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Abstract

We study the complexity of the longest common subsequence
(LCS) problem from a new perspective. By an indeterminate string
(i-string, for short) we mean a sequence X = X[1)X[2]... X[n),
where X [f] € Z for each %, and X is a given alphabet of potentially
large size. A subsequence of X is any usual string over ¥ which is
an element of the finite (but usually of exponential size) language
X[i1) X[i2). .. X[ip), where 1 < iy < i2 <i3... <ip < n,p > 0. Sim-
ilarly, we define a supersequence of z. Our first version of the LCS

*Preliminary version appeared in [17).
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problem is Problem ILCS: for given i-strings X and Y, find their
longest common subsequence. From the complexity point of view,
new parameters of the input correspond to |X| and maximum size ¢
of the subsets in X and Y. There is also a third parameter R, which

. gives a measure of similarity between X and Y. The smaller the R,
the lesser is the time for solving Problem ILCS. Our second version
of the LCS problem is Problem CILCS (constrained ILCS): for given
i-strings X and Y and a plain string Z, find the longest common
subsequence of X and Y which is, at the same time, a supersequence
of Z. In this paper, we present several efficient algorithms to solve
both ILCS and CILCS problems. The efficiency in our algorithms are
obtained in particular by using an efficient data structure for special
type of range maxima queries and fast multiplication of boolean ma-
trices.

1 Introduction

This paper deals with two interesting variants of the classical and well-
studied longest common subsequence (LCS) problem: LCS for indeter-
minate strings (i-string) and Constrained LCS (CLCS) problem, also for
i-strings. In i-strings, at each position, the string may contain a set of char-
acters. The LCS problem and variants thereof have been focus of extensive
research in the computer science literature. Given two strings, the LCS
problem consists of computing a subsequence of maximum length common
to both strings. In CLCS, the computed longest common subsequence must
also be a supersequence of a third given string. The motivation of CLCS
problem comes from bioinformatics: in the computation of the homology
of two biological sequences it is important to take into account a common
specific or putative structure [29].

The longest common subsequence problem for k strings (k > 2) was
first shown to be NP-hard [21] and later proved to be hard to be approx-
imated [19). The restricted problem that deals with two strings has been
studied extensively. The classic dynamic programming solution to LCS
problem, invented by Wagner and Fischer [31], has O(n?) worst case run-
ning time, where n is the length of the two strings. Masek and Paterson (23]
improved this algorithm using the “Four-Russians” technique [1] to reduce
the worst case running time to O(n?/logn). Employing different tech-
niques, the same worst case bound was achieved in [11]. In particular, for
most texts, the achieved time complexity in [11] is O(hn?/logn), where
h < 1 is the entropy of the text. Apart from the above two results, not
much improvement in terms of n can be found in the literature. However,
several algorithms exist with complexities depending on other parameters.
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For example, Myers in [24] and Nakatsu et al. in [25] presented an O(nD)
algorithm, where the parameter D is the simple Levenshtein distance be-
tween the two given strings [20]. Another interesting and perhaps more
relevant parameter for this problem is R, where R is the total number of
ordered pairs of positions at which the two strings match. Hunt and Szy-
manski [12] presented an algorithm to solve LCS running in O((R+n) logn)
time. They also cited applications where R ~ n and thereby claimed that
for these applications the algorithm would run in O(nlogn) time. Very
recently, Rahman and Hliopoulos presented an improved LCS algorithm
running in O(R loglog n+n) time [15, 27]. Notably, an O(R loglogn) time
algorithm for LCS was also reported in [22]; but their running time excludes
a costly preprocessing time of O(n? logn). For a comprehensive comparison
of the well-known algorithms for LCS problem and study of their behaviour
in various application environments the readers are referred to [5).

The CLCS problem, on the other hand, has been introduced quite re-
cently by Tsai in [29]. In [29], a dynamic programming formulation for
CLCS was presented leading to a O(pn?) time algorithm to solve the prob-
lem, where p is the length of the third string which applies the constraint.
Later, Chin et al. [8] and independently, Arslan and Egecioglu [2] presented
improved CLCS algorithm with O(pn?) time and space complexity. The
problem was also studied very recently in [13, 16], where an algorithm run-
ning in O(pR loglogn + n) time was devised.

