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Abstract

Let (X, B) be a A-fold G-decomposition of AH. Let G;,i=1,...,u, be
all nonisomorphic proper subgraphs of G without isolated vertices. Put
B; = {B; | B € B}, where B; is a subgraph of B isomorphic to G;. A
complete simultaneous metamorphosis of (X, B) is a rearrangement, for
each i = 1,...,u, of the edges of [Jgeg(E(B) \ E(B;)) into a family F;
of copies of G; with a leave L;, such that (X, B; UF;, L;) is a maximum
packing of AH with copies of G;. In this paper, we give a complete
answer to the existence problem of a A-fold kite system having a complete
simultaneous metamorphosis.

1 Preliminaries

Let G and H be simple finite graphs. A A-fold G-decomposition of AH () copies
of H) is a pair (X, B) where X is the vertex set of H and B is a collection of
graphs (blocks), each isomorphic to G, which partitions the edges of AH. If H
is the complete graph K, on n vertices then we also refer to this as a A-fold
G-design or G-system of order n. If A = 1, we drop the term "1-fold”.

The graph K, \ K, has vertex set of size n containing a distinguished subset
of size m; the edges set of K, \ K,, is the same as the edge set of K,, but with the
edges between the m distinguished vertices removed. This graph is sometimes
referred to as a complete graph of order n with a hole of size m.

A packing of AH with copies of G is a triple (X, B, L), where X is the vertex
set of H, B is a collection of copies of G from the edge set of AH and L is the
graph generated by the set of edges of AH not belonging to a graph of B. The
graph L is called the leave. If |B| is as large as possible, the packing (X, B, L)
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is said to be maximum ([7]). When the leave L is empty, a maximum packing
of AH with copies of G coincides with a A-fold G-decomposition of AH.

A k-path Py, k > 2, is the graph [a), a2, ..., ax] on vertices a;,-+ ,a; and
edges {ai,ait1},i=1,..., k-1

A k-cycle Cx, k > 3 is the graph on vertices a;,a2,...,a; with edges
{a1,a2},{az,a3},...,{ar,a1}. A C) will be denoted by any cyclic shift of
(al, Qag,-" ,ak) or (g, Gk—1,. .. ,a,l). Note that K3 = Cs.

A k-star Sk, k > 2, is the graph on vertices ag, a1, -+ ,ax and edges {ao, a;},
i=1,...,k. An S; will be denoted by [a; a1, az,...,ax), where of course the
order of the symbols a1, as,...,a; is arbitrary and ag is called the center of the
star. Note that S is isomorphic to Ps.

We denote by E» the graph on 4 vertices consisting of two disjoint edges.

Theorem 1.1. [5] Table 1 shows the leaves of mazimum packings of AK,, with
triangles, where § denotes the empty graph, G is a graph on n vertices of odd
degrees and (n + 4)/2 edges, D is a graph with 4 edges and even verter degrees
and a tripole i3 a graph consisting of (n — 4)/2 disjoint edges and a 3-star:

A n (mod 6)
0 1 2 3 4 5
=1 1-factor [ @ | 1-factor | @ | tripole | C,
=0 (mod 6) [} [} 0 [ [ [
>7and =1 (mod 6) | 1-factor | § | 1-factor | § | tripole | D
=2 (mod 6) [ [ 2P2 [} (] 2P2
= 3 (mod 6) 1-factor | 0 G 9 | tripole | 0
=4 (mod 6) [} [] D [} [
=5 (mod 6) 1-factor [ @ | tripole | @ | tripole | 2P

Table 1: Leaves of maximum packings of AK,, with triangles

It is not difficult to settle the maximum packings of AK, with S3s and Fys.

Theorem 1.2. The leaves of mazimum packings of MK, with S3s (or with
P,ys) are collections of m = 0,1,2 edges, with m = An(n —1)/2 (meod 3).

A K3+ e, or a kite is a simple graph on 4 vertices consisting of a triangle
and a single edge (tail) sharing one common vertex (see Figure 1). We denote
a kite by (a, b, ¢) — d where (a,b,¢) is the triangle having base {a, b} and {c,d}
is the tail.

Theorem 1.3. [6/A A-fold kite-system of order n ezists if and only if An(n -
1) =0 (mod 8), n > 4.

Recently many authors are interested in studying the existence of kite-
systems having added properties.
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Figure 1: the kite (a,b,c)-d

Definition. Let (X,B) be a A-fold G-decomposition of AH. Let G;, i =
1,...,u, be non isomorphic proper subgraphs of G, each without isolated ver-
tices. Put B; = {B; | B € B}, where B; is a subgraph of B isomorphic to
Gi. A {G1,Ga,...,G.}-metamorphosis of (X, B) is a rearrangement, for each
i=1,...,p, of the edges of g z(E(B) \ E(B;)) into a family B} of copies of
G; with a leave L, such that (X, B; UB!, L;) is a maximum packing of A\H with
copies of G;.

For i = 1, the above definition coincides with the definition of metamorpho-
sis (see, for example, (2, 3, 6, 9, 10, 11, 12]). For this reason a {G;,...,G.}-
metamorphosis is a simultaneous metamorphosis introduced by P. Adams, E.
Billington, E. S. Mahmoodian in [1].

We say that a {G1,G3,...,G,}-metamorphosis is complete if {G; | i =
1,2,...,u} coincides with the family of all nonisomorphic proper subgraphs of
G without isolated vertices.

C.C. Lindner, G. Lo Faro and A. Tripodi [8] gave a complete answer to the
existence problem of metamorphoses of a A-fold kite system into a maximum
packing of AK,, with triangles.

G. Lo Faro and A. Tripodi [13] gave also a complete answer to the existence
problem of metamorphoses of a A-fold kite system into a maximum packing of
AK,, with Pys.

The existence of metamorphoses of a A-fold kite system into a maximum
packing of AK,, with S3s seems to be an open problem.

In this paper, we give a complete answer to the existence problem of a A-fold
kite system having a complete simultaneous metamorphosis. More precisely we
prove the following

Main Theorem. There exists a A-fold kite system of order n having a com-

plete simultaneous metamorphosis if and only if n > 4, An(n — 1) =0 (mod 8)

and (A,n) # (1,8). There is not a kite system of order 8 having an Ss-

metamorphosis, but there is a kite system of order 8 having a { K3, Py, P3, P2, E»}-
metamorphosis.
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The most part of the paper is devoted to prove the existence of a A-fold
kite system (X, B) having a {Kj3, S3, P,}-metamorphosis. Section 2 is devoted
to prove the existence of a A-fold system having a { K3, S3, P;}-metamorphosis.
Section 3 is devoted to the proof of Main Theorem.

We will make use of the following well-known construction (we refer to (4]
for further results, references and explanations not explicitly mentioned in this

paper).

STANDARD WEIGHTING CONSTRUCTION. Suppose there exist:
1. an r-GDD of type gi'g3? ... gp"™;
2. a A-fold kite system of order wg; (or 1 + wg;), i =1,...,h;
3. a A-fold kite design of the complete r-partite graph K7,.

Then there is a A-fold kite system of order w(g u1 +...+gnus) (or 1+w(g1u; +
«oo+ grun)).

Note that if the kite designs given as ingredients in the abdve construction
have a I-metamorphosis with empty leaves and T' C {K3, S3, Py, P3, P2, Ep}
then the resulting kite system has a I-metamorphosis. Of course the same
result is not always true if the leave of some metamorphosis of some ingredient
is nonempty.

2 {Ks,Ss, Py}-metamorphosis

Let (X, B) be a A-fold G-design having a {K3, S3, P;}-metamorphosis. Then,
basing on the definition of simultaneous metamorphosis, we have p = 3, G, =
K3, Gy = S3, and G3 = P. In the following we put 7, S, P instead of B}, B}, B}
and Lt,Lg,Lp instead of Ly, Lg,L3. If B is the kite (a,b,c) — d, we put
B; = (a,b,¢), B2 = [c;a,b,d], By = [b,a,c,d]. Moreover we omit to explicitely
mention the empty leave(s), we write (a,b) instead of {a,b} and m(e,bd) to
denote the edge {a,b} m times repeated. We use the subscript notation z; to
denote the ordered pair (z, i).

2.1 Kite systems

Lemma 2.1. There is not en Ss-metamorphosis of a kite system of order 8.

Proof Let (Zs,B; U Bj, L) be an S3-metamorphosis of a kite system (Zg, B).
Then |B| = 7, so the two S3s in Bj cover 6 bases. Denote by i and j the centers
of these stars. It is ¢ # j, otherwise the vertex ¢ = j should appear as vertex of
degree 2 in at least 6 kites. This is impossible. Let Z and 7 be the sets of kites
from which we picked up the bases of the stars with centers 7 and j, respectively.
Being |Z| = |J| = 3, there exists only one kite B(¢) € B\ T meeting 7 and only
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one kite B(j) € B\ J meeting j. Moreover the degree of i in B(i) and of j
in B(j) is 1. Let B be the kite of B covering the edge (¢,5). If B € T then
there are at least 4 kites in B having j as a vertex of degree d(j) > 2. This is
impossible. Analogously we obtain that B ¢ J. Then B\ (ZU J) = {B} and
B = B(i) = B(j), a contradiction, because the degree of i in B(:) and of jin
B(j) is 1. ' D

The following example gives a simultaneous metamorphosis of a kite system
of order 8 into a maximum packing of Kg with K3s and Pss and into a (not
maximum) packing with S3s having two 2-stars as leave.

