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Abstract

This paper introduces an automaton model called a dual position
automaton (a dual PA), and then gives a bit-parallel algorithm for
generating a dual PA from a regular expression (RE). For any RE r
over an alphabet I, our translation algorithm generates a dual PA
consisting of (v + 1) bits in O(M[//w]) time and space, where
w is the length of a computer word, o = ¥, .5 ma and m, is the
number of occurrences of an alphabet symbol a in ». Furthermore,
we give a method to construct a compact DFA representation from a
dual PA. This DFA representation requires only (7 + 1) 2 acg 2™
bits. Finally, we show RE matching algorithms using such a DFA
representation.

1 Introduction

Regular expressions (REs) pattern matching problems play an important
role in the field of computer science, computational biology and so on. For
this reason, RE pattern matching algorithms have intensively been stud-
ied [1, 3, 4, 12, 13, 14, 15, 18, 19). We are here concerned with the following
RE pattern matching problem: Let r be an RE and let z be a string (which
is also called a tezt). Then the RE matching problem is to decide whether
or not there is a substring y of = such that y € L(r), where L(r) denotes the
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language generated by r. In general, RE matching algorithms are divided
into two parts, a preprocessing part and a matching part. The preprocess-
ing part translates a given RE into a finite automaton and the matching
part does a matching job using the generated finite automaton. This time,
many algorithms make use of nondeterministic finite automata (NFAs) be-
cause the translation can be efficiently done. Hence constructing NFAs
with a smaller size for given REs is crucial in practical applications and a
lot of research for efficiently generating smaller NFAs has been done (see
[2,5,7,8,9, 10, 11]). Deterministic finite automata (DFAs) are also useful
models for the RE matching problem because we can do an RE matching
in a linear time. However, the DFA corresponding to an RE may become
an exponential size in the length of the RE in the worst case. Hence con-
structing as compact a representation of DFAs as possible is desired. In
techniques using automata, the time for constructing an NFA or a DFA
from an RE is also crucial when the length of a given RE is large. There-
fore, a faster translation algorithm from an RE to a finite automaton is also
required. The aim of the paper is to present a compact DFA representation
and efficient RE matching algorithms by introducing an NFA called a dual
position automaton. Furthermore, we give a faster bit-parallel translation
algorithm from an RE into a dual position automaton.

Two types of NFAs for REs are widely known, one is a Thompson au-
tomaton and the other is a position automaton (PA for short, also called a
Glushkov automaton). Let r be an RE over an alphabet X, and let m be the
total number of occurrences of alphabet symbols and operator symbols in r
and let 7 be the number of occurrences of alphabet symbols in r. Without
loss of generality, we may assume m = O(7) as mentioned in [7]. As seen
in [8], a Thompson automaton is an NFA with e-moves and has at most
2m states and 4m transitions. Thompson automata can recursively be con-
structed based on the inductive definition of REs in O(/h) time and space.
Given a string of length n, the traditional algorithm using a Thompson au-
tomaton solves the RE matching problem in O(mn) time and O(m) space.
Myers [12] has improved it using the Four Russians technique so that his
algorithm can solve the RE matching problem in O(mn/logn) time and
space. Recently, Bille [4] has proposed a new algorithm which improves
O(mn) time while preserving O(m) space. His algorithm is also based on
a Thompson automaton. B.W. Watson and R.E. Watson [18] have studied
an extension of the Boyer-Moore string matching algorithm and presented
a Boyer-Moore-style RE matching algorithm.

On the other hand, a PA is an e-free NFA (that is, an NFA without any
e-moves) and has exactly 72+ 1 states and at most m? + 7 transitions. PAs
are also important models in practical applications because they become
smaller than Thompson automata for some kinds of REs. For this reason,
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some studies for efficiently constructing PAs have been done, and O(m?)
time and space algorithms have been developed [5, 6]. Recently, Yamamoto,
Miyazaki and Okamoto [16] have presented a faster bit-parallel algorithm
generating a PA and related automata. PAs have another important prop-
erty that for any state, all incoming transitions to the state have the same
symbol. This property has a potential for improving complexities of RE
matching algorithms. Indeed, Navarro and Raffinot [14, 15] have made
use of this property to obtain a compact DFA representation and have pre-
sented a faster RE matching algorithm. Their compact DFA representation
requires only O(772™) bits while a traditional DFA representation obtained
from a Thompson automaton requires O(m22™) bits.

1.1 Contributions of the paper

In this paper, we will introduce an automaton model called e dual posi-
tion automaton (dual PA), and present an efficient translation algorithm
from an RE to a dual PA, a compact DFA representation, and efficient RE
matching algorithms. Watson also define a similar automaton as the dual
constructions in [17, Chapter 6, Section 6.7]. A dual PA is also an e-free
NFA with exactly 7 + 1 states and at most 12 + 71 transitions. Unlike a
PA, however, it has a property that for any state, all outgoing transitions
from the state have the same symbol. Clearly, by reversing a PA, we can
get an NFA satisfying such a property, but it accepts a reversed string.

We first give a faster bit-parallel algorithm for translating an RE into a
dual PA using a Thompson automaton. Our algorithm translates a given
RE into a dual PA in O(%[m/w]) time and space, where w is the length
of a computer word. Furthermore, a generated dual PA is represented with
m(m + 1) bits. Hence if 7= = O(w), then the algorithm runs in O()
time and space. Watson also give a construction based on a Thompson
automaton in [17, Chapter 6, Section 6.7,Cnstruction 6.65]. However, he
does not make a theoretical discussion on the time of the construction.
In Chapter 14 of [17], he experimentally evaluates a performance of the
construction. Generating a dual PA according to his construction directly,
we would take O(72) time in the worst case because we must compute
O(m?) transitions of a dual PA. Our bit-parallel algorithm takes advantage
of a nice property (see Lemma 1) of a Thompson automaton and achieves
a speed-up.

