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Abstract

This article develops an efficient combinatorial algorithm based
on labeled directed graphs and motivated by applications in data
mining for designing multiple classifiers. Our method originates from
the standard approach described in [37]. It defines a representation
of a multiclass classifier in terms of several binary classifiers. We are
using labeled graphs to introduce additional structure on the classi-
fier. Representations of this sort are known to have serious advan-
tages. An important property of these representations is their ability
to correct errors of individual binary classifiers and produce correct
combined output. For every representation like this we develop a
combinatorial algorithm with quadratic running time to compute the
largest number of errors of individual binary classifiers which can be
corrected by the combined multiple classifier. In addition, we con-
sider the question of optimizing the classifiers of this type and find
all optimal representations for these multiple classifiers.

1 Introduction

This paper uses labeled directed graphs to define multiple classifiers and
investigate their properties. Graph labelings have received serious attention
in the literature and a lot of interesting results have been obtained (see,
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for example, [5, 9, 15, 24, 26, 33, 36]). For an overview of relations of this
direction to automata theory the readers are referred to [20, 21, 22, 24, 25,
27, 29, 30].

A well known method of designing efficient multiple classifiers consists
in representing them as several binary classifiers combined in one scheme.
This method is very effective, and it is often advisable to apply it even
in situations where it is possible to build multiclass classifiers analyzing
the data directly, see [37], Section 7.5. Classification of data plays one of
the central roles in data mining and in practical applications of artificial
intelligence methods in general (see, in particular, [38] and [7, 8, 18, 23, 28,
31]).

The main advantage of using combined multiple classifiers is that they
can correct errors of individual binary classifiers and produce correct clas-
sifications despite individual classification errors. It is usually desirable to
choose convenient representation for the class set of the multiple classifier
and to ensure that it has a small set of generators.

The problem of finding the number of errors of individual binary classi-
fiers that a multiple classifier can correct in general is rather complicated.
It is well known that in full generality this problem is related to several
other very difficult algorithmic problems, see [12, 16, 17, 19, 35, 38].

It is remarkable that in our situation it has turned out possible to reduce
this problem and solve it with a fairly simple algorithm based on directed
graphs. The reduction however is rather nontrivial, and the most compli-
cated part of our paper is devoted to proving that it indeed achieves the
objective, and that our simple and efficient algorithm indeed accomplishes
the task.

2 Preliminaries and technical definitions

We use standard notation and terminology, following [14, 19, 20, 31, 35, 37,
38]. Let D = (V, A) be a directed graph with the set

V= {vl,...,v,.}

of vertices and a set
A={a1,...,am}

of arcs without multiple arcs but possibly with loops. All graphs considered
in this paper will be subgraphs of D, and so will possess all the inherited
properties.
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We are going to use the set A of arcs to represent multiple classifiers.
The number of arcs will be equal to the number of binary classifiers being
" combined. Denote all the binary classifiers by by,..., by, and suppose that
the output of each of them is either 0 or 1. If 04,...,0,, are the outputs of
the binary classifiers, then the sequence (0, ...,0s,) is called a class vector
of the combined multiple classifier, and the set of all class vectors is called
the class set. Each class vector represents one class in the classification
produced by the multiple classifier, see [37], Table 7.1.

Let F' = GF(2) be the finite field of order two, i.e., the set {0,1} with
the standard addition and multiplication. Let us denote by F™ the set of
all sequences of all combinations of outcomes of the binary classifiers which
can occur in general. This means that

Fm={(’l’1,...,’l'm)|'I‘1,...,’I‘m€F}. 1)

For every element r € F™, denote by r; the i-th component of the sequence

T, so that
r=(r1,...,Tm) € F™. (2)

In order to emphasize the relation of elements of the set to the arcs
of the graph D we will also use an alternative shorter symbolic notation.
Obviously, each arc a; € A C F™, for 1 < i < m, corresponds to the
sequence with i-th coordinate equal to 1 and all other coordinates zero.
Therefore, we can rewrite (2) and see that each sequence r = (r1,...,7m),
where r1,...,7, € F, can be also recorded as the sum of arcs with their
respective coefficients as follows

m
(r1yemm) = Z'f'iai

i=1
m

= Zri(uia'vi): 3)

i=1

where a; = (u;,v;) € A. This notation is convenient for defining particular
sequences by indicating which elements in the sequence are nonzero, and
also when one has to see which vertices are involved, which is often useful
in proofs.

