subgraphs H,, Hs,..., Hx such that
any edge of E(G) belongs to at least one of the subgraphs H]'-s, 1<j<k
If the H; are isomorphic to a given graph H, then G admits an H-covering.
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Suppose that G admits an H-covering. Gutiérrez and Lladé [3] defined
an H-magic labeling which is a generalization of Kotzig and Rosa’s edge-
magic total labeling [4]. A bijective function

f:V(G)VE(G) - {1,2,...,v¢ +ec}

is called an H-magic labelzng of G if there exists a positive integer ¢ such
that for each subgraph H' isomorphic to H satisfies

fHY = > f)+ Y. fle)=c

veV(H') ecE(H')

In this case, we say that G is H-magic. When f(V(G)) = {1,2,...,vg},
we say that G is H-supermagic.

Lladé and Moragas [5] proved that a wheel W,,, a prism C,, x K5, a book
K » X K3, and a windmill W (r, k) are Cy-magic. Maryati, Baskoro, Salman
(6] and Salman, Ngurah, Izzati [9] proved that some families of trees are
Py-supermagic. Recently, Ngurah, Salman, and Susilowati [8] introduced
the dual of an H-(super)-magic labeling.

On the other hand, in 2000, Simanjuntak, Miller and Bertault [10] in-
troduced an (a,d)-edge-antimagic total labeling of G which is defined as
a bijective function £ : V(G) U E(G) — {1,2, ...,vg + eg} so that the
set of edge-weights {g(u) + g(uv) + g(v)| uv € E(G)} is equal to the set
{a,e+d,a+2d,...,a+ (eg — 1)d} for some two positive integers a and d.
An (a, d)-edge-antimagic total labeling £ is called super if the vertex labels
are the smallest possible labels. Several results for the labeling have been
provided, see for example (1], [2], and [7].

In this paper, we introduce a new labeling which utilizes both concepts,
namely H-covering and (a, d)-antimagic. As an example of family of graphs
obtaining the labelings, we study (a, d)-Cp-antimagic labelings of fans for
some a, d, and h.

2 (a,d)-H-antimagic total labelings

In this section we define an (a, d)-H-antimagic total labeling and provide
some basic properties of the labeling. Let G and H be graphs. An (a, d)-
H-antzmagzc total labeling of G is a bijective functlon §:V(Q)UE(G) —
{1,2,...,vG + ec} such that for all subgraphs H isomorphic to H, the set
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of H-weights

wH) = Y )+ Y &)

veV(H') ecE(H')

constitutes an arithmetic progression with a difference d, namely a,a +
d,...,a+ (t — 1)d, where a and d are some positive integers and ¢ is the
number of subgraphs isomorphic to H. In this case we say that G is (a,d)-
H-antimagic. When &(V(G)) = {1,2,...,vg}, we say that £ is a super
(a,d)-H-antimagic total labeling and G is super (a,d)-H-antimagic.

Note that if d = 0, then the labeling becomes the H-magic labeling.
The next theorem give the largest possible value for a difference d.

Theorem 1. Let G and H be graphs and t is the number of subgraphs of
G isomorphic to H. If G is (a,d)-H-antimagic and t > 2, then

(vyg + ey)ve + ec — vy —en]
t—-1 ’

Proof. Since G is (a,d)-H-antimagic, the largest H-weight is not larger
than (vg+ec —vn —exy +1)+(vg+ec —vy —en +2) + (v +ec —vH —
eg+3)+ - +(vg+eg—1)+ (vg + ec) and the least H-weight is not
smaller than 1+ 2+ ...+ (vyg + eg). Hence,

d<

a+(t-1)d < %(vH+ey)[2vc+2eg—vH—eH+1] 1)
and
a > %(vg +eg)(vyg +ey +1). , (2)
From (1) and (2), we have
(t-1)d < -;'(’UH +ey)[2ve +2e¢ — vy —en + 1) —

1
'2'('UH +ey)(ve + ey +1)

= (vyg +en)[ve +ec — vy —enl.

Since £ > 2, then

(vg + en)ve + ec — vu — en]

<
d< Tt-1
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The next two theorems show that we are able to construct some new
(a,d)- H-antimagic labelings from an "old” (a, d)-H-antimagic labeling.

Theorem 2. If G has an (a,d)-H-antimagic total labeling, then G has an
(a',d)-H-antimagic total labeling, where

= (vg +en)(vc+eg+1) —a—(t-1)d.

Proof. Let & be an (a,d)-H-antimagic total labeling of G and M = vg +
ec + 1. Define ¢’ as the dual labeling in the following way:

¢'(z) = M —&(z) for each z € V(G) U E(G).

For each subgraph H' isomorphic to H, the H -weight under the dual la-
beling ¢ is

wH)= Y £+ Y £

veV(H') ecE(H')

= 3 M-+ Y (M-¢ge)

veV(H') ecE(H')

= (vpMtepM)—| D £0)+ D &)

veV(H') ecE(H')
= (vg +eq)M —w(H).