Next we show a compact DFA representation obtained from a dual PA
and an efficient RE matching algorithm. We improve an idea of Navarro
and Raffinot [14, 15] by grouping all states of a dual PA by a symbol on the
outgoing transitions. That is, we partition the set of states into at most
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|X| subsets Q, according to a symbol a on transitions, where |Z| denotes
the number of elements in ¥. In other words, if the outgoing transitions
of states ¢ and p have the same symbol, then g and p belong to the same
subset. Then, for each subset @4, we make DFA transitions. In addition,
by introducing an idea of a lookahead symbol in a matching process, we
can achieve a more compact DFA representation and design an efficient RE
matching algorithm. The matching time of the algorithm gets to depend
on m, but not on 7, where m,, is defined as m, = max{m, | a € £} when
m, denotes the number of occurrences of an alphabet symbol @ in r. Our
DFA representation requires only (72 4 1) 3, .5 2™ bits. Since Navarro
and Raffinot’s representation needs (% + 1) [[,cx 2™ bits, we improve
the space. Especially, the space required would be much smaller when
an RE consists of many kinds of symbols. The RE matching algorithm
using our DFA representation runs in O(n[mqy/w]) time. Furthermore,
the preprocessing time for constructing a DFA representation from r is
O([/w]( + 3, ex 2™))- Hence if mq = O(w), then the matching time
is O(n) and the preprocessing time is O(7 + ),z 2™=). Note that the
matching time of a standard DFA-based algorithm 'is normally described
as O(n), but a factor like [m,/w] may be hidden. This is because, if a
DFA has 2° states, we need s bits for expressing each state and may need
at least [s/w] time to access each state. This time, the matching time
becomes O(n[s/w]).

Finally, we apply a decomposition technique to our algorithm. Although
Navarro and Raffinot (15] decomposed the whole set of states, we decompose
each subset Qq.x[ That is, we introduce a parameter 1 < K, < w for each
a € ¥ and decompose each Q, by a parameter K, into [m,/K,]| subsets.
By this improvement, we can present an RE matching algorithm running
in O([m2/(wK,)]n) time using O((% + 1) ¥ cx[ma/Ko]2%<) bits. If
we have K, = logn for every a € ¥ and i = O(w), then we can get an
RE matching algorithm running in O([m./ logn]n) time and O(mn/logn)
space. This time, the preprocessing time is O(h + n/ logn).

We will rely on a w-bit uniform RAM to evaluate the complexities of
algorithms. In general, since most papers assume w > logn, we also do so.
Note that we will describe algorithms using 72-bit vectors or mq-bit vectors
for the sake of convenience. In a practical implementation, however, these
bit vectors must be divided into w-bit vectors. Hence factors [ /w] and
[mq/w) appear in the time and space complexities.

The paper is organized as follows. In Section 2, we will give basic
definitions of REs. In Section 3, we will explain a Thompson automaton
and a dual PA, and then give a translation algorithm from an RE into a
dual PA. In Section 4 we will give compact DFA representations and RE
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matching algorithms.

2 Regular expressions and some notations

We here give some definitions for regular expressions.

Definition 1 Let X be an alphabet. The regular expressions (REs) over ©
are defined as follows.

1. B, € (the empty string) and a (€ L) are REs that denote the empty
set, the set {€} and the set {a}, respectively.

2. Let ry and ro be REs denoting the sets Ry and Ry, respectively. Then
(r1 V 7r2), (r1r2) and (r}) are also REs that denote the sets Ry U
Ry (union), RiRy (concatenation), and R} (Kleene closure or star),
respectively.

In this paper, we use the following notations related to the size of an
RE.
e By L(r) we denote the language generated by an RE r.

¢ By m we denote the number of occurrences of alphabet symbols and
operator symbols in r. The length of » means this m.

e By m, we denote the number of occurrences of an alphabet symbol a
in 7. In addition, we define i = }_ .5 mq and m, = max{m, | a €
T}
As mentioned in Introduction, we may assume m = O(/). Hence we
will use a parameter - when stating our results. We make use of bit

vectors for designing algorithms. Then we regard the rightmost bit as the
least significant bit.

3 From Thompson automata to dual position
automata

3.1 Thompson automata

Thompson automata are recursively constructed based on the definition
of REs, whose construction algorithm is widely known (for example, see
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Figure 1: Translation from an RE into an NFA. (a) union (r; V r2), (b)
concatenation (r172), and (c) Kleene closure (r}).

[8]). We give an outline of the construction in Fig. 1. In Fig.1, (a), (b),
and (c) show recursive constructions for union (r; V r3), concatenation
(ri72), and Kleene closure (r}), respectively. Here M; and M, denote
NFAs for REs 7; and 73, respectively. Let M = (Q,XL,6,qgo,q5) be the
Thompson automata obtained from an RE r of length m, where Q is a set
of states, I is an alphabet, ¢ is a transition function, qo is the initial state,
and gy is the final state. Note that a Thompson automaton has just one
initial state and one final state. Then M has at most 2m states and 4m
transitions. Furthermore, for any state g € Q, all outgoing transitions from
g are caused either by the empty string ¢ or by an alphabet symbol a € .
If the transitions from ¢ arc causcd by an alphabet symbol, then we call
state g a sym-state; otherwisc an e-state. We partition a sct of sym-states
into several subscts according to an alphabet symbol. Let us call a sym-
state an a-state if the alphabet symbol of the sym-state is a € . Then we
define Q4 = {q | ¢ is an a-state}. Such subscts Q, play an important role in
improving an efficiency of an algorithm. We have the following proposition.