If we ignore the ordering of arcs used in the sum (3), then clearly every
element r of F™ has a unique representation as a sum of the form

= Z T(u,w) (4, 0) = Z Te€, 4

(u,v)EA e€A
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where 7 = r(y ) € F. Comparing (3) and (4), we see that if

A={a.1,...,am},

then
To, =rifori=1,...,m. (5)

In order to generate classifiers with known properties and find optimal
multiple classification schemes, the set V of vertices and relations among
arcs are used to introduce additional structure for the classifier. The struc-
ture enables one to find small generating sets for the classifier. Let us first
explain the basic essential properties required of the class sets.

The Hamming weight or weight wty(c) of a sequence ¢ in F™ is the
number of nonzero coordinates in ¢. The weight of a class set C is the
minimum weight of a nonzero element in C. The minimum distance of a
class set C is the minimum number among all weights of nonzero differences
between pairs of elements in C. Evidently, if a class set forms a linear space,
then its minimum distance is equal to its weight. It is well-known and easy
to verify that the number of errors of binary classifiers, which the multiple
classifier can correct, is equal to |(d — 1)/2], where d is the minimum
distance of the class set.

The information rate of a class set C in F™ can be defined as log,(|C|)/m.
It shows how large is the proportion of output of the binary classifiers used
to produce the outcomes of the multiple classification as opposed to some
additional efforts spent on increasing reliability and correcting classification
€ITorS.

All sequences of the class set C' can be written down in a matrix M to
discuss their properties. If M has two identical columns, this means that
two binary classifiers produce identical outputs. Although that classifier
could help to correct classification errors, this duplication is very inefficient.
Therefore in a situation like this one of these classifiers can be removed and
a better scheme can be devised. Likewise, it is undesirable to have strong
correlation or functional dependencies between very small sets of columns
in M or between binary classifiers. '

Thus, the class set C defining a multiple classifier must satisfy the fol-
lowing most essential basic properties:

(1) The Hamming weight of C must be large.
(2) The information rate of C must be large.

(3) A convenient method of generating the set C is essential.
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(4) The matrix representation of C should not have duplicate columns.

(5) If all vectors of C are recorded in a matrix, then there should not be
strong correlation or functional dependencies between small sets of
columns of the matrix.

Additional properties may also be required and have to be investigated
depending on the practical task being considered.

Instead of storing the whole large class set C in computer memory, it is
convenient to be able to generate C with one or more generators. To this
end we introduce a multiplication on the set F™. It allows us to multiply the
generators with arbitrary elements of F™ and to take their sums. Recall,
that as usual the standard addition is defined on F™ componentwise, i.e.,
the sum of two arbitrary sequences (r1,...,7,) and (s1,...,s,) in F™ is
defined as

1y Tm) + (5150 .,8m) =
= ('l‘l +31,...,Tm+sm). (6)

An additional operation defined on the class set comes from the directed
graph. Namely, the following rule defines formal products of sequences in
the class set. It is easy to write this rule down in the case of sequences
with only one nonzero coordinate corresponding to only one are. Using the
notation (4), let us take two arbitrary sequences of this kind, say (uj,v;)
and (ug,vq). Then the rule is written down as

. _ [ (u,v2) if v = ug, (ug,v2) € A,
(w1, 01) - (2, 02) = { 0 otherwise, ™)
see, for example, [19)], §3.15. Accordingly, for arbitrary sequences
m
(r1,--s™m) = Zh’(ui,‘vi), (8)
i=1
m
(81,.. . ,sm) = Zsi(u‘i) Ui), (9)
t=1

recorded in the form (8), where all r;, s; are in F', we have

Zn(u;,vz) ZSJ(“J1"’J)—
Z Z i85 (ui, v;). (10)



When it is essential to emphasize that the set F™ has been equipped
with operations one of which is defined using a directed graph D, we will
write

F™ =Fg.