Example 2.1. Let X = U} {4, 5} and let B = {(ao, 1, a3) — b1,
(Bo, Br, ) — 11, (B2, a2, 0) — o, (Bo, @1, P3) — B1, (1, B2, B1) — o,
(a3, a2,03) — a0, (Bo,3,B2) — Ba}. Then (X,B) is a kite system of order 8

having

e a K3-metamorphosis with 7 = {(ao, 51, 83)} and Lt = {(82, 83), (a3, B1),
(a0, Bo), (@1, 2)};

e a Py-metamorphosis with P = {{83, a1, a3, B2], [83, @2, 61,62} and Lp =
(00;02)'

e a metamorphosis into a packing of Kg with S3s such that
S = {[Bo; a3, @1,41]} and Ls = {[a1; @0, Bz), [ax2; @3, Ba]}-

In order to handle the remaining cases we need the following example:

Example 2.2. Let K4 4,4 be the complete tripartite graph with partition classes

Vl = {QO: RS ,053}, V2 = {ﬂﬂ: cee 1ﬁ3} and V3 = {’YO’ e 1’73}' Let B = {('73salaﬂ3)—
asg, (ﬂl) aj, 71)—03,(0'1’ ﬁ?) 72)_0(% (021 ﬂ3) 72)_ﬂ1s (70) asg, ﬁl)_a()s (02: ﬂ2v '71)-
ﬂa, (’721 Qz, ﬂO)—a2a (03; ﬁl; 73)‘“2, (ﬂZ: Qsg, 70)_051: (QO: 'YlsﬂO)_al’ (ao, ﬁ?: 73)_
Bo, (0, 83,7) — Bo}. Then (V3 U V3 U V3, B) is a kite-decomposition of Kg4,4

having a {K3, S3, Ps}-metamorphosis with
o T = {(@3,83,m), (a0, B1,72), (e1,B0,70), (a2, B0, 73)};
o S = {[a1;73,B1,082), [a2;70, B3, B2, [3; 1,72, B2, [a0; 11, Ba, Ba]};

o P = {[az,B1,73,B2], [B3, 1,7, B2), [B2,72, B3, Y0, [0, @3, B0, 1]}

Lemma 2.2. For n=32,40,48,56,64,80 there exist kite systems of order n hav-
ing a {K3, S3, Py}-metamorphosis.

Proof Suppose at first n = 32,40,48,56,64. The existence of a 3-GDD
(8,G,U) of type 24, 2341, 26, 2461 and 234'6! is well-known [4]. Apply the
standard weighting construction by giving weight w = 4 and placing in each
expanded block a copy of the kite-decomposition in Example 2.2 and in each
expanded group a copy of the kite-designs in Examples 2.1, 4.1, 4.2, 4.3, 4.4.
Starting from any 3-GDD, the result is a kite system of order n having a K-
metamorphosis but not a {K3, S3, Py }-metamorphosis: the kite systems induced
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by the expanded groups of size 8 cannot have an S3-metamorphosis (see Lemma
2.1). Moreover the leaves produced in their P;-metamorphoses don't share any
vertex. Now we present a procedure that, starting from a suitable 3-GDD
(S, G,U), shows how to rearrange the leaves and some blocks of SUP in order
to construct new S3s and Pys. We will write {a, b} if, inflating by 4 the group
{a,b} € G, we apply Example 2.1 in order to produce an S3-metamorphosis with
leave {[a1; ao, b2), [a2; a3, b2]} and a P;-metamorphosis with leave {(ao, a2)}.

Step 1 (Building S3s). Suppose that (S, G,U) contains 3 groups {g, b}, {¢,d},

{e, f} and 3 blocks (z,a,w), (z,¢,y), (z,e,2) such that z & {a,b,c,d,e, f}.
Using the standard weighting construction we produce (from above groups and
blocks) the following Sos and Ss3s: [a1; ao, b2}, [a2; as, b2], [e1; co, da2],

[e2; €3, d2), [e1; €, f2), [e2; €3, fol, [x15ws, 01, @2], [215 93, €1, €2], [15 23, €1,€2]. It

is easy to rearrange the edges of these stars to construct the following Sas:
[a1; a0, be, 21), [a2; a3, b2, 1], [e1; o, d2, Z1), [c2; €3, d2, 21, [e1; €0, f2, 71], [e2; €3, fa, 21,
[x1; 3, 23, w3)-

Step 2 (Building P;s). Suppose that (S,G,U) contains 3 groups {g,b}, {c,d},
{e, f} and 2 blocks (a,c,t), (e,u,t). Using the standard weighting construc-
tion we produce (from above groups and blocks) the following Pzs and Piys:
(aﬂya?)’ (c0!cz)a (eOr 62)’ [aﬁycl)ti‘b 02] and [321 uy, t3, u2]‘ It is easy to rearrange
the edges of these paths to construct the following Pys: [ao, a2, c1, i3}, [eo, €2, u1, t3],
[COa 2, t3, ’Uz].

Case n = 32. Take the 3-GDD of type 2* with G = {{a, b}, {¢c, d}, {e, f}, {B, 9}}
and blocks U = {(9,a,d), (9,¢, f), (9,e,b), (byh,c), (e,d,h), (b,d, f), (c,e,0),
(h, f,a)}.

Apply Step 1 to groups {g,b}, {c,d}, {e, f} and blocks (g,a,d), (g,¢, f),
(g,e,b). To complete the S3-metamorphosis take [h1; ho, g2}, [he; ks, g2},
[b1; c3, k1, h2] and form the stars [hy; ko, g2, b1], [h2; k3, g2,b1] and leave
{(41,e3)}-

Apply Step 2 to groups {c,d}, {e, f}, {k, g} and blocks (c,e,a), (h, f,a).
The result is the required P;-metamorphosis having leave (ao, az).

Case n = 40. Take the 3-GDD of type 244! with G = {{a,b}, {¢,d}, {&, f},
{z,y,2,t}}andU = {(z,a,d), (z,¢, f), (z,e,b), (a,¢,2), (e,d, 2), (f,b,2), (y, 0, f),
(y’ b,d), (y7 e, c)1 (ea dv z)i (ts Qa, e)v (t,b,C), (tv f) d)}'

Apply Step 1 to groups {g,b}, {¢,d}, {e, f} and blocks (z,qa,d), (z,¢,f),
(z,e,b).

Apply Step 2 to groups {g,b}, {c,d}, {e, f} and blocks (a,c, 2), (e,d, 2).

Case n = 48. Take the 3-GDD of type 2 with G = {{a, b}, {e, f}, {c. 4}, {g, h},
{_n_z,p}, {Qﬂ'}} and U = {(p,q, f), (p,&,h), (p,c,9), (a, e,r), (¢, f,7), (a,d,h),
(a,¢,m), (a,9,9), (b,d, f), (b,c, ), (b,m,q), (b,7,p), (d,p,9), (d,7,9), (hym,T),
(e, g) b)’ (e’ mi d)! (e’ q’ c), (gl m) f)’ (Q) h, f)}'

Apply Step 1 to the following sets of groups and blocks:
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¢ {a,b}, {e,f}, {c,d}, (mra, f), (p,e,h), (p,c,g);
* {g,h}, {m,p}, {g,7}, (e, 9,b), (e,m,d), (e,q,¢).
Apply Step 2 to the following sets of groups and blocks:

* {a,b}, {& f}, {c:d}, (a,e,7), (e, i)
i {g) h}, {m)p}s {g: v}, (g,m, f), (g, h, f).

Case n = 56. Take the 3-GDD of type 246! with G = {{a, b}, {c,d}, {&, f},
{g,h}, {1,2,8,4,5,6}} and U = {(1,a,d), (1,¢,h), (1,e,b), (a,¢c,3), (e, h,3),
(1’ g, f) (2’ a" e)’ (2’ b, d)’ (27 c, g)) (2) f’l h)’ (31 d’ g)’ (3’ b? f)? (4, a’ f)’ (4) c’ e)‘
§gy g» .’}))1} (4,d,h) (5,a, ), (5: c, f)v (5) d, e)x (5,b, h)v (6,a, h), (6,b,¢), (6» e, 9),

i Rt ] . :

Apply Step 1 to the groups {g, b}, {¢,d}, {e, f} and blocks (1, a,d), (1,c, h),
(1,€,b). To complete the S3-metamorphosis take [g1; go, h2),

[92; 3, k], [11; f3, 91, 92] and form the stars [g1; go, k2, 11], [92; g3, h2,11) and the
leave {(11, f3)}.

Apply Step 2 to the groups {a, b}, {¢, d}, {e, f} and blocks (a,c,3), (e, &, 3).
The result is a Py-metamorphosis having leave {(go, g2)}.

Case n = 64. Take the 3-GDD of type 2°4!6! with G = {{a,b}, {d,c}, {f, e},
{:L', Y, z)t}; {11 2,3,4,5, 6}} andU = {(1,0, z), (1,4,9), (1, f, z), (a,d, 6), (f:t, 6)$
(1,¢,b), (1,e1), (2,3,€), (2,9,0), (2,2,0), (2,¢,d), (2,¢,f) (3,2,d), (3,y,¢€),
(3» z,¢), (3’t»b): 3,q, f) 4,z, 5y 4y, b)a (4, z,a), (4at)c)) 4,4, e)r (5, c),
(5, yl f)’ (5’ z’ d)’ (5) t’ a)’ (s’b) e)? (6’$’ b)’ (6’y’ c)’ (6) z’ e)’ (a’ c’ e), (b’d) f)}'

Apply Step 1 to the groups {g, b}, {d,c}, {f,e}, and blocks (1, a,x), (1,d,y),
1, f, 2).