Proposition 1 For any RE r of length m, we can construct the Thompson
automaton with at most 2m states and 4m transitions in O(h) time and
space.

We define the reversed automaton MF of M by reversing all transitions
and interchanging the initial state and the final state. That is, for any
states g,p of M and 0 € LU {e}, p € 6(q,0) if and only if ¢ € §%(p, ),
where 6% is the transition function of M®., We must note that sym-states
and e-states are defined in M. Hence if ¢ is a sym-state in M, then the
incoming transition to ¢ is carried out by an alphabet symbol in M%. In
other words, in MR, states to which the incoming transition is defined by
an alphabet symbol become sym-states.
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Figure 2: Thompson automaton for » = (00 v 10)*1.

Let us introduce some notions for M and M, We call a state with
two incoming transitions a junction state. Also we say that a state p is a
predecessor of a state q if there is a transition from p to g. Furthermore, a
sequences of transitions from a state to a statc is called a path. As seen in
(c) of Fig.1, a star operator generates a transition going back to a previous
state. We call this transition a back transition. That is, the transition from
p1 to g is a back transition. Note that a back transition in M becomes a
back transition also in ME. By removing such back transitions from M, we
can sort the states of M from the initial state in a topological order. Here,
by a topological order, we mean that for any states p and g, p < ¢ if and
only if there is a directed path from p to g. It is clear that a topological
order of states of MR is defined by reversing that of M.

Thompson automata have the following important property.

Lemma 1 ([13], Lemma 1) Let M be the Thompson automaton obtained
from a given RE. Then, any loop-free path in M has at most one back
transition.

By the symmetrical structure of a Thompson automaton M, we notice
that Proposition 1 and Lemma 1 also hold for M®. With Lemma 1 and a
reversed automaton, we can efficiently generate a bit vector representation
of a dual position automaton.

Example Let us consider an RE » = (00 v 10)*1 over £ = {0,1}. Fig. 2
shows the Thompson automaton for r and Fig. 3 shows the reversed au-
tomaton. Since sym-states are defined for a Thompson automaton, states
P2, P4, Ps, P and pyo are sym-states in Fig. 2 and Fig. 3. Furthermore,
states ps, ps and pg are O-states, and pg and p), are 1-states. In Fig. 2,
states p,, p1o and p;; are junction states and the transition from p;g to p;
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- Figure 3: The reversed automaton for Fig. 2.

is a back transition. Similarly, in Fig. 3, states pg, p1 and pyo are junction
states and the transition from p; to pjo is a back transition.

3.2 Position automata and dual position automata

First we will explain a position automaton (a PA for short), which is an
NFA constructed from a regular expression. In general, a PA is defined as
follows. We can also see similar definitions in [5, 9, 10, 11, 14}. Let r be an
RE with 7 occurrences of alphabet symbols. We make an expression 7 by
numbering each alphabet symbol ¢ occurring in r with its position. That
is, if a symbol ¢ is the symbol occurring at the i-th position in 7, then it is
changed to ¢; in 7. We denote by I the set of such positions. For example,
we have 7 = (0,02 V 1304)*15 and I = {1,2,3,4,5} for r = (00 v 10)*1.
The existing algorithms for generating a PA have focused on computing
subsets of I, First, Last, and Follow(i). Here the set First is defined
to be {i | ¢ € L(7)}, the set Last is defined to be {i | ac; € L(7)},
and the set Follow(:) is defined to be {j | ac;c;8 € L(7)}. Then a PA
G = (Q,%,4,po, F) is defined as follows: the set Q of states is {po} U I,
the initial state is po, the set F' of final states is Last. In addition, for any
i€l and c € %, §(,c) is defined to be {j | j € Follow(i) and ¢; = ¢}, and
for any c € I, d(po, ¢) is defined to be {i | ¢ € First and ¢; = ¢}. Thus a
PA G is an e-free NFA and has the following properties.

Property 1 For any state g of G, all incoming transitions to q are activated
‘by the same alphabet symbol a € X.

Property 2 The number of initial states is just one, and the number of
final states is more than or equal to one.
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Property 3 The number of states is just i + 1 and the number of tran-
sitions is at most 2 + rh.

Alternatively, a PA can be constructed from a Thompson automaton.
Let M = (Q1,%, 41, g0,45) be the Thompson automaton obtained from an
RE r. We consider only the initial state go and states ¢ € Q; such that
the incoming transition to ¢ is defined by an alphabet symbol, that is,
01(p, ) = q for a sym-state p. Let Q' be the set of these states. Then a PA
G =(Q,%,0,q0, F) is defined as follows: Q = Q’, the state go becomes the
initial state of G, and the set F of final states consists of states from which
one can reach the final state gy by using only e-moves in M. In addition, the
transition function 4 is defined: for any ¢, p € Q, if there is a path from ¢ to
p with a string ¢ - - - ec for a symbol ¢ € ¥ in M, then a transition from g to
p by cis added to 4. Yamamoto et al. [16] gave a bit-parallel algorithm to
generate a PA from a Thompson automaton according to this construction.
Watson [17] also show a construction from a Thompson automaton.