Let M*=(vy +ey)M —a, then the set of H-weights under the dual labeling
& is

{(M*, M* —d,M* - 2d, ... ,M*~—a~(t—2)d,M* —(t — 1)d}.
Thus, G has an (¢, d)-H-antimagic total labeling, where
@ =M*—(t—1)d= (v +eg)lve+eg+1)—a—(t—1)d.
O

Theorem 3. IfG has a super (a,d)-H-antimagic total labeling, then G has
a super (a”,d)-H-antimagic total labeling, where

a" = [(vg + 1)vy + (2vG + e + 1)en] —a — (t — 1)d.

276



Proof. Let £ be a super (a,d)-H-antimagic total labeling of G and N =
ve + 1 and N'= 2ug + eg + 1. Define £” as the super dual labeling in the
following way:

n, o [ N—§(=) for each z € V(G),
€ (2)= { N’ - &(z) for each z € E(G).

For ea;c}ll, subgraph H' isomorphic to H, the H-weight under the dual la-
beling £ is

wu (Hl) = Z 6// ('U) + Z £” (e)
veV(H') ecE(H’)
= ¥ W)+ Y (V' -e)
veV(H') ecE(H')

= (g N+egN)=-| Y &)+ D &

veV(H') ecE(H')
= (vgN +exgN') —w(H").

Let N* = (vyN +eyN') —a, then the set of H-weights under the dual
labeling £ is

{N*,N*-d,N*-2d,... ,N* —(t—2)d,N* - (t - 1)d}.
Thus, G has a super (a,", d)-H-antimagic total labeling, where

”n

a =N*—(t—1)d=[(ve + 1)va + (2vg + ec + 1)eH]4— a—-(t—1)d
a

3 (a,d)-Ch-antimagic total labelings of fans

In this section, we provide a family of graphs obtaining (a, d)-Ch-antimagic
total labelings.

A fan F, for n > 2 is a graph obtained by joining all vertices of a
path P, to a further vertex, called the center. Thus, F, contains n + 1
vertices, namely one vertex which is the center, denoted by c and n vertices
on the path, denoted by vy, v2,v3, ..., n, and contains 2n — 1 edges, namely
cx; for 1 <i<n, and vvi41 for 1 <i< n-—1 1t is easy to observe
that F, admits a Cp-covering for 3 < h < n + 1. We denote by Ch, the
subgraph of F, isomorphic to Cp formed by c,v;,vj41,V542,-« ) Vj+h—1-
From Theorem 1, we have the following upper bound for d.
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Lemma 1. If F,, is (a,d)-Cy-antimagic, then
(6nh — 4h2)
<—",
ds< n+l-h

In the next three theorems, we provide three (super) (a, d)-Cy-antimagic
total labelings for fans whose differences are functions of the length of the
cycles.

Theorem 4. For3 < h < n, the fan F, is super (h2+2h.n—h+3,2h—5)-
Ch-antimagic.

Proof. We label the vertices and edges of F, as follows.

&i(c) =1

& (vi) =n+2—-i for 1<i<m,
§&1(vivig1) = 3n+1-4 for 1<i<n-1,
&i(cvi) =n+14i for 1<i<n,

It is easy to see that the labeling &, is a bijective function from E(F,) U
V(Fa) to {1,2,3, ...,3n} and &1(V(F,)) = {1,2, ...,n+1}.

For 1 < j< n—h+2, the Cp-weight of a subgraph Cj, of F,, under the
labeling &; is

_ J+h=2 j+h—3
w(G) = &)+ Y &lwe) +&(cv) + Y. E(vrvisr) + Ex(cvjin—z)
k=j k=j
= —h? +4.hn+8h —5n—7— (2h - 5)j.

Since w(CY)—w(Ci*!)= 2k - 5 and w(CFP*2) = h2 4 2hn—h+3, &

is a super (h%+2h.n— h+ 3, 2h— 5)-Cj-antimagic total labeling of F,,. O
The three following corollaries are about the (super) dual of the label £;
defined in the proof of Theorem 4. They can be proved by using Theorem

4 and Theorem 2 for Corollary 1, Theorem 4 and Theorem 3 for Corollary
2, and Corollary 2 and Theorem 2 for Corollary 3.

Corollary 1. For3 < h < n, the fan F, is (h®+2h.n—4h+5n+2,2h—5)-
Chr-antimagic.

Corollary 2. For3 < h < n, the fan F,, is super (h2+h.n+5n+2, 2h—5)-
Ch-antimagic.

Corollary 3. For 3 < h < n, the fan F, is (h® + 3h.n — 5h + 3,2h — 5)-
Ch-antimagic.
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Theorem 5. For 3 < h < n, the fan F, is super (k> + 2h.n+h — 2n +
1,2h — 1)-Cj-antimagic.

Proof. We label the vertices and edges of F;, as follows.

&(c) =1

§2(i) =1+1 for 1<ig<n,
52(v,-v,-+1)=2n+1+ifor 1<i<n~-1,
&(cv;) =n+1+4i for 1<i<n.