Apply Step 2 to the groups {g, b}, {d,c}, {f,e}, and blocks (a, d,6), (f,t,6).

To complete the proof we prove the case n = 80. We can proceed as above
by applying the standard weighting construction to the 3-GDD of type 268!
with G = {{a, b}, {c,d}, {e, }, {g,h}, {n.m}, {p,9}, {1,2,3,4,5,6,7,8}} and
u = {(1’ a’ d)) (1’ c’ h)1 (1’ e, q)’_(a’ c! 3)’ (e’ b’ 3)! (2) e’ n)’ (2! f’p)Y (2’ mi q)’
(2x d, h’)i (2a b, c)) (21 a, g)s (3a d, f)r (3’ gy m)’ (31 n, q)! (3) h:p), (4a e, m)1
(4’ n’p)’ (41 a! h)) (4’ b’ d), (4’ c’g)’ (4’ f’ q), (51d’ m)1 (5’ c’ e)’ (5’ a’ q)’ (5, g’p)’
(5’ b, f)’ (5) h! n)7 (6? a7 f)’ (6’ c? n)’ (6’ d’ e)’ (6, g’ q)’ (6, b,p), (6) h’ m)’
(7,a,m), (7’ c,P), (71 dyQ)v (7v e,g), (7s b$n)r (7) £ h)v (8: a, n)s (81 c, Q)» (S,G,h),
(8,1,9), (8,b,m), (c, f,m), (a,e,p), (b,h,9), (1,9,b), (1,n, f), (1,p,m),
(9,n,d), (p,8,d)}.

Apply Step 1 to the following sets of groups and blocks:

e {a,b}, {c;d}, {e, f}, (1,a,d), (L,¢,h), (1,e,q);
L {Qa h}, {n, m}7 {Ev g}, (1,g,%), (1,n, f), (1,p,m).
Apply Step 2 to the following sets of groups and blocks:
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e {g,b}, {c,d}, {&, f} (a,c,3), (&,b,3);

e {g,h}, {n,m}, {p,q}, (9,n,d), (p,8,d).
u}

Theorem 2.3. There exists a kite system of order n having a {K3,Ss, P3}-
metamorphosis if and only if n = 0,1 (mod 8), n > 9. There ezxists a kite
system of order 8 having o {K3, P;}-metamorphosis.

Proof The proof of the necessary part is in Theorem 1.3, so we prove only
the sufficient part. The proof for n = 8,9, 16, 17, 24, 32, 40, 48, 56, 64, 80 follows
from Examples 2.1, 4.1, 4.2, 4.3 and Lemma 2.2. For the remaining n > 25,
apply the standard weighting construction by giving weight w = 4 to a 3-GDD
as shown in Table 2. Lp,Ls, Lp are obtained by joining the leaves from the

metamorphoses on each expanded group. n}
n k | 3-GDD of type Lt Ls,Lp

24k >3 6% 1-factor []
24k+1 | 21 25 [] [
24k+8 | >4 6°-18 1-factor P,
24k+9 [ >1 29k+1 ] )
24k+16 | >3 6~4 tripole [
24k+17 | 21 234 Ci P

Table 2: A =1 (@ denotes the empty graph)

Remark 2.1. Note that in Theorem 2.3 we have:

e for n = 8 (mod 24), n > 32, Ly is an 1-factor which contains the edge
(@0,a1), Ls = (b1,¢c3) and Lp = (ao,a2);

o for n =17 (mod 24), Lr = (1,2,3,16), Ls = (2,16), Lp = (8,186).

2.2 2-fold kite systems

Example 2.3. Let 2K3 2 2 be two copies of the complete tripartite graph with
partition classes Vi = {ag,a1}, Vo = {bo,b1} and V3 = {cp,c1}. Let B =
{(CO) ao, bl) -, (bo’ o, Cl) - ala(a0) <, bl) - a1, (b01 ag, cO) - ay, (bO» a, C()) -
b1, (bo,c1,81) — b1}, Then (V3 U V2 U V3, B) is a 2-fold kite-decomposition of
2K 22 having a {K3, S3, P4 }-metamorphosis with:

o T= {(a1,b1,c1),(a1, bl)c())};
e S = {[ao; bo, &1, o), [bo; @0, @1, c1]};

e P= {[Co., ao, bll C;], [a(h c1, 1, cO]}
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Theorem 2.4. There ezists a 2-fold kite system of order n having a
{K3, S3, Ps}-metamorphosis if and only if n = 0,1 (mod 4), n > 4.

Proof The proof of the necessary part is in Theorem 1.3, so we prove only the
sufficient part. The proof for n = 4,5,8,9 follows from Examples 4.5, 4.6, 4.7,
4.8.

Let n =0 (mod 4), n > 12. Put n = 4k. Let (S,G,U) be a 3-GDD of type
2% if k=0,1 (mod 3), 2*~24! if k = 2 (mod 3). Apply the standard weighting
construction by giving weight w = 2. By Examples 2.3, 4.5 and 4.7 we obtain
the proof.

Letn =1 (mod 4), n > 13. Put n = 1+4k. Let (S, G,U) be a 3-GDD of type
2¥if k=0,1 (mod 3), 2*=24 if k = 2 (mod 3) having groups G; = {1,2},Ga =
{38,4},...,Gr = {2k — 1,2k} or G; = {1,2},G2 = {3,4},...,Gr—1 = {2k —
3,2k—2,2k—1, 2k}, respectively. Let X = {c0}U(SxZy), then |X| = 4k+1 = n.
We define a 2-fold kite system as follows:

1. For each G;, let ({0} U(G; x Z3), Bg,) be a copy of the 2-fold kite-system
in Example 4.6 obtained by renaming its vertices as follows: 0 — 00,1 —
(2 — 1)0,2 — (28)0,3 — (2i — 1);,4 = (28);, with 1 < i < k if k= 0,1
(mod 3) and 1 < ¢ < k—2 if ¥k = 2 (mod 3); in the latter case, for
i = k ~ 1, take a copy of the system in Example 4.8 by renaming its
vertices as follows: j — (2k— 4+ j)o,if 1 < 5 < 4, j — (2k — 8+ j),, if
5<7<8,0—- .

2. For each U = (a,b,¢c) € U, let ((a x Z2) U (b x Z2) U (¢ x Z3), By) be the
2-fold kite-system, given in Example 2.3.

Let B = (Ugeg Ba) Y (Uyey Bu)- Then (X, B) is a 2-fold kite system of order
n. Now we show that

e (X,B) has a Ks-metamorphosis. To prove it note that ({oo} U (G; x
Z,),Bg,) has a K3-metamorphosis whose leave L is {2((2i — 1)1, (2i)1)}
(the empty set) if the size of the starting group G; is 2 (4 respectively).
The set of tails of the blocks of the 2-fold kite system placed on (a,b,c) €
U is {2(ay, b1), (a1,¢1) , (b1,c1) ,(a1,c0) ,(b1,c0)}. Using three of them
construct the triangle (a1, b1,cp). The edges (a1,b1), (a1,¢1), (b1,¢1) can
be assembled with |J L% as follows:

1 if k=0 (mod 8), (U-y L) U (Uyeu U x {1}) = {(11,21), (31,41),
.o+ ((2k — 1)1, (2k)1)} U Kok, where Ky is the complete graph on
vertex set S x {1}. Since an 1-factor is the padding of a minimum
covering with triangles of order 2k =0 (mod 6) (see [7]), there exists

a K3-decomposition of (Uf=1 LE)U(Uyey U % {1}) with empty leave;
2.if k =1 (mod 3), (Uk, L) U (Uye U x {(11)={((2i — 1)1, (2i)s,
(2k)1), ((28 — 1)1, (2)1,(2k —11) | 1 < 4 < k- 1} U {2((2k -
1)1, (2k)1)}UKE™?, where KX~! is the complete (k —1)-partite graph
with partition classes G1,Ga,...,Gx_1. Since there exists a 3-GDD
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of type 251 (see [4]), with k = 1 (mod 8), (UL, L§) U (Upey U %
{1}) is decomposable into triangles with leave {2((2k — 1)1, (2k)1)};

3. if k=2 (mod 3), (UL L) U (Upey U x (1= {((2i — 1)y, (20},
(2k)1), ((2i = 1)1,(28)1,(2k = 1)1) | 1 €4 < k—2} UKF™!, where
K2 is the complete (k — 1)-partite graph with partition classes
G1,Gae,...,Gr-2,{(2k—3)1,(2k—2),}. Since there exist a 3-GDD of
type 2F-1 (see [4]), with k = 2 (mod 3), (Uf:l1 Li )U(Uveu Ux{1})
is decomposable into triangles with empty leave.

