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We consider finite undirected graphs without loops and multiple edges. If
G is a graph, then V(G) and E(G) stand for the vertex set and edge set of

G, respectively.

Let a graph G and a mapping f from E(G) into positive integers be
given. The indez-mapping of f is the mapping f* from V(G) into positive
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integers defined by
frfv) = Z n(v,e)f(e) for every v € V(G),

e€E(G)

where 7(v, €) is equal to 1 when e is an edge incident with a vertex v, and
0 otherwise. The value f*(v) is often called the weight of the vertex v.
An injective mapping f from E(G) into positive integers is called a magic
labeling of G for an index k if all the vertices have the same weight, thus

f*w)=k forallveV(G).

A magic labeling f of G is called supermagic if the set {f(e) : e € E(G)}
consists of consecutive positive integers. We say that a graph G is super-
magic (magic) if and only if there exists a supermagic (magic) labeling of
G. For regular supermagic graphs we can always assume that the smallest
edge label is 1.

The concept of magic graphs was introduced by Sedlgek [7]. Super-
magic graphs were introduced by M. B. Stewart [9]. There is by now a con-
siderable number of papers published on magic and supermagic graphs; we
single out [10, 4, 6, 3, 1, 8] as being more particularly relevant to the present
paper, and refer the reader to [2] for comprehensive references.

There are strict bounds on the number of edges in a magic graph given
in [11). For supermagic graphs no similar result can be found. In [1] it is
proved that if d is the greatest common divisor of integers n and ¢, and if 5
and ¢ are both even, then there exists no supermagic graph of order n and
size €. It seems that the existence of a supermagic graph with a given order
and size is hard to solve. In this paper we deal with an easier problem,
we focus only on regular graphs. We characterize all pairs n,r for which
an r-regular supermagic graph of order n exists.

Theorem 1.1 (Main theorem). Let r, n be positive integers, n > r + 1.
There exists an r-regular supermagic graph of order n if and only if one of
the following statements holds.

) r=1andn=2,
(ii) 3<r=1 (mod 2) and n =2 (mod 4),

(iii) 4 <r =0 (mod 2) and n > 5.

In Section 2 we summarize all known results that will be relevant to our
constructions. Section 3 brings several assertions that are used to prove the
main result in Section 4.
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2 Known results

The following necessary conditions hold for a regular supermagic graph.

Proposition 2.1. [4] If G is an r-regular supermagic graph of order n,
then the following statements hold:

(i) ifr=1 (mod 2), then n =2 (mod 4),

(ii) if r =2 (mod 4) and n =0 (mod 2), then G contains no component
of an odd order,

(iii) ¢fn> 2, thenr > 2.

A regular spanning subgraph of a graph G is called the factor of G.
A factor of degree k is called the k-factor. In [4] it is proved

Proposition 2.2. [4] If G is a graph decomposable into pairwise edge-
disjoint supermagic factors, then G is supermagic.

The union of m > 1 disjoint copies of graph G is denoted by mG.

Proposition 2.3. [4] If G is a 2k-regular supermagic graph decomposable
into two edge-disjoint supermagic k-factors, then the graph mG is super-
magic for every positive integer m.

To find a supermagic labeling of a regular graph it is convenient to use
highly symmetric graphs. Let n,m > 1 and a,...,a, < | 5] be pairwise
different positive integers. An undirected graph with the set of vertices
{v1,...,vn} and the set of edges {v;vito; : 1 < i < m,1 < j < m}, the
indices being taken modulo n, is called a circulant graph and it is denoted
by Cu(a1,...,am).

The Mobius ladder M,,, where 6 < n = 0 (mod 2), is the 3-regular
circulant graph Cr(1, %). Sedlstek [6] proved the following result.

Proposition 2.4. (6] Let n > 6 be an even integer. The Mdibius ladder
M, is supermagic if and only if n =2 (mod 4).

Notice that the complete graph K, is the (n—1)-regular circulant graph
Cn(1,2,..., [%J) Supermagic complete graphs were characterized in {10].

Proposition 2.5. (10] A complete graph K, of order n is supermagic if
and only if n =2 or 5 <n #0 (mod 4).
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The regular complete n-partite graph of order nk is denoted by Konx-
Evidently, every regular complete multipartite graph is a circulant graph,
e.g., Knpz) = Ca2n(1,2,...,n—1). The existence of regular supermagic com-
plete multipartite graphs was examined in [4]. Besides other the following
was shown.