In this paper, we revisit the LCS and CLCS problems, but in a different
setting: instead of standard strings, we consider i-strings, where at each
position the string may contain a set of characters. The motivation of our
study comes from the fact that i-strings are extensively used in molecular
biology to express polymorphism in DNA sequences, e.g. the polymorphism
of protein coding regions caused by redundancy of the genetic code or poly-
morphism in binding site sequences of a family of genes. To the best of our
knowledge, the only work in the literature in this context is the recent pa-
per [18], where a finite automata based solution for the CLCS problem for
i-strings was presented with worst case running time O(|Z|pn?), where &
is the given alphabet. Here we present a number of improved algorithms
to solve both LCS and CLCS problems for i-strings. In particular, we have
used some novel techniques to preprocess the given i-strings, which let us
use the corresponding solutions for normal strings to get efficient solution
for i-strings.

The rest of the paper is organized as follows. In Section 2, we present
the preliminary concepts and formally define the problems handled in this
paper. In Section 3, we handle Problem LCS for i-strings (Problem ILCS).
To elaborate, in Sections 3.1 to 3.3, we present three different preprocess-
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ing steps to get efficient algorithms to solve Problem ILCS. In particular,
in Section 3.1, we reduce the problem at hand to boolean matrix multi-
plication problem and uses the fast multiplication of boolean matrices to
gain efficiency. In Sections 3.2 and 3.3 we take a different approach and
consider algorithms with running time dependent on R. Particularly in
Section 3.3, we have (implicitly) used efficient data structure of [15, 27] for
special type of range maxima queries to get efficient algorithms for ILCS.
We handle the CLCS problem for i-strings (Problem ICLCS) in Section 4.
Here again, we present three different preprocessing steps to gain efficiency
in solving ICLCS. In particular, we present the first two preprocessing steps
for ICLCS in Sections 4.1 and 4.2 extending the ideas and techniques used
in Sections 3.1 and 3.2 respectively. The third preprocessing step, presented
in Section 4.3, is achieved by combining the ideas and techniques presented
in Section 3.3 with the recent algorithm to solve CLCS presented in [13, 16).
Finally, we briefly conclude in Section 5.

2 Preliminaries

We use LCS(X,Y) to denote a longest common subsequence of X and Y.
We denote the length of LCS(X,Y) by £(X,Y). Given two strings X[1..n]
and Y'[1..n] and a third string Z[1..p], a common subsequence S of X,Y is
said to be constrained by Z if, and only if, Z is a subsequence of S. We use
LCSz(X,Y) to denote a longest common subsequence of X and Y that is
constrained by Z. We denote the length of LCSz(X,Y) by Lz(X,Y).

X= T C IC I C/A X= T (o} (o] A C ,A
l / ,
Y= A ¢ A A G y= A7 ¢ C(A G
| 7
Z= C

Figure 1: |[LCS(X,Y)| = 4 and |LCSz(X,Y)| = 3.

Example 1 Suppose X = TCCACA, Y = ACCAAG and Z = AC. As
is evident from Fig. 1, S* = CCAA is an LCS(X,Y). However, S* is
not an LCSz(X,Y) because Z is not a subsequence of S*'. On the other
hand, S2 = ACA is an LCSz(X,Y). Note that, in this case, we have
|ILCSz(X,Y)| < |LCS(X,Y)|.

In this paper, we are interested in indeterminate strings (i-strings, for
short). In contrast, usual strings are called here standard strings. A string
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X|[1..n] is said to be indeterminate, if it is built over the potential 2!%! — 1
non-empty sets of letters belonging to X. Each X[i],1 < ¢ < n can be
thought of as a set of characters and we have |X[i]| > 1,1 < i < n. The

length of the i-string X, denoted by l)? |, is the number of sets (of charac-
ters) in it, i.e., n. In this paper, the set containing the letters A and C will
be denoted by [AC] and the singleton [C] will be simply denoted by C for
ease of reading. Also, we use the following convention: we use plain letters
like X to denote normal strings. The same letter may be used to denote a
i-string if written as X. For i-strings, the notion of symbol equality is ex-
tended to single-symbol match between two (indeterminate) letters in the
following way. Given two subsets A, B C ¥ we say that A matches B and
write A ~ B iff AN B # @. Note that, the relation =, referred to as the
‘indeterminate equality’ henceforth, is not transitive.