It is easy to see that the labeling & is a bijective function from E(F,)U
V(F,) to {1,2,3,..,3n} and &(V(FR)) ={1,2, ...,n+1}.

For 1 < j< n— h+2, the Cy-weight of a subgraph C}, of Fy, under the
labeling &; is

' j+h—2 j+h—3
w(C]) = &)+ Y &alve) +&(cvs) + Y &(vivke1) +E2(cvjen—2)
k=j k=j

= h?+2.hn+h—2n—h+ (2h - 1)j
Since w(Ci*")—w(C})= 2h —1 and w(C})= h? +2h.n+h—2n+1, &
is a super (h? 4 2h.n + h — 2n + 1, 2h — 1)-Cp-antimagic total labeling of
E,. O
The three following corollaries are about the (super) dual of the label &2
defined in the proof of Theorem 5. They can be proved by using Theorem

5 and Theorem 2 for Corollary 4, Theorem 5 and Theorem 3 for Corollary
5, and Corollary 5 and Theorem 2 for Corollary 6.

Corollary 4. For 3 < h < n, the fan F, is (h? + 2h.n — 2h + 3n,2h — 1)-
Cr-antimagic.

Corollary 5. For 3 < h < n, the fan F,, is super (h? + h.n — 4h + 3n +
2,2h — 1)-Cj-antimagic.

Corollary 6. For3 < h < n, the fan F, is (h*+3.h.n+3h—2n—1,2h—1)-
Ch-antimagic.

Theorem 6. For 3 < h < n, the fan F, is (3h%? — 3h + 3,6h — 3)-Cj-
antimagic.

Proof. We label the vertices and edges of F,, as follows.

&3(c) =1

£3(vi) =3i—1 for 1<i<n,
&vivig1) = 3i+1 for 1<i<n~1,
&3(cv;) = 3 for 1<i<n.
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It is easy to see that the labeling &3 is a bijective function from E(F,) U
V(Fn) to {1,2,3, ...,3n}. _

For 1 < j< n—h+2, the Ch-weight of a subgraph C] of F,, under the
labeling &; is

_ J+h—2 j+h=3
w(G}) = &()+ Y &a(vk) +&(cv;) + Y Ea(vrvisr) + Ea(cujen—2)
k=j k=j

= 3h% - Oh + 6 + (6h — 3);.
Since w(Ci)—w(Cl)= 6h — 3 and w(C}) = 3k2 —3h +3, & is a
(3h% — 3h + 3, 6h — 3)-Ch-antimagic total labeling of F,. m]
By using Theorem 6 and Theorem 2, we have the following corollary.

Corollary 7. For 3 < h < n, the fan F, is (3h% + 2h — 6h + 3n,6h — 3)-
Ch-antimagic.

In Theorem 4, 5, and 6 we provide some (a, d)-Cj-antimagic total la-
belings for fans where d is a function of h. In the following theorem we
construct an (a,d)-Cp-antimagic total labeling whose a difference is con-
stant.

Theorem 7. For 3 < h < n, the fan F, is super (3h.n + 3h — 4n, 3)-Cy -
antimagic.

Proof. We label the vertices and edges of F,, as follows .

Ea(c) =n+1

a(v;) =1 Jor 1<i<n,
€a(vivip1) = 3n+1-1i for 1<i<n-1,
€alcy;) =n+141i for 1<i<n.

It is easy to see that the labeling &, is a bijective function from E(F,)U
V(Fa) to {1,2,8, ...,3n} and &(V(F,)) ={1,2, ...,n+1}.

For 1 < j< n— h+ 2, the Ch-weight of a subgraph C} of F, under the
labeling &, is

J+h—2 j+h-3

&)+ D Ealve) + &alovs) + Y Ea(vrvirn) +Ealcvjsn—z)

k=j k=j
= 3hn+3h—-4n-3+3j

w(C})

Since w(Cy ! )—w(C}) =3 and w(C})=3h.n+3h—4n, & is a super (3h.n+
3h — 4n, 3)-Cj-antimagic total labeling of F,. O
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The three following corollaries are about the (super) dual of the label &4
defined in the proof of Theorem 7. They can be proved by using Theorem
7 and Theorem 2 for Corollary 8, Theorem 7 and Theorem 3 for Corollary
9, and Corollary 9 and Theorem 2 for Corollary 10.

Corollary 8. For 3 < h < n, the fan F,, is (2h*> + h.n — 6h + 9n + 5, 3)-
Ch-antimagic.

Corollary 9. For 3 < h < n, the fan F, is super (2h? — 2h + 9n + 5, 3)-
Ch-antimagic.

Corollary 10. For 3 < h < n, the fan F, is (dh.n — h — 4n — 5,3)-C}-
antimagic.

We conclude this section with an open problem.

Open Problem 1. Find (a, d)-Ch-antimagic total labeling for F;, with d
¢ {3,2h—5,2h—1,6h—3|3<h <n+1}.
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