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Abstract
Let G be a graph with v vertices. If there exists a collection of
list of colors S1,51,...,Sy on its vertices, each of size k, such that

there exists a unique proper coloring for G from this list of colors,
then G is called a uniquely k-list colorable graph. In this note we
present a uniquely 3-list colorable, planar and K,-free Graph. It is
a counterexample for a conjecture by Ch. Eslahchi, M. Ghebleh and
H. Hajiabolhassan [3].

1 Introduction

We consider simple graphs which are finite, and have no loops or multiple
edges. For the definition of basic concepts not given here, one may refer to
a text book in graph theory; for example [5].

Let G be a graph with the vertex set {1,2,...,v}, and let S;, S2,...,S,
be a collection of list of colors on its vertices. If there exists a proper col-
oring ¢ for G such that c(v) € S, for all v € V(G), then G is called to
have a list coloring. By a proper coloring we mean for adjacent vertices u
and v, we have c(u) # ¢(v). For a survey on list coloring we refer reader
to [1]. A graph G is called uniquely k-list colorable, or UKLC for short, if
there exists a collection of list of colors Sy, S, ..., Sk, on its vertices, each
of size k such that there exists a unique proper coloring for G from this
collection of list of colors. This concept was introduced by Mahdian and
Mahmoodian [4] and independently by Dinitz and Martin [2]. Mahdian and
Mahmoodian [4] characterized uniquely 2-list colorable graphs as follows.
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Theorem A [4] A graph G is not U2LC if and only if each of its blocks is
either a cycle, a complete graph, or a complete bipartite graph.

Ch. Eslahchi, M. Ghebleh and H. Hajiabolhassan (3] conjectured that
every uniquely 3-list colorable planar graph has K4 as a subgraph. We
present a graph which is uniquely 3-list colorable, planar and K,-free. So
we prove that mentioned conjecture is not true in general. We construct
this graph in three levels. The basic construction is due to level one and
the other constructions are derived from the level one construction.

2 A counterexample

First we construct a graph G; with 17 vertices; then we add the two other
graphs with 15 and 12 vertices to G to obtain the desired graph. We label
vertices of Gy by vy,v2,...,v17. Let the list of colors for each vertex v
be L(v) = {i,4,k} such that i,j,k € {1,2,3,4} and i # j # k. Now, we
construct G, as follows:

V(Gl) = {'0111)2, o :'017}1

and the list of colors:
L(n1) = {1,2, 3}, L(v2) ={2,3, 4}, L(v3) = {1’31 4}’L("’4) = {2,8,4},
L(U5) = {112’ 4}’[’(”5) = {1’21 3}$L(v7) = {1’2:4}$L("’8) = {1’ 2, 4}’
L(vg) = {1,2, 3},L(‘Ulo) = {1,2, 3},L(’U11) = {1,3,4},L(’012) = {1,2, 3},
L(’013) = {2, 3,4}, L(‘Um) = {2,3, 4},L(v15) = {1,2, 3}, L(‘U1s) = {1, 2, 3},
L(v17) = {1,3,4} .

For more information about edges of G; and construction of G, see dia-

gram of G; in Figure 1.

Lemma 1 The graph G is planar and K,-free.

Proof. We can easily infer from the Figure 1, the graph G, is a planar
and Ky-free graph. s

Definition 1 A partial list coloring of G is an assignment of colors to
some vertices of G from its list such that no two adjacent vertices have the
same color.

Note that in a partial list coloring of G some vertices may not be necessarily
colored.

Definition 2 Let G be a graph and V(G) be a partial ordered set with a
binary relation <. A partial list coloring of G is a strict partial list
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coloring with respect to < if for each colored v € V(G), all u < v are
colored too.

V13{2,3.4}

Figure 1: G, is planar and K4-free

We define a natural partial order relation, <, on V(G;) i.e. we say the
v; X v; if and only if, ¢ < j. All maximal partial strict list colorings of G,
with respect to < are appeared in Appendix and we show each of them by
its label C;, where 1 < i < 41. These maximal strict partial list colorings
play an important role in our discussion.

Lemma 2 The graph G can be colored by its list of colors in two different
ways only.
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Proof. We see in the table in Appendix that there are only two ways for
coloring G by its list of colors and they are Ci7 and Cio. =

In the second step, we add two other graphs to G in such a way that the
resulting graph has the desired properties. Let G2 = Gi[{v1,v2,...,015}]
and G3 = G1{{v1,v2,...,v12}] be the two mduced subgraphs of Gl We de-
note the vertices of G2 and G properly by vl , v2, o v15 and vl , v2 ye ,vlz,
respectively. Obviously G2 and G5 are both palnar and Kj-free. Fxgure 1
shows that vrv10v11 1s a face of G1, and we know that G5 is induced sub-
graph of Gy; so v-,vmvu is a fa.ce of G2 Therefore we can embed G2 in
face vrvigv11 of Gy, such that v-,v;ovu be the outer face of G2. Now, we
join Gy to G by the edges {v10,v10} and {v1, )vn} Similarly, we embed
G3 in the face v2v3v4 of Gz, such that vy U v, be the outer face and we
join G2 to G3 by the edges {vy, v} and {vs,vs }. The resulting graph H
has 17 + 15 + 12 = 44 vertices.