¢ (X,B) has an Ss;-metamorphosis. To prove it note that ({0} U (G; x
Z,),Bg,) has a S3-metamorphosis whose leave LY is {(o0,(2i — 1)o),
(00,(21)0)}, for1 <i<korl<i<k—2(if k=2 (mod 3)). These edges
can be assembled into 3-stars [00; g, (¢ + 1)o, (i +2)o] With i =1 (mod 3).
The leave is empty if k = 0,2 (mod 3) and {(oo, (2k — 1)o), (o0, (2k)0)} if
k=1 (mod 3).

o (X,B) has a P;-metamorphosis. To prove it note that ({oo} U (G; x
Z,), Bg,) has & P;-metamorphosis whose leave L, is {{o0, (2i)1), ((2)o,
2i—-11)},for1<i<korl<i<k-—2(if k=2 (mod 3)). For each
i, with i # k if k = 1 (mod 3), remove the path [(2i)o, (2i)1, 00, (2i — 1)1]
and let T the set of edges covered by these paths and by |JL%. Con-
struct the following paths, for ¢ = 1 (mod 3): [(2¢)o, (24)1,00, (2¢ + 4)1),
[(21: +2)o, (2i+2)1t 00, (27:)1]’ [(2i+3)1’ (2i+4)o, (2i+4)1»°°]$ [(2i)o, (22 -
1)1, 00, (2i+3)1], [(2i42)0, (2i+1)1, 00, (2i+2)1]. The above paths cover all
edgesin ' if k = 0,2 (mod 3) and all edges in I"\ { (o0, (2k)1), ((2k)o, (2k—
1),)} if k =1 (mod 3). It follows that Lp = @ if £ = 0,2 (mod 3) and
Lp = {(c0, (2k)1), ((2k)o, (2k — 1)1)} i k = 1 (mod 3).

o

Remark 2.2. Note that the nonemty leaves of the 2-fold kite systems having
a {K3, S3, P, }-metamorphosis constructed in this section are as follows:

o if n=5 (mod 12), Lt = 2(a,b), Ls = [c; €, d]’ Lp = {(c,b),(a, e)};
o if n =8 (mod 12), Ly = 2(a,b), Ls = [¢;e,d], Lp = {(c,b), (f,€)}.

2.3 3-fold kite systems

Theorem 2.5. There exists a 3-fold kite system of order n having a
{K3, S3, Py}-metamorphosis if and only if n =0,1 (mod 8), n > 8.

Proof The necessary part is in Theorem 1.3. The sufficiency for n = 8 is given
in Example 4.9. Now construct on the same set X of size n > 9 a copy (X, B) of
the kite system given in Section 2.1 and a copy (X, By) of the 2-fold kite system
given in Section 2.2. It is clear that (X,B;) and (X, B2) have a {K3, S3, Py}-
metamorphosis. Denote by T%,S%, P! Li., L, L the sets T,S,P, Lt,Ls, Lp
corresponding to (X, B;}, i = 1,2. Then (X, B, U B;) is a 3-fold kite system of
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order n having a {Kj3, S3, Py}-metamorphosis. To prove this it is sufficient to
put T =T1UT2, S=81U82 P=PlUP? and: '

eforn=19(mod24),n>9, L} =L% =L} =1%=LL=L% =9
Then Ly = Lg = Lp = §; ‘

o forn =0 (mod 24), n > 24, Ly = L} = L% = L% = 0, LL = 1-factor,
L% =9. Then Ls = Lp =0, Lt = L} is an 1-factor;

e for n = 16 (mod 24), L} = L} = L} = L% = 0, L is a tripole and
LZ =0. Then Lg = Lp = § and Lt is a tripole;

e for n = 17 (mod 24), by Remarks 2.1 and 2.2 the leaves are of the type:
Lty ={(1,2,3,16)}, L} = {(2,16)}, L} = {(16,8)}, L2 = {2(a,b)}, L% =
{[d,c,e]}, L% = {(c,b), (a,€e)}. Construct the required 2-fold kite system
by renaming c¢,a,b,d, e as follows: ¢ — 16,a — 1,b — 3,d — 0,e — 8.
The leaves can be reassembled into the triangles (1,2, 3), (1, 3, 16), the star
[16;2,0, 8], the path [3,16,8,1). Then Ly = Lg = Lp = §;

e for n = 8 (mod 24), n > 32, by Remarks 2.1 and 2.2 the leaves are of
the type: L} = l-factor containing the edge (ag,a1), L} = {(b1,c3)},
L= {(ao, a2)}, L%z = {2(a, )}, L = {(c,d), (e, e)}, L?’ = {(c, ), (f, e)}.
Construct the required kite system by renaming by, c3, a1, ag, a as follows:
by = c,e3 = f,a1 — a, ap — b, ag = e. The leaves can be assembled
into the star [c;d, e, f] and the path [c,b,e, f]. Then Lg = Lp = @, L
contains the 3-times repeated edge 3(a,b) and an 1-factor on the vertices
X\ {e,b}.

O

2.4 4-fold kite systems

Example 2.4 (4(Ke \ K2)). Let X = {001,002,0,1,2,3}, B = {(1,2,00,) — 3,
(2, 3, 001)-1, (0,3,002)—2, (1,001,0)-002, (002, 1,2)—3, (001,0, 3)—002, (002,0, 1)—3,
(3,1,001) - 2, (3,002,2) -0, (2, 002, 0) — 001, (3,002,1) — 2, (2,001,0) -3, (1,0, 2) -3,
(0,3,1) — 002}, Then (X, B) is a 4-fold kite-system of order 6 with hole {c01,002}
having:
e a K3-metamorphosis with 7 = {(o01, 1,2), (001,0, 3), (002,0, 2), (002,1,3)} and
leave {(2,3),(2,3)};
e an S3-metamorphosis with S = {[1; 002, 2, 3}, [002; 0,2, 3], [3;0, 2, o02),
[0;1, 001, 3]} and leave {(c0y,1), (o01,2)};
¢ a Pj-metamorphosis with P = {[0, 001,2,1}, [001,0, 3,1], [c0z, 1, 001, 3],
{3,002,2,0]} and leave {(0, 002), (0,1)}.

Example 2.5 (4(K7 \ K3)). Let X = {001,002,003,4,5,6,7}, B = {(001,7,4) —
002, (001, 5, 6) — ooz, (5, 002, 7) — o001, (6,003,7) — 5, (5,003,4) — 6, (7,002,4) — o004,
(51 002, 6) =00y, (51 7, 001) -4, (61 7, °°3) -4, (°°3| 5) 4) -1, (7) 001, 4) -6, (oolu 5, 6) -
03, (5,003,7) — 00z, (6,7,002) — 5, (5,002,4) — 6, (5,003,4) — 002, (5,001, 6) — 00z,
(003,7,6) —4}. Then (X, B) is a 4-fold kite-system of order 7 with hole {coy, 002, 003}
having: ’
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e a Ks-metamorphosis with 7 = {(002,4,6), (c02,4,6), (001,4,6), (003,4,6),
(001,4,7), (002, 5, 7)}1

e an Si-metamorphosis with § = {[7;001,5,6), [7;001,003,6], {5; 001,002, 003],
[5; 001, 002, 003}, [5; 001, 002, 003], [003; 5, 6, 7]};

e a P;-metamorphosis with P = {[4, 7, 003, 6], [002, 4, 003, 7], [002, 4, 003, 7, (6, 5, 4, c01),

[6, 001, 7, 003], [002,7,6,5]}.

Theorem 2.6. For every n > 4 there exists o 4-fold kite system having a
{Ks3, S3, P;}-metamorphosis. Moreover for n = 2,5 (mod 6) L is either a
4-cicle or a 2P;.

Proof If n = 0,1 (mod 4), let (X,B) be the 2-fold kite system of order =,
having a {K3, S3, P4}-metamorphosis, constructed in Section 2.2. By Remark
2.2, for n = 5,8 (mod 12) it is L} = {2(a,b)}, L} = {(c,d),(c,€)}, L}p =
{(c,b), (e, f)} with |{a,b,c,d,e}| =5 and |{b, c,e, f}| = 4 (note that forn = 5
(mod 12) in L} it is f = a). Let B’ be the block set obtained by changing b with
e in each block of B. Then (X, B') is a 2-fold kite system having a {K3, Ss, P4}-
metamorphosis with empty leaves or, for n = 5,8 (mod 12), L% = {2(a,e)},
L% = {(c,d),(c,b)}, L% = {(c,€),(b, £)}. Then (X,BU B’) is a 4-fold kite
system of order n having a {K3, Ss, P4 }-metamorphosis with empty leaves or,
for n = 5,8 (mod 12), Lt = {2[b,a,€]}, Ls = {(c,d)}, Lp = {(b,f)} and
[c;b,e,d] €S, [fe,c,b] €P.

Ifn=23 (mod 4),n=4k+s,k >3 and s € {2,3}, let $={1,2,...,2k},
R, = {o01,...,00,} and (S,G,U) a 3-GDD of type 2*(if £ = 0,1 (mod 3)) or
2%-24 (if k = 2 (mod 3)), with groups G; = {1,2},G2 = {3,4},...,Gx = {2k—
1,2k} or Gy = {1,2,3,4},G; = {5,6},...,Gx—1 = {2k — 1, 2k}, respectively.
Set X = R, U (S x Z3) and define a collection B of kites as follows:

1. Let (R; U (Gi x Zg),Bg,) be a copy of the 4-fold kite system of order
2|G1| + s given in Examples 4.11,4.12,4.14,4.15 having a {K3, S3, Py}-
metamorphosis with leaves L%, L}, LL; put Bg, C B.