Now we can use these two operations to generate classifiers. An element
r € F™ is said to be generated by the elements g;,...,gx if it is the sum
of multiples of these generators. Every generator is allowed to contribute
several summands to this sum, and one has to write their multipliers on
both sides since the multiplication does not commute. This means that r
is generated by the elements gy, ..., gk if and only if there exist f;;,h;; €
Fm™y {1} such that

my mp
r = ij,lglh',l 4+ Zf,-,kgkh-,k. (11)
j=1 i=1

Each of the &k sums in this expression can be rewritten as follows

m‘. m'. i 2 4 m . .

ij,igihj,i = z (Z f‘('Jr‘)) gi (Z h,(,"’")>

i=1 j=1 \a=1 b=1
mi m m

>0 (f Ggh?).

j=1a=1b=1

This is an expression of the same form as (11). Hence it follows that
instead of multiplying the generator g; by a whole sum of several arcs, we
can multiply it by each arc separately, and then form the sum. Therefore,
to simplify further notation it is always possible to assume that even the
original multipliers f;; and h;; have this form from the very beginning,
ie.,

Jiirhji € {r(u,v) | r € F,(u,v) € A}U{1}. (12)
Accordingly, a whole class set C of a multiple classifier is said to be

generated by the elements g1,...,9% in F™ if C coincides with the set of
all sums of multiples of these generators, i.e.,

C = C(gl)' -')gk) . . (13)
m1 mi .
Z fj,lglh i1+ ij,kgkhj,k where all fj‘i, hj,,' e F*u {1}
j=1 Jj=1

In this case the notation C = C(g,...,9x) is used when it is necessary

to indicate the generators explicitly. Again we may assume that condition
(12) holds, as we did in the case of expression (11).
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Considering several generators will make it possible to generate class
sets with larger information rates. Our objective is to optimize properties
of these class sets and, in particular, to minimize the number of generators.

3 Main results

It is customary in the literature to assume that the graph D satisfies an
additional property which is general enough and ensures that the opera-
tion introduced in (10) satisfies convenient properties and behaves like the
familiar products of integers or polynomials, see [19]. Further we assume
that the graph D satisfies the following property. A graph D is said to
be transitive, if (u,v),(v,w) € A imply (u,w) € A, for all u,v,w € V.
Graphs of this sort are very well known. This class is quite general and has
been investigated in the literature (see, for example, [32]). In particular,
there are several well-known algorithms for testing whether a given graph is
transitive, for example, with running times O(|V[®) and O(|V|(|V] + |A]))
(see [14], § 12.4.2). For a transitive graph, it is straightforward to verify
that (6) and (10) satisfy the same laws as the familiar operations on inte-
gers, polynomials or matrices. These laws provide flexibility and make the
operations convenient.

It is well known that many problems concerning class sets of multiple
classifiers are NP-complete. Therefore it is nice that, using labeled directed
graphs, we have been able to develop a very efficient quadratic algorithm
answering a natural question concerning class sets of multiple classifiers.
Let us first include the pseudocode of our algorithm.

Algorithm 1 Given a transitive directed graph D = (V, A), returns a mul-
tiple classifier C(h) in FJ} capable of correcting the largest number of errors
among all classifiers which can be generated by several elements in FJ} and
finds the error-correcting capability of C(h).