Example 2 Suppose we have i-strings X = AC[CTGJTG[ACIC and ¥ =
TC[ATJ[AT/TTC. Here we have X[3] ~ ¥[3] because X[3] = [CTG]N
Y[3] = [AT] = T # 0. Similarly we have, X[3] ~ Y[1], and also X[3] ~
Y[2] ete.

We can extend the notion of a subsequence for i-strings in a natural way
replacing the equality of symbols by the relation ~ as follows. A sub-
sequence of X is a plain string U over £ which is an element of the fi-
nite (but usually of exponential size) language X[i1) X[i2) .. X[i,), where
1<é1<i2...<4 <n,p20.

Similarly, we define a supersequence of X. The notion of common and
longest common subsequence for i-strings can now be extended easily. In
what follows, for the ease of exposition, we assume that |X| = Y| = n.

But our results can be easily extended when |X| # [Y|. We are interested
in the following two problems.

Problem 1 Problem “ILCS” (LCS for Indeterminate Strings). Given 2
i-strings X and Y we want to compute an LCS(X,Y).

Problem 2 Problem “CILCS” (CLCS for Indeterminate Strings). Given
2 i-strings X andY end another (plain) string Z, we want to compute an
LCSz(X,Y).

Example 3 Suppose, we are given the i-strings
X = [AF]BDDAAA, Y = [AC|BA[CD]AA[DF], Z = BDD

Figure 2 shows an~LgS()? ,Y) and an LCSz(X ¥). Note that, although
L(X,Y)=5, Lz(X,Y)=
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X [AF] B D D A A A
¥ {AC] B A [cD) A A [DF)
An LCS(X,Y) | A B D A _A
X [AF) B D D A a4 A
v [AC] B A [cD) A A [DF|
z B D D
An CLCSZ(X,Y) | A B D

Figure 2: LCS(X,Y) and LCSz(X,Y) of Example 3.

3 Algorithm for ILCS

In this section, we devise efficient algorithms for Problem ILCS. We start
with a brief review of the traditional dynamic programming technique em-
ployed to solve LCS [31] for standard strings. Here the idea is to determine
the longest common subsequences for all possible prefix combinations of the
input strings. The recurrence relation for extending the length of LCS for
each prefix pair (X[1..i},Y'[1..5]), i.e. £(X[1..4],Y[1..5]), is as follows [31]:

.. 0 ifi=0o0rj=0,
T(’i]] = . . .. . . .. .
maz(T[i— 1,7 — 1)+ 8(3,3), Tli—1,7], T[i,j —1]), otherwise,
1)
where 4(3, j) = 1 if X[§] = Y[j]; otherwise é(3,5) = 0.

Here we have used the tabular notion 7 [, j] to denote £(X[1..7], Y[1..5]).
After the table has been filled, £(X,Y) can be found in 7' [r,n) and LCS(X,Y)
can be found by backtracking from T [n,n] (for detail, refer to [31] or any
textbook on algorithms, e.g. [10]). It is easy to see that Equation 1 can be
realized easily in O(n?) time.

Interestingly, Equation 1 can be adapted to solve Problem ILCS quite
easily. The only thing we need to do is to replace the equality check (‘=’)
in Equation 1 with the indeterminate equality (‘~’). However, this ‘simple’
change affects the running time of the algorithm because instead of the
constant time equality check we need to perform intersection between two
sets. To deduce the precise running time of the resulting algorithm, we make
the assumption that the sets of characters for each input i-string are given
in sorted order. Under this assumption, we can perform the intersection
operation in O(|X|) time in the worst case, since there can be at most |Z|
characters in a set of a i-string. So we have the following theorem.

Theorem 1 Problem ILCS can be solved in O(|Z|n?) time.

In the rest of this section, we try to devise algorithms giving better running
times than what is reported in Theorem 1. We assume that the alphabet
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¥ is indexed, which is the case in most practical situations. We also as-
sume that the sets of characters for each input i-string are given in sorted
order. Recall that the latter assumption is required to get the running time
of Theorem 1. To improve the running time, we plan to do some prepro-
cessing to realize Equation 1 more efficiently. In particular, we want to
preprocess the two given strings so that the indeterminate equality check
can be realized in O(1) time. In the next subsections, we present three
different preprocessing steps and analyze the time and space complexity of
the resulting algorithms.