Now let us define a dual version of PAs, called a dual position automaton
(a dual PA for short). A dual PA G is also an NFA constructed from an
RE. Again let M = (Q, %, 81, g0, g¢) be the Thompson automaton obtained
from an RE 7. Then a dual PA is defined to be an e-free NFA which is
constructed from the Thompson automaton M by considering only sym-
states and the final state g5 in the similar way as a PA. Thus, unlike a PA,
we define a dual PA by extracting sym-states and the final state g;. More
precisely speaking, when we define @’ to be the set of these states, a dual
PA G =(Q,%,6,1, gr) is defined as follows: Q = Q’, the set I of initial
states consists of states which one can reach from the initial state go by
using only e-moves in M, and the state g; becomes the final state of G.
In addition, the transition function 4 is defined: for any q,p € Q, if there
is a path from g to p with a string ce- - € for a symbol ¢ € £ in M, then
a transition from g to p by c is added to 4. In the next section, we will
give an algorithm which generates a dual PA from a Thompson automaton
according to this definition. A dual PA G has the following properties.

Property 1’ For any state ¢ of G, all outgoing transitions from ¢ are
activated by the same alphabet symbol a € X.

Property 2° The number of initial states is more than or equal to one,
and the number of final states is just one.

Property 3 The number of states is just 72 + 1 and the number of tran-
sitions is at most M2 + .

As we can see, Property 1 and 1°, and Property 2 and 2’ become sym-
metric. Property 3 holds for both of a PA and a dual PA.
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(a) Position automaton

(b) Dual position automaton

Figure 4: Position automaton and dual position automaton for » = (00 v
10)*1. These automata are obtained from the Thompson automaton given
in Fig. 2.

We will make use of a dual PA for an RE matching algorithm. Hence, to
generate a bit representation of a dual PA, we also make use of a Thompson
automaton as in [16].

Example Let us consider an RE r = (00 Vv 10)*1 again. Fig. 4 shows the
PA and the dual PA for r. These automata are made from the Thompson
automaton given in Fig. 2. The PA is made by considering only states
D3, Ps, P71, P9, P13 and the initial state pg. In addition, the set of positions
forris {1,2,3,4,5} because ¥ = (0,02V1304)*15; states ps, ps, p7, po and p13
correspond to positions 1, 2,3, 4 and 5, respectively. On the other hand, the
dual PA is made by considering only states ps,p4, ps, s, P12 and the final
state p13. The PA has one initial state pp and one final state p;3, while the
dual PA has three initial states ps, pe, p12 and one final state p;3.

3.3 A bit-parallel translation algorithm from an RE to
a dual PA

We focus on sym-states and the final state of a Thompson automaton. By
computing the reachability between these states, we can construct a dual
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PA from a Thompson automaton. We will present an efficient bit-parallel
algorithm for translating an RE into a dual PA by using a Thompson au-
tomaton. We number sym-states to implement a set of sym-states as a bit
vector. To do this, when ¥ = {a1,-:-,a;}, we number states in order of
Qays Qagy **+y Qa,- That is, states of Q,, are numbered from 1 to m,,,
states of ), are numbered from m,, + 1 to mg, + my,, - -+, and states of
Qa, are numbered from 3, ;mq; +110 3, ; mg,. We assign the number 0
to the final state. For any state g, we denote by num(g) a number assigned
to ¢. In Fig. 2, a number attached to each sym-state is the number of the
state; that is, states p13, p4, p2, P8, P12, and pe are numbered 0, 1, 2, 3, 4,
and 5, respectively.

Let r be an RE over ¥ and let M = (Q, %, 4, go,q;) be the Thompson
automaton constructed from r. To compute the transition function of a
dual PA, we compute an array NEXT]q, o] whose elements are bit vectors
of 7 + 1 bits, where ¢ € Q and o € ¥ U {e}. Here note that if 6 = a € X,
then ¢ € Q,. In addition, the array NEXT|q, o] satisfies that the i-th bit
of NEXTlq,0] is equal to 1 if and only if there is a path from state g to
a sym-state p with number . If ¢ is an a-state, then this means that M
can move from state ¢ to p by an alphabet symbol a. We can efficiently
compute NEXT[q,a] by using the property of Lemma 1 and the reversed
automaton ME of M. Note that Lemma 1 also holds for M®. Finally,
the desired dual PA is represented by NEXT]g,a] on all sym-states ¢ and
alphabet symbols a. Hence the size of NEXT[q, a] becomes (1 + 1) bits.

The algorithm starts with REtoDPA given in Fig. 5. In the algorithm,
the operator | denotes bitwise OR. Furthermore, we use two functions Bit-
Set and BitCheck. BitSet(v,i) sets the i-th bit of v to 1. BitCheck(v,?)
checks whether or not the i-th bit of v is equal to 1, and if equal, then it
returns 1; otherwise returns 0. Since these functions can easily be imple-
mented so that they can run in O(1) time, the details are omitted here.
For any RE r, REtoDPA translates r into the Thompson automaton M,
and then invokes the procedure ReachState for MR, The procedure Reach-
State, given in Fig. 6, computes array NEXT|g,a] using M®. This time,
Lemma 1 guarantees that we can correctly compute NEXT[q, a] by travers-
ing all states of M® twice in a topological order. We have the following
theorem. '

Theorem 2 Let r be an RE with m occurrences of alphabet symbols. Then
the algorithm REtoDPA correctly translates r into the dual PA in O(7n[m/
w]) time and space. If m = O(w), then it runs in O(h) time and space.

113



Algorithm REtoDPA(r)
Input: an REr.
Output: a dual PA G = (Q',Z, ¥, I,q5).