Proposition 2.6. [4] The regular complete multipartite graph K5 is su-
permagic for every n > 3.
By decomposing a graph into even number of Hamilton cycles the fol-

lowing was proved.

Proposition 2.7. [8] Let G := Cy(a1,...,a2) be a 4k-regular circulant
graph. If n = 0 (mod 2), a; = 1 (mod 2) and ged(azj—1,a25,n) = 1 for
everyi € {1,...,2k}, j € {1,...,k}, then G is supermagic.

In the next we use the following corollary.

Corollary 2.8. Ifn,k,a are positive integers, where a is odd and 2a+4k—
2 < n =0 (mod 2), then the 4k-regular circulant graph Cr(a,a+2,...,a+
2(k — 1)) is supermagic.

The following result is proved in [5].

Proposition 2.9. [5] If G is a 4k-regular circulant graph of odd order,
then the Cartesian product of graphs G and K, is supermagic.

Since for n even the graph C,.(2,4, .. .,4k, ) is isomorphic to the Carte-
sian product of graphs C'_g. (1,2,...,2k) and K>, we have immediately.

Corollary 2.10. If n,k are positive integers, 8k + 2 < n = 2 (mod 4),
then the circulant graph Cn(2,4,...,4k, %) is supermagic.
3 New results on circulant graphs
Lemma 3.1. Let C,(a,a+b) be a 4-regular circulant graph and let v be its

vertez. If ged(n,b) = 1, then there ezists a labeling f : E(Cr(a,a + b)) —
{1,2,...,2n} such that for every vertex u € V(Ca(a,a+ b)) it holds

wron_ J3n+3 ifu=v,
f(u)_{4n+3 if u#v.
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Proof. As b and n are coprime, there exists a positive integer ¢ (obviously,
¢ = ab™! (mod n)) such that the graph Cy(a,a + b) is isomorphic to the
graph Cp(c,c+ 1). Without loss of generality we can assume to have the
graph Cy(c,c + 1) with vertex set {v1,vs,...,v,} where v = v;. Define
a mapping f : E(Cp(c,c+ 1)) — {1,2,...,2n} by

(i, vigeq1) =1 if 1<i<n,

Fvs, vige) = 2n+2—-¢ if2<i<n,
A P if i=1.

It is easy to check that

£ ) In+3 ifi=1,
V) =
' m+3 if2<i<n.

Thus, the labeling f has required properties. a

Theorem 3.2. Let G := Cy(a,a+b,¢,c+d) be a circulant graph of degree
8. If ged(b,n) = 1 and ged(d,n) = 1, then G is a supermagic graph.

Proof. The graph G is decomposable into two edge-disjoint 4-factors G :=
Cn(a,a+b) and Ga := Cy(c,c+d). According to the previous lemma, there
exist labelings f : E(G;) — {1,2,...,2n} and g : E(G3) — {1,2,...,2n}
so that

frm) =g"(v1) =3n+3,

fr) =+ = f*(vn) =g"(v2) = -+ = g*(vn) = 4n + 3.
Consider a mapping h : E(G) — {1,...,4n} defined by
_ {1 if e € B(Gy),
hle) = {4n +1—g(e) if e€ E(Ga).

Obviously, h*(v) = 16n + 4 for every v € V(G) and thus h is a supermagic
labeling of G. 0O

By choosingb=d =1 and ¢=a + 2 we get

Corollary 3.3. Letn, a be positive integers. The 8-regular circulant graph
Cpnla,a+1,a+ 2,a + 3) is supermagic for all n > 2a + 6.

By induction immediately follows
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Corollary 3.4. Let n, a, k be positive integers. The 8k-regular circulant
graph Cp(a,a+1,...,a + 4k — 1) is supermagic for all n > 2a + 8k — 2.

In the following theorems we prove that the 4-regular circulant graph
Cn(1,3), the 6-regular circulant graph C,(1,2,3), and the 10-regular cir-
culant graph C,(1,2, 3,4, 6) are supermagic for all feasible values of n. All
proofs will be done in a similar way. The technique is most transparent for
Cn(1,2,3), therefore we start with this case.

Theorem 3.5. The circulant graph Cn(1,2,3) has a supermagic labeling
foralln>17.