3.1 Preprocessing 1 for ILCS

Here the idea is to first compute a table D[:,j],1 < ¢,j < n as defined

below: - ~
o [1 EXENTY A0
Dli, 1= {0 Otherwise. 2)

Clearly, with that table D in our hand, we can realize Equation 1 in O(n?)
time because the indeterminate equality check reduces to the constant time
checking of the corresponding entry in D-table. Now, it remains to see how
efficiently we can compute the table D. Recall that, our ultimate goal is to
get a overall running time better than the one reported in Theorem 1. To
compute table D, we first encode each X[i],1 < i < n and Y[J],l <j<n
as a binary vector of size |E| as follows. We use X, and ¥, to denote the
encodings for X and Y, respectively. Forall 1 < i < n and c € ||, the
encoding for X[i] is defined below:

1 Ifce X[
0 Otherwise.

Xelilld = { @)

The encoding for Y is defined analogously. Now, we can view )Afe and 176 as
two ordered lists having n binary vectors each, where each vector is of size
|Z|. Then, the computation of D reduces to the matrix multiplication of
X.and ¥.. To speed-up this computation, we perform the following trick.
Without loss of generality, we assume that n is divisible by |X|. We divide
both the boolean matrices X, and ¥, in square partitions, each partition
having size |X| x |X|. Now we can perform the matrix multiplication by
performing square matrix multiplication of the constituent square blocks.

Next, we analyze the running time of the preprocessing discussed above.
The encoding of the two input i-strings X and Y require O(n|Z]) time and
space. For square matrix multiplication, the best known algorithm is due to
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Coppersmith and Winograd [9]. Their algorithm works in O(N?-37°) time,
where the involved matrices are of size N’ x M. Now, recall that in our
case the square matrices are of size || x |Z|. Also, it is easy to see that,
in total, we need (n/|%|)? such computation. Therefore, the worst case
computational effort required is O((n/|Z|)? x |Z[>%76) = O(n?|Z[%-376).
To sum up, the total time required to solve Problem ILCS is O(n|%| +
n2|Z|%376) 4+ n2) = O(n|Z| + n?|Z|%37®)) in the worst case. This implies
the following result.

Theorem 2 Problem ILCS can be solved in O(n|Z] + n?|Z|0376) time.

Before concluding this section, we briefly review some other boolean
matrix multiplication results that may be used in our algorithm. There is
a simple so called “Four Russians” algorithm of Arlazarov et al. [1], which
performs Boolean A x N matrix multiplication in O(AV3/log V) time. This
was eventually improved slightly to O(A3/log!® ) time by Atkinson and
Santoro [3]. Rytter [28] and independently Basch, Khanna, and Motwani [4]
gave an O(N3/ log? NV) algorithm for Boolean matrix multiplication on the
(logn)-word RAM. Similar result also follows from a. very recent paper [32].
Therefore problem ILCS can be solved in O(n|Z| + n?|Z|/ log? |Z|)) time
without algebraically sophisticated matrix multiplication.

3.2 Preprocessing 2 for ILCS

We first present some notations needed to discuss the next preprocessing
phase. We define the term £ to be the size of the largest character set of
the input strings. More formally: .

¢ = max{|X[i]},|¥{il| | L < i < m}.

Also, we say a pair (4,5),1 < 4,j < n defines a match, if )?[i] ~ ?[j]. The
set of all matches, M, is defined as follows:

M ={(,3) | Xli) = Y[5],1 < 4,5 < n}.

Recall from Section 1 that, R = |M|.

In the algorithm we implicitly compute M, and then fill up the table D.
We proceed as follows. We construct, for each symbol a € ¥, two separate
lists, L[a] and Ly [a]. For each a € I, Lg[a] (Ly[a]) stores the positions
where a appears in X (17), if any. We have for 1 <¢,5 <n

Dli,5] = 1 © 3 (a € T) such that (i € Lg[d]) and (5 € Ly[a])
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Algorithm 1 Computation of the Table D
1: for each 7,5 do

2: Dli, 4] =05

3: for each a € X do

4 Lgla] :==0; Ly[a] := 0
5: fori=1tondo_

6:  for each a € X[i] do
7: insert(i, L[a])

8 for each bc Y[i] do
9: insert(i, Ly [b])
10: for each a € ¥ do

1:  for each i € Lg[a] do
12: for each j € Ly[a] do
13: Dli,j] =1.