Step 1. Generate the Thompson automaton M and the reversed automaton M® from
7. In addition, compute I, which is the set of alphabet symbols occurring in 7.

Step 2. For all a € I,, number each state of Q..

Step 3. Let go be the initial state of M. Then, add a new initial state gin; and a
transition from g;n; to go by € to M.

Step 4. For all states q of M, if g is an a-state for an alphabet symbol a € Z,, then
NEXTIq, a] := 0; otherwise NEXT]g, €] := 0.

Step 5. Do ReachState(MR,NEXT,Z,).
Step 8. Construct G as follows:

1. define @’ to be the set {q | g is a sym-state or the final of M } and T = I,
2. define the final state ¢y to be the final state of M,

3. foralla€ L and allg € Qq
define &’(q, a) to be NEXT{q,a),

4. for all states g € Q'
if BitCheck(NEXT|gin, €], num(q)) = 1, then add q to I.

Figure 5: The algorithm REtoDPA.

3.4 Proof of Theorem 2

Let M be the Thompson automaton for a given RE r. First we will prove
the following lemma to show the correctness of the algorithm.

Lemma 3 Thei-th bit of NEXT|q, a] becomes 1 if and only if M can move
from an a-state q to a sym-state p with num(p) = i by the alphabet symbol
a.

Proof. First let us show the only-if-part. For any states q and p of M, it
is clear that there is a path from g to p if and only if there is a path from
p to g in MR, We can easily see that if the i-th bit of NEX T[q,0] is set to
1 by ReachState, then for a sym-state p with num(p) = 4, there is a path
from p to g in ME. This time, if ¢ is an a-state for any alphabet symbol a,
then o = a and the sequence of symbols over the path is €---¢-a. That is,
this means that M can move from g to p by the alphabet symbol a.

Next let us show the reverse direction, that is, the if-part. To do this,
it is sufficient to show the following claim. Here Q' = {q | q is a sym-state
or the final state of M }.

Claim For any states q,p € @', if M can move from q to p by a symbol
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Procedure ReachState(MR,NEXT,,)
Repeat the following twice:
for all states g of M® do the following in a topological order:
1. if ¢ is the initial state, then BitSet(NEXTlq, €], num(q)),

2. if g € Qq for a symbol a € X and ¢ has the incoming transition from a
state p1 (note that in this case g has just one incoming transition), then
NEXT(q,a)] := NEXT|[p1,€] and BitSet(NEXTlq, €], num(q)),

3. if g is a junction state, then NEXT[qg,¢] := NEXT[p1,€] | NEXT[p2, €],
where py and p2 are two predecessors of g;

4. otherwise NEXT|q,€] := NEXT[p1,¢], where p; is a predecessor of g.

Figure 6: The procedure ReachState.

a, then ReachState sets the num(p)-th bit of NEXT[q,a] to 1.

Proof of the claim. Since M can move from g to p by a symbol q, there
is a loop-free path from g to p in M. Hence the reversed path from p to ¢
is also loop-free in M®. Furthermore, this reversed path have at most one
back transition because Lemma 1 holds for M %, Now let this path be Z =
(= p),p2,-.-,pe(= g). If Z does not contain any back transitions, then
ReachState sets the num(p)-th bit of NEXT[g,a] to 1 in the first traverse
of Step 2. This is because we have py < pa < -+ < p; in a topological order
and all states other than q and p are ¢-states. Next suppose that Z contains
one back transition. Here, without loss of generality, let the transition from
p1 to pry1 be a back transition. This time, we have p; < --- < p; and
D1 < -+ < pg in a topological order. Hence, since ReachState can see
that there is a path from p to p; in the first traverse of Step 2, it sets the
num(p)-th bit of NEXT[p;, €] to 1. However, at this moment, it may not
know whether or not there is a path from p; to ¢. In the second traverse
of Step 2, ReachState can see that there is a path from p to ¢ because it
can use the value of NEXT[p;, €| by the back transition from p; to pi41.
Hence ReachState sets the num(p)-th bit of NEXT[q, a] to 1. Thus we have
proven the claim, and hence have proven the lemma.

It follows from Lemma 3 that the algorithm REtoDPA correctly com-
putes a dual PA.

Next let us discuss the complexity. By Proposition 1, we can construct
the Thompson automaton M and the reversed automaton M ® with O(rn)
states and transitions in O(72) time and space. The procedure ReachState
traverses all states and transitions of M at most twice. When W is word-
length of a computer, since it takes O([#/w]) time to process each state,
Step 3 takes O("[7/w]) time. Step 4 also takes O(ra[7/w]) time. Hence
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Table 1: DFA representation D[a, b, I, for the dual PA of Fig. 4.

b=0 b=1
(p2,P4,p8) | (Ps,P12)
(1,0,0) [ (0,1,0) (0,0)
(0,1,0) (1,0,0) (1,1)
(0,0,1) (1,0,0) (1,1)
a=0 IO = (Pz,P4,P8) (1:]-:0) (1’1:(» (1,1)
(1,0,1) (1,1,0) (1,1)
(0,1,1) (1,0,0) (1,1)
(1,1,1) (1,1,0) (1,1)
) (1)0) (03 0, 1) (0, 0)
ea=1|5L= (pﬁap12) (0’ 1) (O) 030) (0)0)
(1,1) (0,0,1) (0,0)

the total time becomes O(7 [/ /w]). The space mainly depends on an array
NEXT|q,a), which requires O(7[7/w]) space. Hence the space becomes
O(m[m/w]). If m = O(w), then the algorithm runs in O(rh) time and
space. Thus the theorem has been proved.