2. For every U = (z,y,z) € U, let (Sy,By) be a copy of the 2K3 22 kite-
decomposition of Example 2.3; put 28y C B.

3. For every G; € G, with 7 > 1, construct a 4-fold kite system (R, U (G; x
Zy), Bg,) of order 2|G;| + s with a hole of size s by taking a copy of the
designs in Examples 2.4, 2.5 and renaming the vertices 0, 1,2, 3 of Example
2.4 and 4,5, 6,7 of Example 2.5 as follows:

e if s=2,k=0,1 (mod 3): 0 — (2i -~ 1)o, 1 — (2i)o, 2 = (26 — 1)y,
3— (2i)1;

o ifs=2,k=2 (mod 3): 0— (2i+1)o, 1 = (2{ +2)0, 2 = (21 +1);,
3 (20 +2)y;

o if s=3,k=0,1 (mod 3): 4 — (2 — 1)1, 5 — (2¢)3, 6 — (2 — 1)y,
7 — (28)o;
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o ifs=3,k=2 (mod3): 4— (2i+1),5— (264 2)1, 6 — (2i + 1),
7 - (2i +2)o.

Denote the leaves by L%, Lk, L. Put Bg, € B. Then (X, B) is a 4-fold kite
system of order 4k + s. The metamorphoses are obtained as follows: apply
the metamorphoses showed in steps 1. 2. 3. to the blocks of Bg,,2By and
Bg,,i > 1, respectively. In order to complete our metamorphoses and so to
obtain the leaves Lz, Lg, Lp, proceed as follows:

e For s = 3 and k = 0,1 (mod 3), we have Ly = Ly = Ly = 0, for all
Gi€eG. Then Ly =Lg=Lp=40.

e For s = 3 and k = 2 (mod 3), we have L, = L{ = L, = 0, for i > 1,
then Ly = L}, Lg = L}, Lp = L}.

e For s=2and k=0,1 (mod 3), we have L}. = L} = L}, = 0. Moreover

— in the Ks-metamorphosis, it is Uf=2 Li = {2(31,41), 2(51,61), .-,
2((2k — 1)1,(2k);)}. Remove from 2By the blocks 2(zy,y1,21) for
each (z,y,2) € U. These blocks and the edges in Uf:z L% cover
the graph 2(K2x \ K2) on vertex set S x {1} with the hole {1,,2;}.
For k =0 (mod 3), take a decomposition (S x {1},7”) of 2Ky into
triangles (see Section 2.2) such that {(1,,21,11),(11,21,21)} € T,
with y; # z;. Delete the edges 2(1;,2;). The result is a maximum
packing of 2( K5\ K2) with triangles having the 4-cycle (11, 1,21, 21)
as leave; we have Lt = {(11,y1,21,z1)}. For k =1 (mod 3), take a
decomposition of 2Ky on vertex set S x {1} with leave {2(11,2;)}.
The result is a decomposition of 2(Ky \ K3) into triangles. Then we
have Ly = 0.

— in the S3-metamorphosis, it is Uf=2 L§ = {(001,40), (001, 3;), (001, 60),
(001,51), -- -, (001,(2k)o), (001, (2k — 1)1)}. The edges of s, L}
can be assembled into stars [001; %o, (i+2)o, (i+4)o), i = 4+6h,h > 0
and [co1; 1, (£ + 2)1, (i + 4)1], ¢ = 83+ 6h,h > 0. It is easy to verify
that Lg = 0, if Kk = 1 (mod 3), or Lg = {(oo1,(2k)e)}, if & = 0
(mod 3).

— in the P;-metamorphosis, it is L = {(ocoz, (2i—1)o), ((2i—1)e, (2¢)0)},
i 2> 2. For every 1 =2,3,...,k remove the path [(2¢ — 1)g, 001, (2i —
1)1, (2i)g). Let I’ be the set of edges covered by these paths and
by Uk, Lb. Construct the following paths with i = 2 (mod 3):
[001, (28 — 1)1, (24)o, (2 — L)a], [001, (26 + 1)1, (21 + 2)o, (2i + 1)o),
[oola (2i+3)1’ (21 +4)01 (27’+3)0]v [°°l) (27’ + 1)01 002, (21‘ + 1)0]* [(21 +
1)o, 001, (2i + 3)g, 002]. The above paths cover all edgesin T if k = 1
(mod 3) or all edges in I"\ {((2k — 1)o,(2k)o)} if K =0 (mod 3). It
follows that Lp = @ for k=1 (mod 3) and Lp = {((2k— 1)o, (2k)0)}
for k=0 (mod 3).

e s=2,k=2 (mod 3). L} = L} = L} = @; leaves of the other groups are:

171



— in the K3-metamorphosis, it is Uf;zl Li = {2(51,61), 2(71,81), -+,
2((2k — 1)1,(2k)1)}- Remove from 2By the blocks 2(zy,y1,2) for
each (z,y, z) € U. These blocks and the edges in :‘;21 Lk, cover the
graph 2K, on vertex set S x {1} with the hole {1,,2;,31,41}. Then
a maximum packing of 2(Kax \ K4) with triangles with leave empty

(see [5]) completes the K3-metamorphosis.

— in the S3-metamorphosis, U:.:; L = {(o01,60), (c01,51), (o01,80),
(001,71), -+, (001,(2k)o), (01, (2k — 1)1)}. The edges of UsZ; Lk
can be assembled into the 3-stars [ooy; g, (2 + 2)o, (2 + 4)o}, ¢ = 6h,
h 21 and [o03;%1, (¢ +2)1, (i + 4)3] with ¢ = 5+ 6h,h > 0. Therefore
the leave is empty.

— in the Py-metamorphosis, it is Ly = {(002, (2i +1)o), ((2i+1)o, (2¢+
2)0)},2 < i < k-1. For every i = 2,3,...,k — 1 remove the path
[(2¢ + 1)o, 001, (24 + 1)1, (2 + 2)o). Let I' be the set of edges covered
by these paths and by Uf;zl L%. Construct the following paths with
i =2 (mod 3): [ooy, (2 +1)1, (2i+2)o, (2i+1)o], [001, (2i+3)1, (2i+
4)o, (2i+3)o), [oo1, (2i+5)1, (2+86)o, (2i+5)o], [001, (2i+1)0, 002, (2i+
3)o), [(2¢ + 3)0,001, (2i + 5)o,002). The above paths cover all edges
in T, because k = 2 (mod 3) and so 2k — 4 = 0 (mod 3). Therefore
the leave is empty.

]

Remark 2.3. The nonempty leaves of { K3, S3, P4 }-metamorphoses constructed
in this section are

e if n = 5 (mod 6) or n = 8 (mod 12), Ly = 2[a,e,b], Ls = (f,¢), Lp =
(e,c);
e if n=2 (mod 12) and n > 14, Lt = (a,b,¢,d), Ls = (e, f), Lr = (£, 9).

2.5 JM-fold kite systems

Lemma 2.7. For every n > 4 there exists a 12-fold kite system of order n
having { K3, S3, P4 }-metamorphosis with empty leaves.

Proof If n = 0,1,3,4 (mod 6), combine 3 copies of the 4-fold kite system
constructed in Section 2.4. If n =5 (mod 6) or n =8 (mod 12), let (X, B;) be
the 4-fold kite system of order n constructed in Section 2.4. By Remark 2.3, we
can suppose L} = {2[d,a,€]}, L} = {(b,¢)}, L} = {(a,c)}. Applying the per-
mutation ¢ = (a,d, e,b) (¥ = (e, d, b)) to the vertices of X, we obtain the 4-fold
kite system (X, B2) ((X, B3) respectively) having a { K3, S3, P4}-metamorphosis
with L% = {2[e,d,b]}, L% = {(a,c)}, L% = {(d,¢)} and L} = {2[b,a,d]},
L% = {(e,c)}, L} = {(a,c)}. Then (X, B;UB,UB;3) is a 12-fold kite system hav-
ing a { K3, Sa, Ps}-metamorphosis. We can rearrange the edges of L} UL UL}
into the triangles 2(a,d, €),2(a, b, d), the edges of L} U L% U L} into the star
[c; @, b, €], the edges of L} U L% U L} into the path [d, ¢, a,¢€].
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If n =2 (mod 12), n > 14, let (X, B;) be the 4-fold kite system of order n
given in Section 2.4. By Remark 2.3, we can suppose L} = {(a,b,¢,d)}, L} =
{(e )N}, Lp = {(f,9)}. Let h,m be two vertices distinct from a,b,c,d, e, f, g.
Applying the permutation ¢ = (f,g9,h) and changing b with ¢, we obtain a
4-fold kite system (X, B;) of order n with L% = {(a,c,b,d)}, L% = {(e,9)},
L% = {(g,h)}. Applying to (X,B;) the permutation ¢ = (b,c,d) and changing
g with m and f with h, we obtain a 4-fold kite system (X, B3) of order n with
L} = {(a,c,d,b)}, L} = {(e,h)}, L} = {(h,m)}. Then (X,B; U B, U Bs) is
a 12-fold kite system having a {K3, S3, P;}-metamorphosis. We can rearrange
the edges of L} U L% U L. into the triangles (a,c,b), (a,¢,d), (c,d,b), (a,b,d),
the edges of Ly U L% U L} into the star [e; f, g, ], the edges of L UL3 U L}
into the path [m, A, g, f]. ]

Theorem 2.8. There exists a A-fold kite system of order n having a

{Ka3, 83, Ps}-metamorphosis if and only if n > 4, An(n — 1) = 0 (mod 8),
(An) # (1,8). There ezists a kite system of order 8 having a {K3, Py}-
metamorphosis

Proof The necessity follows from Theorem 1.3. For 1 < A < 4 the proof
follows from Sections 2.1, 2.2, 2.3, 2.4. Let A > 5 and n > 4, with \n(n-1) =0
(mod 8). If n =8 and A = 5,7 the proof follows from Examples 4.16 and 4.18.
If n =5 and A = 6, the proof follows from Example 4.17.