1. int a=b=c = 0;

2. for (j =1; j <= n; j++ )

3. {LU)=RU)=L'(G)=R'3G) =0}
4, for ( j=1; j <= n; j++ )

5. for ( £ =1; £ <= n; f++ )

6. if ((vj,ve) € A){

7. L&) = L u{j};

3 R(j) = R() U {&};

10. for ( j = 1; j <= n; j++ )
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11. for ( € =1; j <= n; j++ )

12. if ( (vj,v) €A ) {

13. if (|L()|==0)

14, L'(5) = '8 u {3);

15. if ( |R(£)|==0)

16. R(j)=R(G)u{t}h

17.

18. Find a = max; [R'(j)| and j, with a = |R'(5,)|;
19. Find b = max, |L/(¢)| and ¢, with b= |L'(&)|;
20. Take we, =0 in F™;

21. for ( j = 1; j <= mn; j++ )

22. for (€ =1; € <=n; &{++ )

23. if (|L(j)|==0 && |R(£)|==0)
24, { we = we + (vj,ve); c++; }
25. if (a==b==c==0)

26. return 0;

27. else if ( a == max{ab,c} ) {

28. Wq = ZCGR'(ju) (vjaa Ul);

29. return C(w,), [(a—1)/2];

30. }

31. else if ( b == max{ab,c}) {

32. Wp = ZjeL'(eb)(vja Ve, )

33. return C(wy), [(b—1)/2];

34. }

35. else

36. return C(w.), [(c—1)/2];

For 1 <i,¢ < n, it finds the sets

L(e) = {J | (vj"vl) € A}:
R(]) = {el (’Uj,'l)() € A})

and then finds all the sets

L'(e)

{7 € L(O) | L(5) =0},
R(j) = {£€R()|R()=0}

Next we summarize the formal definitions of sets used in Algorithm 1.

(14)
(15)

(16)
(17)

Then it computes the maximum values and finds the first integers jq, &
such that

a = |R'(j.,)|=m;-le’(j)l
b = |L'(&)| =max|L'(§)].
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Finally, it calculates the sums

W, = Z ('Uja ’ 'Ul) ’ (20)
2eR!(Ja)

wy = Z (vj»vla)y (21)
JEL' (&)

we = > (vivs). (22)

Theorem 1 For each transitive directed graph D = (V, A), Algorithm 1
finds the class set C of a multiple classifier generated by some elements
91,..-,9x € FI' and such that C can correct the largest number of clas-
sification errors of individual binary classifiers. The running time of the
algorithm is O(n?).

A complete proof of our main theorem is rather nontrivial. It is included
in a separate section below.

Thus, our paper has found the classifiers optimal from the point of view
of their error correcting capability. As noted above there are several other
additional properties necessary for creating efficient multiple classifiers.

4 Examples

This section contains examples of certain special classes of multiple classi-
fiers C(g1,...,gx) considered in the main algorithm. The example demon-
strates that the number of pairwise distinct class sets C(gy,...,gx) can
grow exponentially with n. Therefore, a complete enumeration algorithm
answering the same question as our quadratic algorithm would have expo-
nential running time.

Example 2 shows that there are many class sets which can be generated
only by several elements.

Example 2 Let D = (V, A) be a directed graph with the set
V= {vl,...,'uz,,}
of vertices and the set

A={(v,-,vj)|1$i<j$2n}
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of arcs. Evidently, the cardinality of the set A is equal to m = |A| =
n(2n — 1). Let P be the set of all subsets of the set

‘/211—1 = {'Ul, (R yv2n-—l})

and let P, be the set of n-element sets in P. Evidently, |[P| = 22*~1 and

|Pa) = (3771) = 2= For each subset S € P, let us consider the set

gs = {(vi,vis1) | v: € S},

of elements in F™. Looking at all elements of the set g C F™ we can
write them all down so that

g9s = {gl, v 7gk}a
where k = k(S) = |S|. Let us consider the following class sets:

Clgs) =C(a1,---,9x)
Proposition 3 In the notation of Example 2 the following properties hold:

(i) If|S| > 1, then the class set C(gs) cannot be generated by one element
in F™,

(ii) For all S,T € P,
C(gs) CCgr) = S CT.