4 RE matching algorithms

We first give a compact DFA representation and a matching algorithm
using it, and then will extend them by grouping parameters K,. We give
algorithms solving an extended version of the RE matching problem. That
is, given an RE r and a string z, our algorithms output endpoints of all
substrings of z which match .

4.1 A compact DFA representation and a matching al-
gorithm

Let us give a compact DFA representation for a dual PA G. Our DFA
representation consists of two arrays Dla, b, I,] and FINAL[a]. We generate
Dla,b,I,] and FINAL[a] from a dual PA G with NEXT[p, a], where a,b € &
and 0 < I, < 2™= — 1. The element of D[a, b, I,] is a bit vector of m; bits,
and if D{a,b,I;] = I, (0 < I, £ 2™ — 1), then it means that there is a
transition from a subset I, of a-states to a subset I, of b-states in G. Note
that I, is a bit vector representation for subsets of the set Q, of a-states
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Algorithm REMatchDFA(r,z)
Input: an RE r and a string = 1 -+ - o, Where z; € £ = {a1,-- -, a}.
Output: endpoints i of all substrings of z matching r.

Step 1. Generate a dual PA G = (Q, £, 4, I5,q5) using REtoDPA(r).
Step 2. Generate a DFA representation Dla,b, I} and FINAL[a] using GenDFA(G).

Step 3. /* Set the initial states. A bit vector INIT][a] is set for indicating all initial
a-states. INIT is an 7 + 1-bit vector each bit of which corresponds to a state of

Qx/
1. INIT :=0,
2. for all states g € I, BitSet(INIT, num(q)),
3. J:i=1,

4, fora=ay,---,q,
(a) INIT[a] := (INIT & Bla]) >> J,
(b) J:=J+ma.
Step 4. If the final state gy is included in Ig, then output 0, /* This means that ¢
matches » */
Step 5. CSTATE := INIT|z;].
Step 6. Fori:=1ton—1do
1. if BitCheck(FINAL[z;], CSTATE]) = 1, then output the position i,
2. CSTATE := D|z;,zit1, CSTATE],

3. /* set self-loop on the initial states to find all substrings matching r*/
CSTATE := CSTATE | INIT[2441).

Step 7. If BitCheck(FINAL|z,), CSTATE]) = 1, then output the position n.

Figure 7: The algorithm REMatchDFA.

of G. The element v of array FINAL[a] is a bit vector of 2™ bits, which
satisfies that the i-th bit of v is 1 if and only if there is a transition on a
from a state of the i-th subset of @, to the final state of G, where each
subset of @), is numbered by the corresponding I,. Then Dla,b,I,] and
FINAL[a] are generated by procedure GenDFA(G) given in Fig.8, which
is an extension of a technique used in [14, 15]. To compute Dla,b, I,],
we first compute the array E[I,] denoting a transition from a subset I,
of a-states to sym-states, and then compute a transition from a subset I,
of a-states to b-states. The size of Dla, b, I ] is MY, 2™ bits because
™ =) cx Ma, and the size of FINAL[a] is 3,5 2™ bits. Hence the total
size is (M + 1) Y,z 2™ bits. In the algorithm, the operator & denotes
bitwise AND and the operator >> denotes Shift Right. Furthermore, B[b]
denotes a bit-mask for b-states, that is, its value is an , + 1-bit vector in
which only bits corresponding to b-states are 1; other bits are 0. By the
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Procedure GenDFA(G) _
Comment: constructing Da, b, Ia| and FINAL{a] from a dual PA G with NEXT/{q,a}.

1. I:=1and E[0}:=0
2. for a:=a1, -',0 /* T ={a1, -, a1} ¥/

3. fori:=0,...,ma—1

4. for j:=0,...,2¢ —1
5. E[2 + j):= E[j] | NEXT[I +4,4]
6. if BitCheck(E[2! + j),0) = 1, then BitSet(FINAL[al, 2 + j)
7. J:=1
8. for b:=a1,---,a;
9. Dla,b,2¢ + j] := (E[2* + j] & Blb]) >> J
10. Ji=J+my
11. end-for
12, end-for
13. end-for
14. I'=I+ma
15. for-end

Figure 8: The procedure GenDFA.

discussion above, we have the following result for the size of a compact DFA
representation.

Proposition 2 The total size of D(a,b,I,] and FINAL[a] is (m+1) Y, .5
2™a bits.

Example We give a compact DFA representation D[a, b, I;] and FINAL[a]
for the dual PA given in Fig.4. Table 1 shows Dja,b, I,], where each en-
try denotes a bit vector. For instance, D[0,0,(1,0,0)] = (0,1,0). Since
only state p;2 can reach a final state p13, FINAL[a] is defined as follows:
FINAL[0] = (0,0,0,0,0,0,0,0) and FINAL[1] = (1,0,1,0) because for
(ps,p12), (0,1) and (1,1) contain state p12. Here note that these binary
numbers (0,1) and (1,1) are 1 and 3, respectively, because the rightmost
bit is the least significant bit.

The matching algorithm REMatchDFA(r,z), given in Fig.7, outputs
endpoints of all substrings of z matching r. The algorithm makes use of
one lookahead symbol to hold only a-states in CSTATE for some alpha-
bet symbol a at a time. Hence CSTATE consists of at most m, bits.
Let z; be the i-th symbol of 2. Then, for any i, CSTATE always con-
sists of z;-states reachable from the initial states by processing = ---x;_1.
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REMatchDFA computes the set of z;1-states reachable from CSTATE by
z; using D[z;,z;41,1,]. Thus, after having processed z;, CSTATE con-
sists of z;41-states reachable from the initial states by z;---z;. As you
see, in Dla, b, I,], symbol a corresponds to current symbol and symbol b
corresponds to the next symbol (that is, the lookahead symbol).