The initialization of the table D requires O(n?) time. The constructions of
the lists Lz[a], Ly[a],a €  can be done in (nf) time simply by scanning
X and Y in turn. Traversing the two lists L %la} and Ly [a] for eacha € &
to fill up D requires O(RY) time. This follows from the fact that there are
in total R positions where we can have a match and at each such position
we can have up to £ matches. Thus the total running time required for the
preprocessing is O(nf + n? + RE).

Theorem 3 Problem ILCS can be solved in O(né + n? + RE) time.

We remark that, in the worst case we have £ = |X|. However, £ can be much
smaller than |X} in many cases. Also, R¢ and nf are ‘pessimistic’ upper
bounds in the sense that rarely for all 1 < i < n, we will have |X[i]| = £
(I¥[i}l = €). Also, in the worst case we have R = O(n2). But in many
practical cases R turns out to be o(n?), or even O(n). Another remark is
that to compute an actual LCS, we will additionally require O(nf) time in
the worst case.

3.3 Preprocessing 3 for ILCS

The preprocessing of Section 3.2 can be slightly modified to devise an effi-
cient algorithm based on the parameter R. There exist efficient algorithms
for computing LCS depending on parameter R. The recent work of Rahman
and Iliopoulos [15, 27] presents an O(Rloglogn + n) algorithm (referred
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to as LCS-II in [15, 27]) for computing the LCS. LCS-II computes the set
M, sorts it in a ‘prescribed’? order and then considers each (4, j) € M per-
forming useful computation (instead of the computation for all n? entries
in the usual dynamic programming matrix). The efficient computation in
LCS-II is based on the use of the famous vEB data structure invented by
van Emde Boas [30] to solve a restricted dynamic version of the Range
Maxima Query problem. The vEB data structure allows us to maintain a
sorted list of integers in the range [1..n] in O(loglogn) time per insertion
and deletion. In addition to that it can return nezt(i) (successor element
of ¢ in the list) and prev(i) (predecessor element of 7 in the list) in constant
time. On the other hand, the range maxima query (RMQ) problem is to
preprocess an array of numbers to answer queries to find the maximum
in a given range of the array. The use of RMQ in solving LCS problems
and variants thereof was explored in [22] and later in [14, 26, 15, 27]. The
preprocessing step described in this section can be viewed as an extension
of the work of [22, 14, 26, 15, 27]. In [15, 27], the authors observed that to
compute the LCS, one needs only solve a restricted but dynamic version of
RMQ problem?. Using the VEB structure, they then solved this restricted
RMQ problem in O(R log log n) time per update and per query, which leads
to an overall O(R log log n+n) time algorithm for computing the LCS. Now
the essential thing about LCS-II is that if M is computed and supplied to
it, it can compute the LCS in O(Rloglogn) time. Based on the results
of [15, 27], we get the following theorem.

Theorem 4 Problem ILCS can be solved in O(RL+ Rloglogn + n) time.

Proof. We can slightly change Algorithm 1 to compute the set M instead
of computing the table D. This can be done simply by replacing Step 13
of Algorithm 1 with the following statement:

M = MUG, 7).
We also need to initialize M to @ just before the for loop of Step 9.

-Now, for plain strings, M can be computed in O(R) time. But, for
i-strings, it requires O(R{) time, because at each match position we may
have up to £ matches in the worst case. However, recall that our goal is
to use LCS-II for which we need M to be in a prescribed order. This
however, can be done using the same preprocessing algorithm (Algorithm
Pre) used in [15, 27]. Algorithm Pre computes M requiring O(R +n) time
(for normal strings) and using the vEB structures maintain the prescribed

1In particular, M is sorted in the order each ‘match’ must be considered to follow a
row major order of computation.