Proof. For any integer n > 3, let H,, = H,(1,2,3) be a graph with the ver-
tex set {wy,wa,...,Wnt3} and edge set U,_l{wiw,q.l,wi+1wi+3,w,-w,-+3}.
Notice that the vertices of the graph H, are all of even degree, see Figures 1
through 4. The vertices w;, Wn42, and wy43 are of degree 2, for n > 3 the
vertices wy, ws, and w4 are of degree 4, and for n > 4 are all remaining
vertices of degree 6. Also it is easy to observe, that by identifying the pairs
w) and Wp41, w2 and Wy42, w3 and wy,+3 We obtain for n > 7 from H, the
circulant graph C,(1,2,3).

The construction of the required labeling is done in two steps. First we
find a labeling \,, called the auxiliary labeling, of H,, for any n > 3. Then
we show how to obtain from A, a supermagic labeling f of Cn(1,2,3).

6 7 9

AN

Figure 1: Auxiliary labeling of Hs(1,2,3).

7 8 100 12

Figure 2: Auxiliary labeling of Hy(1,2,3).

8 14 13 11

/b A \V‘{\

Figure 3: Auxiliary labeling of H5(1,2,3).
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2 3 6 9

Figure 4: Auxiliary labeling of Hg(1,2,3).

Since the graph H, is a subgraph of a graph H,,, for 3 < n < m, we
can define the auxiliary labeling A, : BE(H,) — {1,2,...,3n} recursively as
follows. The labelings of the graphs Hs, Hy, Hs, and Hg are given in the
Figures 1 through 4. For larger n the auxiliary labeling is defined by

[A\(e) +6 for e e E(H,),
1 for e = wp43wnyy,
2 for e = wpyswnyr,
3 for e = wpownys,
4 for e = wp4wWnis,
5 for e = wp41wnyo,
/\n+4(e) = J 6 for e = Wn4-4Wn 45y
In+7 for e = wp41wWnyy,
3n+8 for e = wpyownys,
3n+9 for e = wppown iy,
3n 410 for e = wp3wn e,
3n+11 for e = wp43wnys,
(3n+12  for e = wopawnyr.

It is easy to verify that for every n € {3,4,5,6} and alli =1,2,...,n+3
it holds

Ldeg(wi)(3n+1)—1 fori=1,2,3,
An(wi) = { 3deg(w;))(3n+1)+1 fori=n+1,n+2,n+3, (1)
3 deg(w;)(3n + 1) otherwise.

Similarly, for the first three vertices of H, 4 is

Apa(w1) = A%(wy) +6degy (w1) =3n+12=3(n +4),

Anpa(w2) = A*(wz) +6degy (w2) =(Bn+1)+24=6(n+4)+1,

Ansa(ws) = N(ws) + 6degy, (ws) = (3n+1) + 24 = 6(n +4) + 1.
For the vertices w;, ¢ = 4,5,...,n, we have

Mapa(wi) = X(w;)+ 6degy (w;) = (9n+3)+36=9(n+4) +3.
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Now for the remaining vertices in V(H,) is

Mira(Wnt1) = A*(Wny1) +6degy (Was1) +5+ (Bn+7)

= 9(n+4)+3,

Nopa(Wni2) = A(wny2) +6degy, (Wny2) +3+5+ (3n +8)
+ (3n+9)=9(n+4)+3,

Mta(Wni3) = A*(wnys) +6degy, (wnys) +1+ 3+ (3n+10)

+ (Bn+11)=9(n+4)+3.

Finally, for the four last vertices in V(Hp.4) is

AopaWngd) = 14+4+6+(Bn+7) +(3n+9)+(3n+12)
= 9(n+4)+3,

MiaWnss) = 2+6+(Bn+8)+(Bn+11)=6(n+4)+3,

Mipa(Wnie) = 4+ (3n+10)=3(n+4)+2,

Moys(Wnyr) = 2+ (B3n+12)=3(n+4)+2.

Thus, the equations in (1) hold for every vertex of H, and for all n > 3.

For n > 7 we obtain the 6-regular circulant graph C,(1,2,3) from the
graph H,, by identifying vertices wy and wn41, we and wn42, w3 and wy43.
More precisely, the mapping ¢ : V(H,) — V(Cn(1,2,3)), given by §{(w;) =
v, foralli =1,...,n, and &(wn4;) = vj, for j = 1,2,3, is a homomorphism
of graphs H, and C.(1,2,3). Moreover, the homomorphism ¢ induces
a bijective mapping £ g from E(H,) to E(Cr(1,2,3)). Consider the labeling
f 1 E(Cn(1,2,3)) = {1,...,3n} defined by f(e) = An(£5 " (€)). Evidently,
it holds

" A4 (wi) + M (wnys) for1<i<3,
fr(vi)= { \* ;
7 (w;i) fora<i<n.