(iii) All class sets C(gs), for S € P,, are pairwise incomparable with
respect to inclusion.

Properties (i) and (iii) above mean that the number of pairwise incom-
parable class sets of the form C(gy,...,g%) grows exponentially. It follows
that a brute force algorithm answering the same question as our quadratic
algorithm has exponential running time.

5 Proofs

Proof of Theorem 1. First, let us find the running time of Algorithm 1.
Clearly, lines 2, 3 take O(n?) time to execute. The running time of lines 4
to 9 is O(n?). The same can be said of lines 10 to 17. The cardinalities
of the sets L(5) and R(j) can be calculated when these sets are collected,
which has not been indicated in the algorithm explicitly just for brevity.
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It follows that lines 18 and 19 can be done in O(n) time. Lines 20 to 21
execute in O(n?) time. Each of the lines 28 and 32 requires O(n) time.
Therefore, the running time of Algorithm 1 is O(n?) in total.

Second, we are going to verify that the class set C(w,) can correct
(e — 1)/2] classification errors. As noted above, the number of errors a
multiple classifier can correct is determined by its Hamming weight: a class
set can correct |(a—1)/2] classification errors if and only if it has Hamming
weight at least a. Thus, it suffices to demonstrate that C(w,) has minimum
distance a.

The definition (13) tells us that C(w.) contains w,. By (18) and (20),
we get Wty(w.) = a. Hence it follows from the definition of the Hamming
weight of a class set that wty(C(w,)) < a.

Notice that the way Algorithm 1 constructs w, according to the rule (20)
allows us to simplify the representation of C(w,) provided by (13). Namely,
the condition R(£) = 0 verified before collecting £ in the set R'(j,) in (17)
ensures that R(¢) =@ for all ¢ € R'(j.). Hence it follows from (15) and (10)
that

woF™ = {w.f|fe€F™}=0. (23)

Now we can simplify (13) by assuming that all h; ; are equal to 1, and then
representing all the multipliers f;; as one whole set F™. Therefore we get

Clws) = F™w,+ Fu,. (24)

Choose any element y in the set C(w,) with minimum nonzero Hamming
weight. Equalities (24) and (10) yield us
Yy = Tws+ fuwg
= Z feewe + fw,

ecA

t
> folviy, 00 )wa + fuwa, (25)

s=1

where r € F™, f, f.,fs € F and t is a positive integer. We may assume
that this expression has been simplified by removing all zero summands
and all terms which cancel out.
If all the indices 4i,..., %; coincide with j, in (25), then (25) implies
that
Y = TWq,

for some r € F. Hence we get wty(y) = a in this case.
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On the other hand, if not all of these indices are equal to j,, then
there exists a nonzero summand of y involving the arc (v;,,v;,) in (25)
such that i, # j,. Put j = i,. It is easily seen from (10) that for the
fixed given j these terms do not cancel with other summands where i, # j.
Besides, the sum of these terms taken separately belongs to C{(g,) too
by (13). Hence we could have chosen it from the very beginning as an
element with a minimum Hamming weight in C(g,). Therefore by the
minimality of y we get y = f'(vj,v;, Jw,, for some f’' € F. It follows that
WtH((vj,vja)wa) = WtH(wa) = a, again.

Thus, in each case we get wty(y) = a. Therefore wty(C(w,)) = a, as
claimed.

Third, let us consider the class set C(wp). By (11), we get wy, € C(ws).
Hence wty(C(wp)) < b, because wty(ws) = b.