2Similar ideas were also utilized in [22] to solve LCS although employing a slightly
different strategy and using a different data structure.
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order spending O(Rloglogn) time. In our case, we have already com-
puted M for the indeterminate strings, and hence, we use Algorithm Pre,
only to maintain the orders. Therefore, in total our preprocessing requires
O(RE + Rloglogn) time. Finally, once M (for the indeterminate strings)
is computed in the prescribed order, we can employ LCS-II directly to solve
Problem ILCS, requiring a further O(R loglogn) time. Therefore, in total,
the running time to solve Problem ILCS remains O(R{ + Rloglogn + n)
in the worst case. O

Remark 1 LCS-II can compute the actual LCS in O(L(X,Y)) time. How-

ever, in our adaptation of that algorithm for i-strings, we will need O(L(X,Y)x

£) time because we do not keep track of the matched character and therefore,
are required to do the intersection operations to find a match. However, this
can be reduced to O(L(X,Y)) simply by keeping track of the matched char-
acter (at least one of them if there exists more) in the set M.

4 Algorithm for CILCS

In this section, we present algorithms to solve Problem CILCS, i.e., the
Constrained LCS problem for i-strings. We follow the same strategy of
Section 3: we use the best known dynamic programming algorithm for
CLCS and try to devise an efficient algorithm for CILCS by doing some
preprocessing. We use the dynamic programming formulation for CLCS
presented in [2]. Extending our tabular notion from Equation 1, we use
T[i,5,k],1 < 4,5 < n,0 < k < p to denote Lz); x(X[1..7], Y[L..5]). We
have the following formulation for Problem CLCS from {2].

T, 5, k) = max{T"[i, 5, k), T"[i, 5, k), T[i,5 — 1, k), T[i — 1,5,k]}  (4)

where
1+Tli—1,j-1,k—1] if(k=1or
. k>land T[i—1,5—1,k—1] > 0))
(2 k = (
TTi,d,k) and X[i] = Y[j] = Z[K].
0 otherwise.
(5)
and
1+T[i-1,j-1,k if(k=0or T[i—1,j— 1,k > 0)
T"[i,5,k] = and X[i] = Y[j].

0 otherwise.

(6)
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The following boundary conditions are assumed in Equations 4 to 6:
T[:,0,k) =T[0,5,k] =0, 0<4,j<n,0<k<p.

It is straightforward to give an O(n?p) algorithm realizing the dynamic
programming formulation presented in Equations 4 to 6. Now, for CILCS,
we have to make the following changes. First of all, all equality checks of
the form X[i] = Y[j] have to be replaced by:

X[ ~ Y5 (7)

Here, the constant time operation is replaced by an O(|Z]) time operation
in the worst case. On the other hand, all the triple equality checks of the
form X[i] = Y[§] = Z[k] have to be replaced by the check:

Z[K) € X[ (Y 1i)- ®)

Once again, the constant time operations are replaced by O(|X| + log |X|)
time operations. So we have the following theorem.

Theorem 5 Problem CILCS can be solved in O(|Z|n?p) time.

As before, our goal is to do some preprocessing to facilitate O(1) time
realization of the Checks 7 and 8 and thereby improve the running time
reported in Theorem 5.

4.1 Preprocessing 1 for CILCS

It is clear that we need the table D as defined in Section 3.1 for constant time
realization of Check 7. In addition to that, to realize Check 8 in constant
time, we compute two more tables Bg[i,k], for 1 <4 < n,1 <k < pand
Byl k],1 <5 <n,1 <k < p, as defined below:

o J1 12k e X[5)
By i k] = {0 Otherwise. ©)
a1 1z e V5]
By s k] = {0 Otherwise. (10)

Clearly, Check 8 evaluates to be true if, and only if, we have Bg[i, k] =
Bylj, k| = Dli,j] = 1. Therefore, with all three tables pre-computed,
we can evaluate Check 8 in constant time. We have already discussed
the construction of table D in Section 3.1. The other two tables can be
computed exactly in the same way requiring O(np|Z|%-376) time each. Note
that p < n. So we have:
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Theorem 6 Problem CILCS can be solved in O(n|Z| + n?|Z|%376 + n2p)
time.

Theorem 7 Problem CILCS can be solved in O(n|Z| + n?|Z|/ log? [Z]) +
n?p) time.