Let F,, be a 1-factor of K, containing the edges (a,d), (b,c). Define the
following set of edges: T, = [a;b,¢,d] U (Fy \ {(a,d), (b,c)}), 2P; = 2[b,a,d],
Cs = (a,b,d,c) and 2P, = 2(b,c). Put A = 2P UF, = (a,b,c0)UT,, C =
2P3U2P; = 2(a,b,c); F = 2[a,c,blU2[a,b,c] = 2(a,b,c)U2P,, H = (a,b,¢,d)U
(a,d,b,¢) = {(a,b,d),(a,c,d)} U2P;,.

Let 5 < A < 11. Combine a suitable A;-fold kite system having {K3, S3, Py}-
metamorphosis (with leaves L}, LY, L}) and a suitable Ag-fold kite-system hav-
ing { K3, Sa, P4}-metamorphosis (with leaves L2, L%, L%), for suitable values of
A1 and Az, and replace the leaves where it is necessary (see Table 3).

For example, for A = 6 and n = 5,8 (mod 12),n > 8, let (X, B;) be a copy of
the 2-fold kite-system of order n having a { K3, Ss, P4}-metamorphosis given in
Section 2.2 and let (X, B;) be a copy of the 4-fold kite-system of order n hav-
ing a {K3, S3, P4}-metamorphosis given in Section 2.4. Therefore, by Remarks
2.2, 2.3, we can suppose L} = 2(a,b), L} = [¢;d, €], Lb = {(c,b), (e, f)} and
L% = 2[a,e,b), LE = (f,c), L% = (e,c). Then (X,B; UBy) is a 6-fold kite
system having a {K3, S3, P;}-metamorphosis. We can rearrange the edges of
LL U LZ U L} into the triangles 2(a, e,b), the edges of L U L2 U L} into the
star [c; d, e, f], the edges of LLUL% UL} into the path [f,e,c,b] (f =aifn=5
(mod 12)).

For A = 12 the proof follows from Lemma 2.7. Let A = 1 (mod 6),) >
13. Write A = 6k + 7 and combine k copies of a 6-fold kite-system having
a {K3, S3, P4}-metamorphosis with a 7-fold kite-system having a {K3, S3, Py}-
metamorphosis. For each A = 12k + h, with 0 < h < 11 and h # 1,7, combine
k copies of a 12-fold kite system having a {K3, S3, P;}-metamorphosis with an
h-fold kite system having a {K3, S3, P4 }-metamorphosis. a
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1ZA}

A n>4 I EY Ly L% LrULs | Ly VLg | Lg | Ls | Lp | L% | Lp
5 0 (mod 24) 114 F, ] F FRlolole[o]lo]o@o
5 1,9 (mod 24) 1] 4 [ 9 [ g |90 0|0]0]o0
5 16 (mod 24) 1]4 T, [ Tn .| 01000 0]@
5| 8(mod24),n#8 | 1| 4 F, 2P; A T. | B|R|S|B|PR|E
5 17 (mod 24) 2|3 3P, ) 2P, | 2P | S | 0 | S5 | B | O | B
6 | 01,49 (mod12) | 2 | 4 [} [ [ g | ojo]O0]o] 0|0
6 | 5,8 (mod12),n#5| 2 | 4 2P, 2P C [} S |PR|0]|E| R ]
7 17 (mod 24) 3| 4 ] 2P; 3P 2P | 0 | B | B | 0 | P | P
7101,916 (mod24) | 1 | 6 LL ] Ly | 0| 0] 0| 0| 0] 0
7 8 (mod 24), n # 8 1 6 L'p 0 L L7 . P2 @ Pz Pz Q Pz
8 0,1 (mod 3) 414 [} [} g ol ololo]ol0@o
8 2 (mod 3) 4 4 [2PsorCy |2P30rCy | ForH |2 | P [ R | S | B | P | E
9 0,1 (mod 8) 316 L 0 Ly L; plo]o]| 0 ] [
10| 0,1,4,9(mod12) | 4 | 6 L 7] LL L ploejo]| 0] 0 ]
10 5,8 (mod 12) 416 L ] L; L PBRlO0|RAR|P]|O0|R
11 0,1,9,16 (mod 24) | 5 | 6 L ) I |IL [0 | 60| 0|00
11 8,17 (mod 24) 5| 6 L3 ] Ly L | S| O | S | Ex| @ | B,

Table 3: 1 =5,6,7,8,9,10,11 (@ denotes the empty graph)




3 Proof of Main Theorem

Theorem 3.1. Ewvery A-fold kite system of order 4 has an Ey-metamorphosis.

Proof Let (Zq4,B) be a )-fold kite system of order 4. Then |B| = 2. For
each B = (a,b,c) —d € B, let B, = {(a,),(¢,d)} and B} = {(a,¢), (b,c)}. Let
L be the graph (Z,4, Bes B1). We denote by dg(z) the degree of the vertex z
in the graph G. It is easy to check that for every = € Z, and for every B € B,
dp;(z) = dp(z) — 1. Then dr(z) = drk,(z) — |B| = 83X — 3 = 32, for every
z € Zy. Therefore L is a regular graph. Suppose that the edge (z,y) appears
times in L. Let {z,t} = Z4\ {z,y}. Then (z,t) appears a times in L, otherwise
L couldn’t be regular. Using the edges (z,¥), (z,t) costruct a Ezs. Since each
B, is an E,, the E>-metamorphosis is trivially completed. (m}

Theorem 3.2. Every A-fold kite system of order n, with n > 10 if A > 2 has
an E5-metamorphosis.

Proof Let (X, B) be a A-fold kite system of order n. Then |B| = 3‘1(2;11. For
each B = (a,b,¢c) ~ d € B, let B; = {(a,b),(c,d)} and B} = {(a,c¢), (b,¢c)}. Let
L =Jgep Bi- The degree of each vertex of L is at most '_)\3(33:9; Combine
at random the edges of L into Ezs. The result is a set £ of Eps and a graph G
having 2h > 0 edges. For h = 0 the theorem is proved. Let 2 > 0. Then every
two edges of G share a common vertex. Let £/, = {E € £ | E is not incident
inv,w}, £w = {E € € | E is incident in v and w}, €, = {E € £ | E incident in
v}, &, = {E € £ | E is not incident in v}. The following two cases arise:

Case 1. G is a star, possibly with repeated edges. Let G = Sy, =
[O;vl,W)"')UZh]- :

Case la. Let v; = v =... = vgp, = 1. Then |E};| = |€]—|Eo| = |E1]+|E01] =
|z|—2(p%ﬁ;—‘lj —2h)+ (A—2R) > AR _p_dA(n_1)+4h+A—2h=
An - 1)(38332) + h + A. It follows |€);| > h for n > 10. Choose h blocks
E € &;,. Combining each of this block with two edges (0,1) we complete the

Ey-metamorphosis.
Case 1b. Let |{v,vs,...,v2,}| 2 2. Take v;,v; with v; # v;. Note that
|E51 = (€] = 16l 2 AREER — h— (| AZEER | — o) > AREED _ 322D 4 gy =

Ap=UEn-18) 4 h. Then |€}] > A+ h, for n > 7. Choose a block E € &, not
containing the edge (v;,v;). It is possible to rearrange the edges (0,v;), (0, v;)
of Sap with the edges of -Ez in order to form two new Ejs. Remove (0, v;), (0, v;)
from S;, substitue E with the new Eps in £ and reapply the procedure, that
will stop when Sy, is empty.

Case 2. G is a triangle with repeated edges. Suppose G contains the edges
m(0,1), p(1,2), ¢(2,0). Since m + p + g = 2h, at least one of m,p,q must be
even. Suppose m = 2k. Then |y, | = |€|—|Eol = |E1]+|E01| = ]8]—([A3(9§-12J -
(m+9)) = (| AL | = (m+p)) + (A—m) > AREZL _ h— $A(n— 1)A+2h =

Mn—1)(32532) + h+ A. Then [§);] > h > k, for n > 10. Choose k blocks
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E € &},. Combine each of this block with two edges (0, 1). The left edges make
a star Syh—k) = [2;0,0,...,1,1,.. ] that we can assemble as in Case 1.

For A = 1, only subcase 1b holds and n > 8, so every kite system has an
E>-metamorphosis. m]

Proof of Main Theorem. Every )-fold G-design has Pp-metamorphoses.
Let B = (a,b,c) — d be a block of a A-fold kite system (X, B). Decompose B
into the two paths [a,b,¢] and [a,c,d]. Then every A-fold kite system (X, B)
has a Ps-metamorphosis. Let n > 4, A such that An(n — 1) =0 (mod 8) . Let
(X, B) be the A-fold kite system of order n having a { K3, Ss, P4}-metamorphosis
(see Theorem 2.8) or, if (A\,n) = (1,8), having a {K3, P;}-metamorphosis.
Then (X, B) has a {K3s, S, Py, Ps, P}-metamorphosis or, if (A,n) = (1,8), a
{K3, P;, P3, P,}-metamorphosis. (X, B) has also an Ej-metamorphosis. This
follows from Theorems 3.1 and 3.2 forn =4, n > 10 and for A =1,¥n = 0,1
(mod 8). For the remaining values of n and A, the E>-metamorphosis of (X, B)
follows easily from the proof of Theorems 2.4, 2.5, 2.6, 2.8 and from the obser-
vation that the starting designs (see Examples 4.6, 4.7, 4.8, 4.9, 4.16, 4.18, 4.17)
have also an F;-metamorphosis. 0

4 Appendix: small cases

The following are A-fold kite-systems of order n having a {K3, S3, P4 }-metamorphosis.
Except otherwise specified, the vertex set is Zn.