Therefore, f*(v) = 9n + 3 for every vertex v € V(Cn(1,2,3)). Thus, f is
a supermagic labeling of the circulant graph Cy(1,2,3). O

According to Corollary 2.8 the circulant graph Cx(1,3) is supermagic
for every even integer n > 8. However we can extend this claim.

Theorem 3.6. The circulant graph Cp(1,3) has a supermagic labeling for
alln>17.

Proof. For any integer n > 4, let H, = Hyp(1,3) be a graph with the
vertex set {wy,ws, ..., Wn+3} and edge set U, {wiwita} VUL g{w;wi41}U
{wywa, Wn42wn+3}. Notice that the vertices of the graph H, are all of even
degree, see Figures 5 through 8. The vertices wy, wg, w3, Wn41, Wn+2 and

56



wpy3 are of degree 2 and all remaining vertices are of degree 4. Also it is
easy to observe, that by identifying the pairs w; and wp41, we and wy 42,
w3 and wp43 wWe obtain for n > 7 from H,, the circulant graph Cy,(1, 3).

Since the graph H,, is a subgraph of a graph H,,,, for4 <n < m—2, we
can define the auxiliary labeling A, : E(H,) — {1,2,...,2n} recursively
for n # 5 as follows. The labelings of the graphs H,, Hg, H7, and Hy are
given in the Figures 5 through 8. For n = 8 and for n > 10 the auxiliary
labeling is defined by

(An(e) +4 for e € E(H,),
1 for e = wyi3wnya,
2 for e = wnswnyr,
3 for e = wp4qwWnys,
Ania(e) = J 4 for e = wny1wnqe,
2n+5 for e = w4 oWnys,
2n+6 for e = wp 1 Wntd,
2n+7 for e = wp3Wn s,
(2n + 8 for e = Wy qWryt.

Analogously as in the proof of Theorem 3.5 it is easy to verify that for
every vertex of H,, n > 6, it holds

sdeg(w;)(2n+1)—1 fori=1,n+3,
An(wi) = § Fdeg(wi)(2n+1)+1 fori=3,n+1,
3 deg(w;)(2n + 1) otherwise.

Figure 5: Auxiliary labeling of Hy(1, 3).

2 1 4 7 10 11

I aVaVaVa N N

Figure 6: Auxiliary labeling of Hg(1, 3).
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2 1 11 12 10 8 9

Figure 7: Auxiliary labeling of H(1,3).

2 1 15 16 6 4 8 12 13

I PaVaNaVaVaVaVaQ NN

Figure 8: Auxiliary labeling of Hy(1, 3).

For n > 7 we obtain the 4-regular circulant graph Cr(1,3) from the
graph H,, by identifying vertices w; and wp41, we and wy40, w3 and wy 3.
More precisely, the mapping € : V(H,) — V(Cn(1,3)), given by &(w;) = v;,
foralli =1,...,n, and {(wn4;) = vj, for j = 1,2, 3, is a homomorphism of
graphs H,, and C,(1, 3). Moreover, the homomorphism £ induces a bijective
mapping £g from E(H,) to E(Cn(1,3)). Now the edge labeling f, given
by f(e) = An(£5'(e)) similarly as in Theorem 3.5, is a supermagic labeling
of the circulant graph Cy,(1,3) with the index 4n + 2. a

Remark. Magic stars are well established among recreational mathematics.
A magic star is a collection of consecutive integers connected with straight
lines such that the sum along every line is constant. There is a one to one
correspondence between magic stars and circulant graphs Cn(1,t). A type
B magic star corresponds to the circulant graph C,(1,3). Trenkler [12]
showed that there exists a type B magic star (in literature also denoted by
T,) for every even n > 7. Theorem 3.6 extends the result to all integers
n > 7, thus there exists a type B magic star T, for every n > 7.

Theorem 3.7. The circulant graph Cr(1,2,3,4,6) has a supermagic label-
ing for all n > 13.