Let us now prove the reversed inequality. It follows from (14), (16), (21)
and (7) that

F™w, = {fwp|feFm}=0. (26)

Hence we can simplify (13) for C(ws) and get
Cwp) = wpF™ + Fuwy. (27)
Consider any nonzero element 2 in the set C(w;) with minimum Ham-

ming weight. Equality (27) implies that

z = wpr+ fup
= Zfewbe+fwb

ecA

X .
= > fowp(ve,,vi,,) + fwe, (28)
s=1

where r € F™, f, fe, fs € F and t is a positive integer. We may assume that
this expression has alreally been simplified by removing all zero summands
and all terms which cancel.

If all the indices 4, .. ., i, in (28) coincide with &, then (10) implies that
Z = Wy,

for some r € F. Hence we get wty(2z) = b in this case.

If, however, not all of these indices coincide with £, then there exists a
nonzero summand of z involving the arc (ve,,v;,) in (28) such that i, # £.
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Put £ = {,. It is easily seen from (10) that for the fixed given ¢ these
terms do not cancel with other summands where i, # £. Besides, the sum
of these terms taken separately belongs to C(gp) too by (13). Hence the
minimality of z implies that z = f'wy(ve,,ve), for some f' € F. It follows
that wty(z) = wty(ws) =b.

Thus, in both the cases above wty(z) = b. This means that wty(C(ws)) =
b. Therefore C(wp) can correct |(b— 1)/2] classification errors.

Fourth, let us consider C(w,). It follows from (10), (11) and (22) that

Frw, =w F™ =0. (29)
Hence .
Clwe) =Y Fue. (30)
s=1

Therefore the Hamming weight of C(w,) is equal to ¢, and so it can correct
(e — 1)/2] classification errors.

Fifth, let us take any class set C = C(gu, ..., gk). Denote the Hamming
weight of C by d. We are going to demonstrate that one of the class
sets C(w,), C(wp), C(w,) can always correct at least as many classification
errors as C. In view of what we have already shown above, this is equivalent
to saying that d does not exceed max{a,b,c}.

Choose a nonzero element z with minimum Hamming weight d in C.
By (4), we can represent it as

d
z=1 fsl(vi,,ve,), (31)

8=1

where 0 # f, € F for all s. We may assume that (31) has been simplified by
combining the likely terms. Next, let us consider all cases that may occur.

Case 1. |L(v;,)| # 0 and |R(ve, )| # O for some ¢. Then we can pick 2,7’
such that 1 < 4,%’ < n, the element v; belongs to L(v;,) and the element vy
belongs to R(ve,). It follows from (14) and (15) that (vi,v;,), (ve,,vir) € A.
By (10), we get

(vi, v50)z(ve,, vw) = fe(vs, vwr). (32)

Besides, (11) shows that the product (32) belongs to C too. Hence wty(C) =
1 in this case, and so C cannot correct any classification errors. Thus the
assertion is trivial in this case.

Case 2. |L(v;,)| # 0 for some 1 < t < d, but |R(ve,)| = 0. Then we can
find 7 such that 1 < j < n and the element v; belongs to L(v;,). By (11),
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the product (v;,v;,)z belongs to C too. Since this product is nonzero, the
minimality of d implies that all terms (v;, vj,)(vj,,ve,) of (v;,v;,)z have to
be nonzero. Hence (10) shows that

1 =+ =1ig =13

If |R(ve,)| # O for some s, then we are in the conditions of Case 1 again.
Hence further we may assume that |R(ve,)] = 0 for all s. This means that
vg, € R'(4;) for all s. By the maximality of a, we get a > |R'(%;)|. It follows
that C(w,) can correct at least as many classification errors as C in this
situation.

Case 3. |L(v;,)] =0 forall s = 1,...,d, and |R(ve,)| # O for some ¢,
where 1 <t <d.