Example 4.1 (A = 1,n =9). B={(1,3,4) -8, (1,0,6) -5, (1,8,7) -5, (1,2,5) - 0,
(2,7,4) -6, (0,2,8)—6, (3,2,6) -7, (8,3,5)—4, (3,7,0)—4}; T = {(5,7,6), (8,4,6),
(4,5,0)}; S = {[1;8,3,0,(2;0,1,7),[3;2,8,7]}; P = {[7,8,2,6),(4,3,5,2],[6,0,7,4]}.

Example 4.2 (A = 1,n = 16). B = {(4,0,9) — 2, (11,0,5) — 13, (3,0,1) — 15,
(1,5,10) — 3, (12,1,6) — 14, (4,1,2) — 15, (6,2,11) — 4, (13,2,7) - 0, (0,2,14) — 15,
(7,3,12) — 5, (3,14,8) — 1, (6,3,4) — 15, (8,4,13) — 6, (12,8,2) — 10, (7,8,10) — 15,
(14,9,5) — 15, (7,9,6) — 15, (8,9,11) — 15, (6, 10,0) — 8, (14,10,4) — 12, (10,12,9) —
15, (11,7,1) — 9, (11,10,13) — 15, (11,14,12) — 15, (9,13,3) — 11, (13,12,0) — 15,
(1,13,14) — 7, (4,5,7) — 15, (5,6,8) — 15, (2,5, 3) — 15};

T = {(2,10,15), (3,11,15), (7,14,15), (1,9,15), (0,8,15), (5,12,15),

(6,13,15)};

S ={[0;4,3,11), {1;5,12,4], [2;6,13,0), [3;14,7,6], [8;4,12,7], [9;14,7,8],
(10;6,14,12), [11;7, 10, 14], [13;9,12,1], [5;4,6,2]};

P = {[9,0,5,10], (1,0,10,13], [6,1,2,11], [7,2,14,8), [12,3,4,13], (2,8,10,4],
5,9,6,8], [11,9,12,0], (1,7,5,3}, [12,14,13,3]};

Lr = {|4;11,12,18], (1,8), (2,9), (3,10), (6,14), (0,7), (5,13)}.

Example 4.8 (A = 1,n = 17). B = {(1,4,14) - 3, (1,5,7) — 15, (1,10,8) — 14,
(15,2,5) — 10, (2,6,8) — 3, (2,11,9) — 1, (3,4,6) — 14, (3,7,9) — 15, (3,10,12) — 15,
(11,4,7) — 12, (10,4,2) — 3, (8,4,13) — 10, (8,5,12) — 14, (5,11,3) — 1, (5,9,14) - 2,
(6,13,9)—12, (6,12, 1) - 16, (6,10,15) -1, (7,13,2) -1, (13,11,1) -0, (15,13,3) - 16,
(16,5,4) -9, (16,10,11)—14, (16,6,7)—10, (16,13,12)—2, (9, 16,8)—11, (16,14, 15)—
11, (0,5,6) —11, (0, 11,12) —4, (0,8,7) - 14, (0, 14,13)—5, (4,0, 15)—8, (0,9,10) — 14,
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(16, 2, 0) - 3}1

T ={(1,3,0), (7,10,14), (8,11,15), (9, 12,4), (8,14,3), (9, 15,1), (10,13, 5), (11, 14, 6),
(12, 15,7), (2,14, 12)};

S = {[4;8,10, 11, [2;6,11,15), [6; 10,12, 18], [5;8,9, 11], [0;4,9,14], [0;5,8, 11}, [1;4,5, 10],
(3;4,7,10], [13;7,11,15), [16;5,6, 10), [16;9,13, 14]};

P ={[14,4,6,8), [7,5,2,0], [8,10,12,5), (7,4,2,13], [4,13,9,14), [9,11,1,12)},

(15,10, 11,12}, [0,15,14,13), [4,5,6,7), [10,9,7,8], [12,13,3, 11]};

Lr =(1,2,3,16); Ls = (8, 16); Lp = (8, 16).

Example 4.4 (A = 1,n = 24). B = {(3,1,10) - 11, (4,1,9) — 10, (5,1,11) — 12,
(4,2,11) - 23, (5,2,10) - 22, (2,12,6) — 7, (5,3,12) — 13, (6,3,11) — 22, (3,7,13) -0,
(6,4,13) — 14, (7,4,12) — 0, (8,4,14) — 0, (5,14,7) — 8, (5,8,13) — 1, (5,9,15) — 1,
(8,6,15)-19, (9,6,14)-2, (10,6,16)—23, (9,7, 16)—14, (10,7, 15)—14, (11,7, 17)—14,
(10,8,17)-20, (11,8,16)—4, (12,8,18)-16, (11,9, 18)-19, (12,9,17) -5, (13,9,19) -
5, (12,10,19) — 20, (13,10,18) - 5, (14,10,20) — 6, (13,11,20) — 21, (14,11,19) —
6, (15,11,21) — 7, (21,12,14) - 18, (15,12,20) — 7, (12,16,22) — 5, (15,13,22) —
17, (16,13,21) - 6, (13,17,23) — 7, (15,16,2) ~ 9, (17,15,0) — 11, (15, 18,23) — 14,
(17,16,3)—-8, (19,16,0)-18, (16,20,1)—12, (18,17,4)—10, (19,17,1)~2, (21,17,2) -
13, (20,18,2) — 3, (21,18,1) - 14, (22,18,3) — 14, (21,19,3) — 4, (2,19,22) — 14,
(4,19,23)-12, (20,22,4) -5, (20,23,3)—15, (0,20,5)—6, (22,21,8)—19, (21,23,5) -
16, (21,0,4)-15, (22, 23,9)-21, (22,0,6)-18, (22,1,7)-18, (0,23, 10)—21, (1,23, 6)—
17, (2,23,8) — 20, (0,1,8) - 9, (0,2,7) — 19, (3,0,9) — 20};

T ={(1,2,13), (2,3,14), (3,4,15), (4,5,16), (5,6,17), (6,7,18), (7,8,19),

(8,9,20), (9,10,21), (10,11,22), (11,12,23), (12,13,0), (14,15,1),

(14,16,23), (14,17,22), (14,18,0), (18,19,5), (19,20,6), (20,21,7)};

S ={[1;3,4,5), [2;4,5,12], [3;5,6,7), [4;6,7,8], [5;14,8,9], [6;8,9,10],

7;9,10,11), [8; 10,11,12], [9;11,12,13], [10;12,13,14], (11;13,14, 15],

(12;21, 15,16}, [13;15, 16,17), [15;16,17, 18], {16;17, 19,20], [17;18,19,21],
(18;20,21,22], [19;21,2, 4], [20; 22, 23,0}, [21; 22,23, 0], [22; 23,0, 1],

(23;0,1,2], [0;1,2,3]};

P ={[1,10,2,11}, [1,9,15,6], [1,11,3,12], [6,12,4,13], [4,14,7,16],

(13,8,17,9), [14,6, 16,8}, [15,7,17,23), [8,18,9,19], [19, 10, 18, 23],

[10,20,11,19), (11,21,13,22], [14,12,20, 1], [22,16,2,7], [15,0,16,3],

[4,17,1,18), [17,2,18,3], [3,19,22, 4], [19,23,5, 20], [3,23,9,0], [13,7,1,8],
[21,8,23,10), [4,0,6,23]};

Lr = {(1,12), (2,9), (3,8), (4,10), (13,14), (15,19), (16,18), (17,20), (21,6), (22,5),
(23,7), (0,11)}.

Example 4.5 (A = 2,n =4). B={(3,0,1)-2,(0,1,2)-3,(0,2,3)-1}, T = (1,2,3),
§=100;1,2,3), P=[0,1,2,3].

Example 4.8 (A =2,n =5). B={(1,0,4) -3, (2,0,4) -3, (1,2,3) -0, (1,3,0) — 2,
(1,4,2) -3}, T = {(0,2,3)}, § = {{1;2,3,4]}, P = {[2,4,0,3]}, LT = 2(4,3), Ls =
[0;1,2], Lr = {(2,3),(0,4)}.

Example 4.7 (A = 2,n = 8). B = {(6,7,1) — 5,(4,7,5) — 3,
1,(3,0,6) - 5,(0,1,4) — 3,(2,5,0) — 7,(0,5,1) — 2,(6,5,3) — 1, (3,2,
5’(1,71 6) - 2) (4)5)7) - 3) (4161 0) - 3}

T =1{(1,3,4), (2,5,6), (3,7,0), (1,3,5)},

S ={[7;1,4,0), [6;7,5,4], [0;1,3, 5], 2;7,3,85]},

P= {[1*7’5’ 0]’ [Ov 6, 2! 3]’ [3’5: 114]: [2,01 6, 7]}:

Lr =2(1,2), Ls = [4;5,6], Lp = {(4,2),(7,5)}.

o~

7,2,3) — 1,(4,6,2) —
4) -1, (7:0: 2) -
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Example 4.8 (A = 2,n = 9). It is sufficient doubling the blocks of the above kite-
system of order 9.