Proof. For any integer n > 4, let H,, = H,(1,2,3,4,6) be a graph given by

V(Hn) = {wl,wg, veny wn+6}
E(H,) = UL {witoWits, WitaWitrd, Wit3Wite, WilWitd, Williy6}-

All vertices of the graph H,, are of even degree, see Figures 9 through 12.
Also it is easy to observe, that for n > 13 we obtain from H,, the circulant
graph C,(1,2,3,4,6) by identifying the pairs w; and wp4; for 1 <i < 6.
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Since the graph H,, is a subgraph of a graph H,,, for 4 < n < m, we
can define the auxiliary labeling A, : E(H,) — {1,2,...,5n} recursively as
follows. The labelings of the graphs Hy, Hs, Hg, and H7 are given in the
Figures 9 through 12. For n > 8 the auxiliary labeling is defined by

(An(e) +10 for e € E(H,),

1 fore= Wn41Wp4s,
2 for e = wypqwpyr,
3 for e = wpqwnas,
4 for e = Wy ownys,
5 for e = Whn4+3Wn45,
6 for e = wpewno,
7 for e = wpy7wny10,
8 for e = wpy3wni4,
9 for e = wp46wWnqs,

Antale) =< 10 for e = wp4s5wpy7,
Sn+11 for e = Wn46Wn4-7,
5n+ 12 for e = wp 5w s,
5n+ 13 for e = wpy3wnyr,
5n+ 14 for e = w4 qwni10,
5n 4+ 15 for e = wpswWnys,
5n + 16 for e = wpy3wnye,
5n + 17 for e = wpawnie,
5n + 18 for e = wpyownys,
5n+19 for e = wyqWnys,

(5 +20 for e = wp 1 wWn 7.

Analogously as in the proof of Theorem 3.5 it is easy to verify that for
every vertex of Hy,, n > 4, it holds

3deg(w;)(5n+1)~1 fori=2,n+5,
An(wi) = < Tdeg(wi)(5bn+1)+1 fori=5n+2,
1 deg(w;)(5n + 1) otherwise.

For n > 13 we obtain the 10-regular circulant graph C,(1,2, 3, 4, 6) from
the graph H,, by identifying vertices w; and wn; for i = 1,2, 3,4, 5,6. More
precisely, the mapping £ : V(H,) — V(Cr(1,2,3,4,6)), given by &(w;) =
v, forall i = 1,...,n, and §(Wn4;) = v;, for j = 1,2,3,4,5,6, is a homo-
morphism of graphs H,, and Cp(1,2, 3,4, 6). Moreover, the homomorphism
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€ induces a bijective mapping £g from E(H,) to E(C.(1,2,3,4,6)). Now
the edge labeling f, given by f(e) = A.(¢5 " (e)) similarly as in Theorem 3.5,
is a supermagic labeling of the circulant graph C,(1,2,3,4,6) with the in-
dex 25n 4 5. O

Figure 11: Auxiliary labeling of Hg(1,2,3,4,6).



Figure 12: Auxiliary labeling of H7(1,2,3,4,6).

4 Proof of the main theorem

Summarizing all the previous results we are ready to prove Theorem 1.1 -
the main theorem of this paper.

The necessity of the conditions (z), (é¢) or (¢ii) follows from Proposi-
tion 2.1.

Sufficiency we examine case by case. Let k be a non-negative integer
such that 0 < r — 8% < 7. Consider the following cases.

A. Obviously the only graph satisfying (i) is K> and it is the only one
1-regular supermagic graph.

B. Suppose condition (i¢) holds.

B.1. Forr =8k+ 1,k > 1, and n = 2 (mod 4), let us consider
the r-regular graph G := Cy(1,2,...,4k, }) of order n. According to
Corollaries 2.10 and 2.8 the graphs G1 := Cp(2,4,...,4k,%) and G, :=
Cn(L,3,...,4k — 1) are supermagic for all n > r. As G can be decomposed
into two edge-disjoint factors G; and Gs, the graph G is supermagic by
Proposition 2.2.

B.2. Forr = 3, let us consider the Mdbius ladder C,(1, %). By Propo-
sition 2.4 it is supermagic.

For r = 8k + 3, k > 1, let us consider the r-regular circulant graph
G = Cy(1,2,...,4k+1,%) on n > r vertices. By Proposition 2.4 there
exists a 3-regular supermagic graph G := C,(1, 2) for all feasible values

of n. According to Corollary 3.4 the graph Gy := C,(2,8,...,4k + 1)
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is supermagic. As G can be decomposed into two edge-disjoint factors
G, and G, the existence of a supermagic labeling of G is guaranteed by
Proposition 2.2.

B.3. Forr = 8k + 5 and n = 8k + 6 there exists a unique graph,
namely the complete graph K,,. It is supermagic by Proposition 2.5.

For r = 5 and n > 6, let us consider the circulant graph C,(2,4, %). It
is supermagic by Corollary 2.10.

