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Abstract

The complexity of the maximum leaf spanning tree problem for grid
graphs is currently unknown. We determine the maximum number of
leaves in & grid graph with up to 4 rows and with 6 rows. Furthermore,
we give some constructions of spanning trees of grid graphs with a large
number of leaves.

1 Introduction

Given a connected graph G = (V, E) and an integer k > 0, the mazimum leaf
spanning tree problem (MLST problem) asks if G contains a spanning tree with
at least k leaf nodes. This problem has been widely studied and is known to
be NP-complete [4]. This problem has applications in areas of networking (see
[5]) and circuit layout (see [8]). The optimization version of the MLST problem
is to find the largest number of leaves in any spanning tree of G. From this
point onward, we will only be concerned with the optimization version of the
MLST problem. The MLST problem was shown to be MAX SNP-complete by
Galbiati et. al in [3]. This implies that there exists an € > 0 such that there is no
(1 + €)-approximation algorithm for this problem. In [6], Lu and Ravi provided
a linear-time 3-approximation algorithm for the MLST problem. Solis-Oba. gave
a linear-time 2-approximation algorithm in [7).

In this paper, we study the MLST problem for grid graphs and show that
for an n x m grid graph, where n < 4, the maximum number of leaves in any
spanning tree is known. We also show how these “optimal” spanning trees can be
constructed. Furthermore, for arbitrary grid graphs, we give some constructions
of spanning trees with a large number of leaves and show that the construction
for grid graphs with 6 rows is optimal. The complexity of the MLST problem
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for grid graphs is currently unknown. However, the problem has been shown to
be NP-complete for subgraphs of grid graphs (see [1]). Therefore, we restrict
our attention to grid graphs.

It should be noted that there is a close relationship between the maximum
leaf spanning tree problem and the connected dominating set problem. Given a
graph G, G has a spanning tree with k leaves if and only if G has a connected
dominating set with |V| — k vertices.

2 Preliminary Results

Let » and m be positive integers such that n < m. A nxm grid graph G(n,m) =
(V, E) is a graph where

V = {(4)1<i<n,1<j<m},
E = {{(45Gi+D)}1<i<n,1<j<m—1}
U {{G4)GE+1,)}1<i<n-1,1<j<m}.

For a grid graph G(n,m), let R(n,m) denote the maximum number of leaf
nodes in any spanning tree of G(n,m). Unless otherwise stated, we always
assume that n < m. We begin with a simple but useful observation.

Lemma 2.1 Let G be a connected graph with at least 8 vertices. If T is a
spanning tree of G, and z,y are leaf nodes of T, then {z,y} is not an edge in

T.

A column of vertices in a grid graph is called an interior column if it is
not the first or last column of a grid graph. Otherwise, it is called a boundary
column. The terms interior row and boundary row are similarly defined. The
following result restricts the number of leaf nodes an interior column can contain
in any spanning tree of a grid graph.

Lemma 2.2 Suppose T i3 a spanning tree of G(n,m), wheren > 3. Then T
cannot contain an interior column of G(n,m) consisting entirely of leaf nodes.

Proof. Suppose T contains an interior column of leaf nodes. Then by Lemma
2.1, no two of these leaf nodes are adjacent in T'. Since T is a spanning tree,
each node in this column of leaf nodes must be adjacent to a node of G(n,m)
to the left or to the right of it. There are two possible cases.

Case 1. Suppose that in T, all the leaf nodes in the column of leaf nodes are
adjacent to nodes to the right of it. Then select any node to the left of the
column of leaf nodes and it is clear that there is no path in T from it to any
of the nodes in the column of leaves, which is a contradiction. An symmetric
argument can be given if all the leaf nodes in question are only adjacent to
nodes to the left of it.
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Case 2. Suppose that in T, there exists two leaf nodes z,y in the column of
leaf nodes such that z is adjacent to a node to the left of it, and y is adjacent
to a node to the right of it. It is clear that there is no path in T from z to y,
since any path must cross this column of leaf nodes. Therefore this case is not
possible.

Thus, no spanning tree of G(m,n) can contain an interior column entirely
of leaf nodes. O

Theorem 2.3 states that if we have a spanning tree T' of G(n,m) where an
interior column ¢ contains n — 1 leaf nodes of 7', then we get a forest of two
subtrees of T' when column i is deleted from T.