However, instead of applying the complex matrix multiplication algorithm
to compute By and By we can do it more simply by employing the set-
membership check for each entry in the n x p table. This would require
O(nplog|Z]) time to compute B; and By. However, the overall asymptotic
running time remains unimproved.

4.2 Preprocessing 2 for CILCS

In this section, we adapt the preprocessing of Section 3.2 to solve Problem
CILCS. We first define the set of all ‘triple’ matches, M3, as follows:

Ms = {(i,5,k) | X[i] ~ V5] \ 2k € XEI NV [), 1 <65 < m1 <k < p).

We assume that Rg = |Mg3|. Now our goal is to compute the table
Dsli, 4,k],1 <i,5 <n,1 <k < p as defined below:

1 If Z[K]) € X[ N P[5)

0 Otherwise. (11)

'DS[i:jr k] = {

With table D and D3, we can evaluate, respectively, Checks 7 and 8 in
constant time. And it is quite straightforward to adapt Algorithm 1 to
compute D3 (please see Algorithm 2). All we need to do is to construct lists
Lzla), (similar to L3[a] and Ly [a]) for each symbol a € I and incorporate
it in the for loop of Step 9. The preprocessing time to compute D3 can be
easily deduced following the analysis of Algorithm 1. To compute D3 we
need to create 3% |X] lists. These can be constructed by simply scanning X,
Y and Z in turn requiring in total O(2 x n€+n) = O(nf) time in the worst
case. The initialization of D3 requires O(n2p) time. The filling up of D3
requires O(R3€) time. Note that we also need to compute D. Thus the total
running time required for the preprocessing is O(nf+n2+n?p+REe+R3l) =
O(n€+n?p +£(R + R3)). Since, we already have an n?p component in the
above running time, the total running time for the CILCS problem remains
same as above.

Theorem 8 Problem CILCS can be solved in O(nf + n’p + £(R + R3))
time.
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Algorithm 2 Computation of the Table D3

: fora € ¥ do _
Insert the positions of @ in X in Lg[a] in sorted order

1

2

3 Insert the positions of a in ¥ in Lg[a] in sorted order
4 Insert the positions of a in Z in Lz[a] in sorted order
5: fori=1ton do

6 for j=1tondo

7 for k=1topdo

8

9

Dli,j,k] =0.
: for a € ¥ do
1.  for i€ Lg[a] do
11: for j € Ly[a] do
12: for k € Lz[a] do
13: Dli, j,k] = 1.

The remarks in Section 3.2, regarding ¢ and R, apply here as well. We
further remark that, in the worst case we have R3 = n2p. But in many
practical cases R3 may be o(n2p). Also, since £ can be much smaller than
|Z] in many cases, R3f remains as a ‘pessimistic’ upper bound.

4.3 Preprocessing 3 for CILCS

Very recently, Iliopoulos and Rahman presented an algorithm to solve Prob-
lem CLCS which works in O(pRloglogn + n) time [16, 13]. The algo-
rithm, referred to as AlgCLCSNew in {16, 13], combines the idea and tech-
niques of [15, 27] with an interesting data structure invented by Brodal
et al. [6]. Essentially, if M is computed and supplied to it, AlgCLCSNew
can compute the CLCS in O(pR loglogn) time®. Now, recall that, we can
compute the set M for the i-strings X and Y in the prescribed order in
O(RL+ Rloglogn + n) time (refer to the proof of Theorem 4). Therefore,
we have the following result.

Theorem 9 Problem CILCS can be solved in O(RL + pRloglogn + n)
time.

3For details of the algorithm AlgCLCSNew, the readers are referred to [16, 13].
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5 Conclusion

In this paper, we have studied the classic and well-studied longest com-
mon subsequence (LCS) problem and a recent variant of it, namely, the
constrained LCS (CLCS) problem, when the inputs are i-strings. In LCS,
given two strings, we want to find the common subsequence having the
greatest length; in CLCS, in addition to that, the solution to the problem
must also be a supersequence of a third given string. We have presented ef-
ficient algorithms to solve both LCS and CLCS for i-strings. In particular,
we have used some novel techniques to preprocess the given strings, which
lets us use the corresponding DP solutions for normal string to get efficient
solution for i-strings. It would be interesting to see how well the presented
algorithms behave in practice and compare them among themselves on the
basis of their practical performance.
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