Theorem 1 The graph H is planar, K4-free and uniquely 3-list colorable.

Proof. From construction of H, we note that H is planar and Ky-free; so
it remains to prove that H is uniquely 3-list colorable. It can be easily seen
that every coloring appeared in Appendix is also a coloring for G2 and Gj if
it is restricted to the vertices of G2 and G3 respectively. Suppose the list of
colors for vertices of H be those induced by G;. By Theorem 1 we see that
the only two possible ways for coloring G}, are C17 and Cyg. Since t.he color
of vy in Cy7 and Cjg is 1, and there is an edge between V10, and vm, for
coloring the vertices of G, in H we must choose a coloring of vl, v2, ,vls,
such that color of vm is not 1. Therefore, by the table in Appendix, we
find that Cig and Cas are the only two ways for colorlng Gs. For coloring
Gsin H, we must choose a coloring which colors vl Vg ,e vm such that
color of v, is not 1 because there is an edge between vg and vg and also
color of v; in Cj¢ and Cag is 1. Therefore, by the table in Appendix, we
find that C, is the only way for coloring G3 So, Gz must be colored by
Ca. Since the color of v, in Cy is 2 and {va,v } is an edge in H and also
color of vz in Cyg is 2 and in Cje is 4, we infer that G2 must be colored
with Ci6. Now, we know that Gs is colored w1th Ci6. For coloring Gy,
we see that v, and vy, are adjacent, so color of vu must differ from color
of v1;. Color of 'vu is 4 in C1¢, while color of v1; in Cyg is 4 and color of
vy in Cy7 is 3; so we find that G, must be colored with Cy7. All of these
statements show that we must color G;,G2 and G3 with Cy7,Ci¢ and Cp
respectively. So we proved that there exists a unique way for coloring H
by its list of colors. ]
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write color of each vertex under it. Correctness of this table can be checked

respect to =<, that is introduced earlier. We list all vertices in a row and
by hand.

Here we list all possible maximal strict partial list colorings of G; with

3 Appendix

™~

m. - L)

0

s ™ ™ —

[I-]

s ks I~ 4] o

<

s NN <t

o3

s PONINM M o < <

N

g o MmO MmMmMmm®™ — o —

-

S o™ ™ A R TR M NHAm ™ A

o

S o« X5 L I B R R K R NM AN N M m

(=]

=) — N ™ NMeE— NN MmaMmMmm,m ™ MMEIM — N
v& <t =i ™ = OO v v e < v = - NN i < - -t NN
[

S Y AP i o Rk kKo Ko K K~ B B T T ] N AN -
=]

MMM [~ r R ] M E A MMM MMOM O O vt r vl v =t O v = = = O
R .
S NI SH O e O S S O S S S S O S S S O et O S O O g et
-~

S MO ANNNANIANNDINNMOMNMNMOMNMANNMDMNMNMONIFNMNANMMMMNMD
%34443311141111111111133311111114411111111
N

QAN I HMM O I PP T HOCICT IO O ON N S <
M11111122222222222222222233333333333333333

T N DO~

FETTEISESFFEFSS FSTTSTSTIFSIFEFESESES SIS S5

119



Acknowledgments

Author is grateful to professor E. S. Mahmoodian for introducing the
problem and encouraging its developments. He also thanks professor H. Ha-
jiabolhassn and N. Andalibi and the referee for their valuable comments.

References

[1] N. ALON, Restricted colorings of graphs, in “Surveys in Combinatorics”,
Proc. 14th British Combinatorial Conference, London Mathematical
Society Lecture Notes Series 187, 1993, pp. 1-33.

[2] J. H. Dinitz AND W. J. MARTIN, The stipulation polynomial of a
uniquely list-colorable graph, Austral. J. Combin., 11 (1995), pp. 105-
115.

[3] C. EsLaHcHI, M. GHEBLEH, AND H. HAJIABOLHASSAN, Some con-
cepts in list coloring, Journal of Combinatorial Mathematics and Com-
binatorial Computing, 41 (2002), pp. 151-160.

[4] M. MAHDIAN AND E. S. MAHMOODIAN, A characterization of uniquely
2-list colorable graphs, Ars Combin., 51 (1999), pp. 295-305.

[5] D. B. WEST, Introduction to Graph Theory, Prentice-Hall, Inc, USA,
2001 2nd ed.

120