Then there exists a vertex v; in R(ve,). By (11), the product z(ve,,v;)
belongs to C as well. By the minimality of d, it is clear that all summands
(v4,+Ve, )(ve,, ;) of z(ve,,v;) are all nonzero, because otherwise the Ham-
ming weight of this product would be less than d. Therefore (10) implies
that ve, = vj, for all s. Hence js € L(v;) for all s = 1,...,d. In this case
(16) guarantees that v;, € L'(vg,) for all s. Hence the maximality of b
shows that b > |L'(ve,)| = d. Therefore C(ws) can correct at least as many
classification errors as C' in this case.

Case 4. |L(v;,)| = |R(vj,yv,)| = 0 for all s =1,...,d. Then all terms
involving (v;,,vs,) are summands of w,. Therefore in this case C(w.) can
correct at least as many classification errors as C does.

This completes the proof of correctness of Algorithm 1. O

Proof of Proposition 3. Condition (iii) immediately follows from (ii).
In proving (i) and (ii} we are going to use the set

T={(cd)]|c+1<d}

and the set I of all finite sums of the elements of T'.

(i): Suppose to the contrary that |S| > 1, but there exists an element
r € F™ generating the whole class set C(gs) so that C(r) = C(gs)-

Since |S| > 2, evidently, there exist a and b such that a # b, 1 < a,b <
n — 1 and v,, v € S. By the definition of gg, we get

(a,a+1),(b,b+1) € gs. (33)

We can rewrite condition (11) so that it describes the elements of the
class set generated by r. Using this and noting that gs C C(gs) = C(r),
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implies (a,a + 1) € C(r), we see that there exist

fj,hje{f(u,v)lfeF,(u,v)EA}U{I} (34)
such that
(aya+1) = ijrh (35)
j=1

Let us now compare the products of (35) with the set T. Take any
nonzero product f;rh; in (35). If f; # 1, then it easily follows from (7)
that fjrh; € T. Similarly, if h; # 1, then (7) implies that frh; € T.
Since (a,a + 1) ¢ T, we see that the only way to obtain (a,a + 1) in (35)
is to take f; = h; = 1. Then it is clear that (a,a + 1) is a summand of r.
Likewise, we can also prove that (b,b+ 1) is a summand of r too. However,
this shows that for the term with f; = h; =1 both (e,a+1) and (b,b+1)
simultaneously occur in the same summands of (35). Since a # b, we get a
contradiction with (35).

(ii): If S C T, then by definition it is obvious that C(gs) € C(gr).
Conversely, let us assume that C(gs) C C(gr) and suppose to the contrary,
that SZ T.

Choose any s € S\ T. The same argument as in the proof of (i)
demonstrates that the inclusion (s, s + 1) € C(gr) implies that there exist
t; eT, (36)

fi,j:hi,j € {f(u,v) l f€F, (u’v) € A} U {1}

such that
e m

(s,s+1) = ZZ fi,i(ti ts + )by 5. 37)

i=1 j=1
Again we compare the products of (37) with the set T'. As before, it follows
from (7) that f,-,jr,-hi,j eTif fi,j #1or hi,j # 1. Given that (s, s+ 1) ¢ T,
the only way of obtaining (s, s + 1) in (37) is to take f; = h; = 1. Then it
is clear that (s,s+1) = (¢;,t; + 1) for some 1 < ¢ < ¢. Hence s =t; € T
This contradiction completes the proof. O

6 Example of an application |

Following [13], here we include an example of a practical application just
to illustrate. We consider the problem of classifying all letters in the letter
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dataset from [4]. Here are possible approaches to solving this classification
problem.

1. Separate binary classifier for each letter. Using letters of the
letter dataset from [4], for each letter = of the alphabet A, one can train
a separate neural network N{z] to recognize z. It will recognize the let-
ter z with approximately 80% accuracy. Then there are two options for
combining these binary classifiers.

1.1. Majority multiple classifier. Given an arbitrary input y from
the letter dataset, the Majority Multiple Classifier classifies y according to
which of the binary classifiers N(z], z € A, produces the largest output
and so is most confident in recognizing y as the letter it has been trained
to recognize.