Example 4.9 (A\=3,n =8). B={(7,4,2) -3, (6,7,3) -1, (7,5,1) - 2, (4,6,5) — 2,
(1,0,4) -3, (2,0,6) —1, (5,0,3)—7, (1,0,2) - 5, (6,1,3)—2, (5,3,4) -2, (7,0,5) — 1,
(2,7,6) -5, (4,1,7) -0, (4,6,0) -3, (4,6,2) -1, (7,4,1) -3, (4,5,3) -2, (6,7,5) - 2,

(3,0,6) -1, (2,0,7) - 3, (1,5,0) — 4}.
T ={(2,3,1), (2,1,3), (2,3,4), (3,7,0), (1,6,5)};
S= {[4 6,7, 5], [7:6, 2,0, [0:2,1,3], [5 7,3, 1] [6 1,7, ], [0;1,5,2], [4;6,1,7]};

LT {3(2,5), (1,6), (3,7), (4,0)}.

Example 4.10 (A = 4,7 = 5). B = {(1,2,0) — 4,(1,3,0) — 4,(2,3,4) — 1, (2,4,1) -
3,(2,0,3) — 4,(1,2,0) — 3, (1,4,0) - 3,(2,4,3) — 1,(2,3,1) — 4,(2,0,4) — 3};

T = {2(1,3,4)}; S = {{1;2,4,3), [2:0,3,4], [2;0,4,3)}; P = {(2,0,3,4], [1,4,0,3},
(1,3,4,0)}; Lt = 2[3,0,4]; Ls = (1,2); Lp = (0,2).

Example 4.11 (A =4,n =6). X =ZsU {0}, B = {(§,2+4%,00)—(i+1), (i+1,2+
i,3) — 00, (2 + 4,4 +1,1) — (i + 1)|i € Zs};

T = {(i,1 +i,00)[i € Zs)}; S = {[1;2,4,3],[0;2,3,1],(2;0,4,3],(3; 0, 1, 4], (4, 2,0,1]};
P = {[o0,2 +%,%,4 + 4]}

Example 4.12 (A =4,n = 7). B={(1,0,4)-2, (1,5,6) -2, (5,0,2) -1, (0,6,3) - 2,
(3,5,4) -6, (0,2,4) -1, (5,2,6)—1, (5,0,1) - 2, (0,6,3) -1, (5,3,4) — 86, (1,0,4) -3,
(1,5,6) -3, (5,0,3) -1, (0,6,2) — 3, (2,5,4) — 6, (5,0,4)—2, (5,1,6) -2, (0,1,2) -5,

(0,6,3) — 2, (1,3,4) -6, (2,1,3) - 5};

T ={(2,4,6),(1,4,6),(3,4,6),(2,4,6),(1,2,3),(1,2,3),(2,3,5)};

S ={[0;1,5,6},[5;1,3,2],[0;2,5,6), [5;1,2,3},[0;1,5,8), [1;2,3,5],[0;1,5,6]};
P ={[4,0,2,6},[0,4,5,6], [4,3,6,1], [4,2,6,3],[1,0,3,4], 6,3,1,2],[6,5,4,0]}.

Example 4.18 (A = 4,n = 8). Take two copies of the 2-fold kite-system of order 8.
In one of them change 5 with 2. The result is a 4-fold kite-system of order 8 having a
{K3, Ss, P;}-metamorphosis, with

T ={(1,3,4), (2,5,6), (3,7,0), (1,3,5), (1,3,4), (5,2,6), (3,7,0), (1,3,2)};

S ={[7:1,4,0], (6;7,5,4), [0;5,1,3], (2 7,3,5)], (7; 1,4, 0], (6;7,2,4},(0;2,1,3), [5;7,3,2],
[4;2,6,5]};

P = {[1’ 7’ 5’ 0]’ [0’ 6! 2’ 3]’ [3) 5, 1)4]l [2’ ol 6’ 7]’ [61 77 2? 0]’ [0’ 67 51 3]1 [3’ 2, 1’ 7]’ [6’ 0, 5) 4]|
[4,2,7,5)};

Lt =2[2,1,5]; Ls = (6,4); Lp = (1,4).

Example 4.14 (A = 4,n = 10). X = Zo U {00}, B = {(£,4 + i,00) — (i + 1),
(846,444, 1) — 00, (3+4, 5+1, 14+i) =1, (444, 1+4,3)—(34+1), (2+i, 1+4, 1)~ (3+i)|i € Zg};
T = {(i,1 +i,00)}i € Zs} U (2{(0,3,6), (1,4,7), (2,5,8)});

S = {[0;2,1,7], [8;0,1,7], [21,4,3], [3;4,1,5)], [5;4,6,7], [6;4,7,8]}U {[4 + ;3,6 +
i,1+i)li € Zo};

P = {[o0,4 +1,%,1 + i]|i € Zg} U{[0,5,6,2], [1,5,4,8), [1,6,7,3], [1,2,7,8], [3,8,0,1],
[2,3,4,0]}.

Example 4.15 (A=4,n=11). Let S = {z;|j € Zs} and X = SUZs U {o0}.

1. Let (8,B8') be a copy of the 4-fold kite-system of order 5 above constructed with
the leaves L1, Ls, Lp.
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2. For each i € Zs, let B; = {(i — 1,i + 1,2;) — 00, (i — 2,4 + 2,2:) — (i + 1),
(zioisoo) - (i + 1): (i’ ootx‘) - (i + 2)t (i -1,7+ I,Zi) -1, ($i,i -2,i+ 2) -1
(00,8, 2:) = (i—=2), (i—2,i+2,z:) — (- 1), (zi, i+ 1,4 = 1) — (i = 2)}. It is easy
to check that (X,UB;) is a 4-fold kite-system of order 11 with a hole of size 5
on S having:

¢ a Kj-metamorphosis with 7 = {(z4, 1+4, 00), (4,7+2, ), (¢ —1,i—2,2)}
and empty leave;
¢ an S3-metamorphosis with S = {[xi;i—2,4,i+1},0 <i < 4} U{[i-1;4,i+
1,i+3],0 < i < 3} U{[1;3,4,00], [2;0,4, 00), [3;0, 4, o0],
[3;0,2, 00}, [00;0,2,4], [00;0,1,4]} and empty leave;
¢ a Pj-metamorphosis with P = {[i + 1,2;,% + 2,7 — 2|, [¢,00,zi,i + 2],
{i, i, + 1, —~ 1]} and empty leave.
Then (X, B'U(U B:)) is a 4-fold kite system of order 11 having { K3, S3, P4 }-metamorphosis
with leaves L, Ls, Lp.

Example 4.16 (A = 5,n = 8). Let B, = {(1,2,5) — 6, (1,7,4) — 6, (1,3,6) — 5,
(2,7,3)-5, (6,0,2) -4, (5,0,7) — 6, (4,3,0) - 1, (2,5,4) -6, (2,7,6) — 3, (2,1,3) ~ 4,
(51 7' 1) - 4) (3) 0, 5) - 4! (41 0, 7) - 3: (61 ll 0) - 21 (71 2) 5) - 1) (71 61 1) _31 (7!41 3) -5:
(2,6,4) -5, (3,0,2)—1, (5,0,6)—3, (1,4,0) — 7}. Then (Zs, B;) is a 3-fold kite system
having
¢ a K3-metamorphosis with T = {(5, 6,4), (3,4,6), (5,3,1), (5,6,3), (4,1,2)} and
leave Lt = {(7,6), (7,8), (7,0), (0,1), (0,2), (5, 4)};
e an S3-metamorphosis with S = {[2;6,1,7), (1;6,3,7}, [2;5,1,7], [4;3,1,7), [0;5,6,3),
[0;5,3,4], [7;5,6,2]};
¢ a Py-metamorphosis with P = {[5,2,0,7), [4,7, 3,6}, (3,0,1,7], [7,0,5,4), [7,6,1,3],
[5,2,0,4), (3,4,6,0]}.
Let (Zs, Bz) be the above 2-fold kite system. Then (Zg, B; UB,) is a 5-fold kite system
having a {K3, S3, Ps}-metamorphosis. Note that we can rearrange the leaves of the
K3-metamorphosis of (Zs, B1) and (Zg, B2) into the triangle (1,2,0) and the leave
{{7;6,3,0],(1,2),(5,4)}.
Example 4.17 (A = 6,n = 5). Let (Zs,B8;) be the above 4-fold kite system of
order 5 and (Zs, Bz) be the above 2-fold kite system when we change 0 with 2. Then
(Zs, B U By) is a 6-fold kite system having a {K3, Ss, P;}-metamorphosis, with:
T ={(2,0,3),2(1,3,4),2(0,3,4)};
S= {[1; 0,3, 4]’ [l; 21 4, 3]: [2; 0,1, 4]’ [2; 0,4, 3]1 [2; 1,0, 3]},
P ={[0,4,2,3],(2,0,3,4],(1,4,0,3},[1,3,4,0], 3,0,2,4]}.
Example 4.18 (A = 7,n = 8). Let (Zs, B1) be the above 4-fold kite-system of order
8 and (Za, B;) be the above 3-fold kite system. Then (Zs,B; U 8,) is a 7-fold kite
system having a {K3, S3, Ps}-metamorphosis. We can rearrange the leaves of the
K3-metamorphosis of (Zs, B1) and (Zs, B2) into the triangles 2(1,2,5) and the leave
{(2,5),(1,6),(3,7),(4,0)}.
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