In REMatchDFA(r,z), we call Steps 1 and 2 a preprocessing part and
call Step 3 to 7 a matching part. In the preprocessing part, we generate
a DFA representation D[a,b,I,] and FINAL[a] from a given RE r. We
get the following theorem. Here, as mentioned before, 7 is the number of
occurrences of alphabet symbols in an given RE » and m, is the number of
occurrences of an alphabet symbol a, and m, = max{m, | a € L}.

Theorem 4 The algorithm REMatchDFA(r,x) can find endpoints of all
substrings of x matching r. In addition, the preprocessing part runs in
O([m/w](m + Y 4e5 2™e)) time and the matching part runs in O(n [mq/
w]) time using O([m/ w] Y o5 2™) space. If m = O(w), then the pre-
processing part runs in O(+ ) 5 2™2) time and the matching part runs
O(n) time using O3 5 2™=) space.

Proof. First let us show that if a substring ¥ of z matches r, then the
endpoint of y is output. We prove the following claim: for any ¢; and ¢ with
1<14 <i<n-1, CSTATE always consists of all z;-states reachable from
the initial states Iy by z;, - -x;—1 when z; is processed, where 3 > i —1
means the empty string. In Step 3, we first define bit vectors INIT|[a] for
all symbols a, each of which consists of at most m, bits. This time, a bit
vector INIT[a] satisfies that the i-th bit is 1 if and only if the i-th state of
Q. is an initial state.

For any fixed position i; > 1, we prove the claim by induction on
position i. Let us first consider the case i = i;. If i3 = 1, then CSTATE
is set to the initial z,-states INIT|z;] in Step 5; otherwise, in 3 of Step 6,
INIT[z;] is added to CSTATE when z; is processed. Hence it is clear that

the claim holds.

Assume that the claim holds for all positions less than or equal to ¢ > ;.
Then let us show that the claim holds for i + 1. REMatchDFA computes
the set of z;4.1-states reachable from CSTATE by xz; using D[z;, Ziy1,1a).
Thus, after having processed z;, CSTATE consists of z;;,-states reachable
from the initial states by z; - - - z;. Thus the claim holds. Since CSTATE is
an mg,-bit vector, we can regard it as an integer ¢ between 0 and 2™=: — 1.
Then the ¢-th bit of FINAL[z;] is 1 if it is possible to reach from states
denoted by ¢ to a final state by z;. Let y = z;, ---z;. Since y is in L(r),
after having processed z;..;, CSTATE contains an x;-state reachable to the
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final state gs by the claim because a dual PA G can move to gy by z;, - - - z;.
Hence 1 of Step 6 becomes true because the CSTATE-th bit of FINAL[z;]
is 1. Thus the position i is output. Conversely if the position ¢ is output,
then there is an integer 4; such that z;, - -- z; is in L(r). We omit the proof
because it can be done similarly.

Next let us check the time for the preprocessing part. By Theorem 2,
it takes O(7n) time to generate a dual PA G. The procedure GenDFA(G)
constructs Dla,b,I,] and FINAL[a] in O([/w] ) c5 2™) time. Hence
it takes O([/w] (M + ) ,cx 2™)) time in total. Let us see the matching
part. The time of the matching part is dominated by Step 6. Since, for
each symbol z;, Step 6 takes O([m,/w]) time, it takes O(n[mqy/w]) time
in total. The space required depends on Dla,b, I}, FINAL[a], Bla] and
INIT|a). Hence from Proposition 2, we obtain O((r + 1) )_, 5 2™) bits,
and hence we obtain O(}_ .5 2™) space. Thus the theorem has been
proved.

4.2 Improvement by a decomposition technique

Navarro and Raffinot [15] partition the whole set of states of a PA into
several subsets and construct DFA-like transitions for each subset of states.
For each a € I, we introduce a parameter 1 < K, < w, and then par-
tition each subset @,, but not the whole set, into t = [m,/K,] subsets

Qi with |QQ] = -+ = |Q47%| = K and |Q4!| < K, where Q|
denotes the number of elements in Q4. Then we generate a DFA repre-
sentation for every subset. We call such a DFA representation a partial
DFA representation, which is represented by an array D[a,b, I"=,k,] and
FINAL[a, h,), where a,b € £, 0 < I?= < 2Ke and 0 < h, <t —1. The
array Dla,b, I, h,] is computed by the procedure GenPartial(G) given in
Fig. 10 and satisfies

Dla,b,1,) = D[a,b,12,0] | D[a,b,I},1] | --- | D[a,b,I:},t — 1)

Furthermore FINAL{a,h,) is an array of bit vectors for Q”=, which is de-
fined in the same way as FINAL[a]. The element of FINAL[a,h,] is a bit
vector of 2/@2°| bits. Note that 2/@2°! < 2K, The partial DFA representa-
tion leads to a more efficient matching algorithm REMatchPartial given in
Fig.9.

Example We give a partial DFA representation Dla,b, I, h,] for the
dual PA given in Fig.4. Table 2 shows D[a,b, I*=, h,], where we set Ko =
K; = 2. Hence Qo = {p2,ps,ps} is divided into two subsets Q3 = {p2,ps}
and Q} = {ps}. Comparing with D|a,b,I,] in Table 1, we see that the size
of D[a,b, I*=, hy] becomes smaller.
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Algorithm REMatchPartial(r,z)

Input: an RE r and a string z = z) - - - zn, Where z; € L..