1.2. A neural network multiple classifier. A new neural network can
be trained to combine binary classifiers N[z], z € A, to classify arbitrary
input y from the letter dataset. This may improve the efficiency, since it is
likely that the outputs of the neural networks of similar letters correlate.

2. Binary classifiers for groups of letters.

2.1. Digits in the alphabet. To illustrate the method, let us number all
letters according to their order in the alphabet and consider these numbers
in binary notation to form groups of letters. Let us denote by G; the group
of all letters with é¢-th last digit in binary notation equal to 1. Thus A has
number 0 and does not belong to any group, B has number 1 and belongs
to the groups G; only. One could train neural networks N1, Na, N3, Ny, Ng
to recognize the groups G1, G2, G3, G4, Gs. Given the outputs of Ny, Ny,
Na, N4, Ns for an arbitrary letter, the number of the letter in the alphabet
then is given by Ny 4+ 2% No+ 4% N3 4 8% Ny + 16 * N5s. We see that only 5
binary classifiers may be sufficient to construct a multiple classifier for all
letters.

2.2. Groups based on similarity. It is likely that the neural networks
trained to recognize groups based on the order in the alphabet will be less
accurate, because these groupings are unrelated to the similarity in the
appearances of the letters. It would be nice to find five groups G1, G2,
G3, G4, G5 of letters such that all letters in each group are similar and
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each letter can be determined uniquely according to its membership in the
groups. This would improve the accuracy of the neural networks trained as
binary classifiers to recognize the membership of letters in these groups.

2.3. Genetic algorithm for improving groups. In order to look at
all groups like this, it is enough to order all letters in a different order and
then number them again and use the same division according to the binary
digits in the new numbering. If we want to include the option of groups
with unequal sizes, then we can add one more classifier N6, and allow gaps
or spaces in the ordering of letters before numbering them. In order to
find which of the groupings achieves better efficiency, one could use genetic
algorithms and evolve the population of several groupings or orderings.

Of course, this process is very computationally demanding. It is however
likely to produce some efficient groupings allowing the neural networks to
be trained to reasonably high levels of accuracy.

3. Error correction. Now that there are only 5 binary classifiers being
combined, we can use an error correcting code and add a few neural net-
works recognizing additional check digits. This could significantly improve
the accuracy of the multiple classifier.

Experimental investigation of these methods is very computationally
expensive and can be addressed in separate publications.

7 Open questions

Our paper makes the very first step in the study of the applications of com-
binatorial algorithms based on directed graphs to constructions of multiple
classifiers for data mining. There are many interesting questions which
remain open.

Let us begin with a general problem. The method proposed in the
present paper relies on additional operations defined on the class set. This
is in fact motivated by the way cyclic codes are defined in coding theory.
On the other hand, it is well known that there are also efficient codes, which
are not cyclic. This motivated the following problem.

Problem 4 Introduce methods of defining multiple classifiers which do not
depend on properties of additional operations on the class set.
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The techniques of this paper make it possible to believe that the follow-
ing question can be answered in the nearest future.

Problem 5 For each positive integer n, find conditions on graphs D =
(V, A) with |V| = n necessary and sufficient for there to erist a classifier
C(91,-.-19m) in Fp which is able to correct the largest number of classifi-
cation errors among all classifiers of this type for the given n.

Problem 6 Suppose that for some m,k there exists a multiple classifier
correcting k errors of m binary classifiers. Is it always possible to find a
graph D such that there is a classifier C(g1,...,gm) in Fp correcting at
least k errors of m binary classifiers?

It would be interesting to determine whether in our search for optimal
classifiers it is enough to consider some important and special classes of
labeled graphs, or graphs satisfying additional properties. In particular, we
refer to [34] for the previous results on Moore graphs and Moore bound.

Problem 7 Can we find directed graphs as close as possible to optimality
in terms of the Moore bound and at the same time defining efficient multiple
classifiers?
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