For r =8k +5 and k > 1, let us consider the r-regular circulant graph
G := Ca(1,2,...,4k + 1,4k + 3, %) of order n, n > 8k + 6. The graph
Gis decomposable into two edge-dls_]omt factors Cn(2,4,...,4k, %) and
C.(1,3,...,4k + 1,4k + 3). Thus it is supermagic according to Corol-
lary 2.10, Corollary 2.8 and Proposition 2.2.

B.4. For r = 7 and n = 10, let us consider the graph Cyo(1,2,4,5).
The graph Cio(1,5) is supermagic by Proposition 2.4. In [4] it is proved
that the graph 2K (isomorphic to Ci(2,4)) is supermagic, too. Then the
graph Cyo(1, 2, 4,5) is supermagic according to Proposition 2.2.

For r =7 and 14 < n = 2 (mod 4), let us consider the circulant graph
Cn(1,2,6,%). The graph C,(1, %) is supermagic by Proposition 2.4. The
graph Cn(2 6) is isomorphic to 2C’n 2(1,3) and so it is supermagic by The-
orem 3.6 and Proposmon 2.3. Accordlng to Proposition 2.2, the graph
Cn(1,2,6, %) is supermagic.

For r = 15 and 18 < n = 2 (mod 4), let us consider the circulant
graph G := Cn(1,2,3,4,5,6,8,%). The graphs Cy(1, 3) and Cy(3,5) are
supermagic by Proposition 2.4 and Corollary 2.8. The graph C,(2,4,6,8),
isomorphic to 2C3(1,2,3, 4), is supermagic by Corollary 3.3 and Proposi-
tion 2.3. Therefore, a,ccordlng to Proposition 2.2 the graph G, is super-
magic.

For r =8k +7, k> 1, n > 8(k + 1), let us consider the circulant graph
G :=Cr(1,2,3,4,5,6,8,9,...,8(k +1),%). The graph G is decomposable
into Gy (from the previous paragraph) and G := Cr(9,10,...,8(k + 1)).
Since G3 is a supermagic graph by Corollary 3.4, the graph G is also su-
permagic by Proposition 2.2.

C. Suppose condition (%iz) holds.
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C.1. For r = 8k, let us consider the circulant graph C,(1,2,...,4k)
which is supermagic by Corollary 3.4.

C.2. Forr =8k + 2 and n = 8k + 3 we have the complete graph K,
which is supermagic due Proposition 2.5.

The unique graph for » = 8k + 2 and n = 8k + 4 is the complete
(4k + 2)-partite graph Ky a(2) which is supermagic due Proposition 2.6.

Forr = 10 and n > 13, let us consider the circulant graph Cy,(1, 2, 3, 4, 6)
which is supermagic by Theorem 3.7.

Finally, for r = 8k + 2, k > 1, n > 8k + 5, let us consider the circu-
lant graph G := C,(1,2,3,4,6,7,...,4k + 2) which is decomposable into
two edge-disjoint factors C,(1,2,3,4,6) and C,(7,8,...,4k + 2). These
factors are supermagic by Theorem 3.7 and Corollary 3.4. Therefore, G is
supermagic due Proposition 2.2.

C.3. For r =8k +4 and n = 8k + 5 > 5 we have the complete graph
K, which is supermagic due Proposition 2.5.

. The only graph for r = 8k 44 and n = 8k + 6 is the complete (4k + 3)-
partite graph Ky;.,3(2) which is supermagic due Proposition 2.6.

For 7 =4 and n > 7, let us consider the circulant graph C,(1,3) which
is supermagic by Theorem 3.6.

Forr=8k+4,k>1,n > 8k+7, let us consider the circulant graph
G := Ca(1,3,4,...,4k + 3) which is decomposable into two edge-disjoint
factors C,(1,3) and C,(4,5,...,4k + 3). These factors are supermagic by
Theorem 3.6 and Corollary 3.4. Therefore, G is supermagic due Proposi-
tion 2.2.

C.4. For r =6 and n > 7, we consider the circulant graph Cy,(1,2,3)
which is supermagic by Theorem 3.5.

Finally, for » = 8k +6 > 6 and n > r we can construct an r-regular cir-
culant graph C,(1,2,...,4k + 3) on n vertices by Corollary 3.4 and Propo-
sition 2.2, from circulant graphs Cn(1,2,3) and C,(4,5,...,4k + 3).

Therefore, there is a supermagic r-regular circulant graph of order n for
an arbitrary pair n, r satisfying (2), (#¢) or (ézZ). This completes the proof.
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