Output: endpoints i of all substrings of z matching .

Step 1. Generate a dual PA G = (Q, %, §, Ig, g5) using REtoDPA(r).

Step 2. Generate a partial DFA representation Dfa,b, Is, ha] and FINAL|a, hs) using
GenPartial(G).

Step 3. /* Set the initial states. A bit vector INIT{a] is set for indicating all initial
a-states. INIT is an 7 + 1-bit vector each bit of which corresponds to a state of

Q. */
1. INIT :=0,
2. for all states q € Iy, BitSet(INIT, num(q)),
3. J:=1,

4. for a:=ay, -+,aqq,
(a) INIT[a):= (INIT & Bla]) >> J,
(b) J:=J+ma.
Step 4. If the final state gy is included. in I4, then output 0, /* This means that ¢
matches r */
Step 5. CSTATE := INIT[z,].
Step 6. Fori:=1ton—1do
1. Temp := 0 and Maich := false,
2. for h:=0,--+, [mz, /Kz;1 -1,
(a) /* extract Kz; bits from CSTATE */
KSTATE := CSTATE & 0---01%=:,
(b) if BitCheck(FINAL|z;,h], KSTATE) = 1, then Match := true,
(¢) Temp := Temp | Diz;, zity1, KSTATE, h),
(d) CSTATE := CSTATE >> K,
3. if Match = true, then output i,
4. /* update the current state and set self-loop on the initial states */
CSTATE := Temp | INIT[z;41].
Step 7. /* Check out a match on the last symbol zn. */

1. Match := false,

2. for h:=0,---,[mz, /Kz, 1 -1,
(a) KSTATE := CSTATE & 0---01K=n
(b) if BitCheck(FINAL[zn,h|, KSTATE) = 1, then Match := true,
(c) CSTATE := CSTATE >> K,

3. if Match = true, then output n.

Figure 9: The algorithm REMatchPartial.
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Procedure GenPartial(G)
Comment: constructing D{a,b,Is,hs] and FINAL[a,ho] from a dual PA G with
NEXT]q, a].

1. I:=1and E[0]:=0
2. fore:=ay, --,q; [*T={ay, -,a1} */

3. for h:=0,--, [ma/Ka] -1
4 if R # [ma/Ko] — 1, then K := K,; otherwise K := mq — Kah
5 fori:=0,...,K -1
6. for j:=0,...,20 —1
7. Ef2! + j] := E[j] | NEXT|I +1i,q]
8 if BitCheck(E[2! + j],0) = 1, then BitSet{ FINALa, h), 2 + j)
9 Ji=1
10. for b:=ay,---,q;
1. Dia,b,2* + j, b := (E[2° + j] & B[b)) >> J
12. Ji=J+my
13. end-for
14. end-for
15. Ii=I+K+1
16. end-for
17. end-for
18. end-for

Figure 10: The procedure GenPartial.

We have the following result for the size of a partial DFA representation.

Proposition 3 The total size of D[a, b, Io, hq) and FINAL{a, h,) is O((r+
1) Eaez [ma/Ka] 2K“) bits.

In REMatchPartial(r,z), we again call Steps 1 and 2 a preprocessing
part and call Step 3 to 7 a matching part. Then we have the next theorem.
We omit the proof because it can be done in the same way as Theorem 4.

Theorem 5 The algorithm REMatchPartial(r, z) can find endpoints of all
substrings of x matching r. In addition, the preprocessing part runs in
o([m/w](m +Zaez|'ma/K 12K<)) time and the matchzng part runs in
O([ m2/(wKqa)In) time using O([h/w] Y 5 [ma/Ka12 Ka) space.

Each parameter K, can be regarded as a kind of a measure to decide

a degree of determinism. The following corollary is directly obtained from
Theorem 5.
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Table 2: Partial DFA representation Dla,b, I, k] for the dual PA of
Fig. 4.

b=0 b=1
(P2,P47P8) (Ps,pm)
(1,0) | (0,1,0) (0,0)
a=0| 1§ = (P2,P4) (0’ 1) (1: 0, 0) (1: 1)
L1y (1,1,0) (1,1)
Iy = (ps) 1) [ (11,0 (1,1)
(1L,0) | (0,0,1) (0,0)
a=1 I](.) = (pﬁ,p12) 0’ 1) (0301 0) (0)0)
11| (00,1) (0,0

Corollary 5.1 Let us set K, = logn for every a € £. Then the prepro-
cessing part runs in O([m/w](mn/logn)) time and the matching part runs
in O(m2n/(wlogn)) time using O([rh/w]imn/logn) space.

‘We here want to note that, for any symbol a, if the number of elements
in the last subset Q¢! is less than Kj, then the variable K is set to [Q47!],
but not K,, in step 4 of GenPartial. Hence the term 3, 5 [ma/K,] 2Ka ap-
pearing in the preprocessing time and space of Theorem 5 can be expanded
into 3 en(2Xe + -+ + 2Ka 91Q27"1). Therefore we have O([#/w](n/
logn)) preprocessing time and space in the above corollary.

From the corollary, if 72 = O(w), then we get an RE matching algorithm
running in O(m,n/logn) time with preprocessing time O(rn/logn) and
using O(7n/ logn) space.

5 Conclusions

Summarizing the paper, we have shown the following results by introducing
a dual PA:

e the bit-parallel translation algorithm from an RE into a dual PA,
e methods to generate a compact DFA representation from a dual PA,

o efficient RE matching algorithms using our compact DFA representa-
tion.
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