Theorem 2.3 Let T be a spanning tree of G(n,m) wheren > 3. Suppose there
is an inferior column, say column i, of G(n,m) such that it contains n — 1 leaf
nodes of T. Then the induced subgraph of T restricted to columns 1 toi—1 and
the induced subgraph of T restricted to columns i + 1 to m are both connected
components of T.

Proof. Consider any two nodes z, y of T in columns 1 to i —1. In T, there exists
a path from z to y. If the path goes through any vertex of column %, it must be
the lone non-leaf vertex of column i. But this is impossible, since both z and y
are in the first ¢ — 1 columns and the other n — 1 vertices of column 7 are leaf
nodes in T'. Therefore, a path between z and y in T contains only vertices in
columns 1 through 7 — 1. Since z,y are arbitrarily chosen, then T restricted to
columns 1 to 7 — ¢ is a connected component of T'. A similar argument applies
to T restricted to columns i + 1 to m. O

A consequence of Theorem 2.3 is that the number of leaf nodes in column
i—1 (i + 1) of the subtree T restricted to columns 1 (i +1) to i —1 (m) is at
least as great as the number of leaf nodes in column ¢ — 1 (i + 1) of the tree T.
We will make use of the in determining R(4,m).

It is trivial to see that R(1,1) = 1, and if m > 2, then R(1,m) = 2. Lemmas
2.4 and 2.5 state the values of R(2,m) and R(3, m) respectively.
Lemma 2.4 R(2,2) =2, R(2,3) = 4 and R(2,m) = m for m > 4.

Proof. 1t is clear R(2,2) = 2. For G(2,3) it is easy to see that the spanning
tree {{(1,1),(1,2)},{(1,2),(1,3)},{(2,1),(2,2)},{(2,2), (2,3)}, {(1,2),(2,2)}}
yields the maximum number of leaf nodes possible.
For m > 4, the spanning tree T given by
T = {{1,9)@Q,i+DH2<i<m -1}
U {19, @2,)}1 <i<m}

has m leaf nodes. To see this is an upper bound, suppose T is a spanning
tree of G(2,m) with (at least) m + 1 leaf nodes. By Lemma 2.2, there is an
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Figure 1: The three non-isomorphic maximum leaf spanning trees of G(2,m)

boundary column of leaf nodes in T'. Assume the first column of G(2,m) is a
column of leaf nodes in T'. Then the edges {(1,1),(1,2)} and {(2,1),(2,2)} are
in T. In addition, the nodes (1,2) and (2,2) cannot be leaf nodes, as T is a
spanning tree. Now consider the remaining m — 2 columns 3,4, ..., m. If the last
column is not a column of leaf nodes in T, then each of the remaining m - 2
columns can contain at most 1 leaf node of T', in which case T contains at most
m leaf nodes. Otherwise, if the last column of G(2,m) is also a column of leaf
nodes in T, then using a similar argument as for the first column, the nodes
(1,m —1) and (2,m — 1) are not leaf nodes in 7. In this case, there are at most
2+(m—4)+2=mleaf nodesin T. O

It can be easily verified that, for m > 4, there are exactly three non-
isomorphic spanning trees of G(2,m) with m leaves. An example is given in
Figure 1, with m = 5.

Lemma 2.5 If m > 3, then R(3,m) = 2m.

Proof. The following set of edges form a spanning tree T of G(3,m) with 2m
leaf nodes:

T ={{(1,9),(2,9},{(2,4), 3, )} = 1.m} U {{(2,9), (2, + D}}i = L.m - 1}.

Therefore R(3,m) > 2m. Let T be a spanning tree of G(3,m). By Lemma 2.2,
each interior column of G(3,m) contains at most two leaf nodes of T'. If each
of the boundary columns of G(3,m) contains at most two leaf nodes of T', then
we are done. Otherwise, suppose column 1 contains three leaf nodes of T'. Then
column 2 contains no leaf nodes of T. Therefore, the maximum number of leaf
nodes possible is3 +2(m —-2)=2m-1. 0

It is easy to see from the above argument that there is exactly one non-
isomorphic spanning tree of G(3,m) with 2m leaves. An example is given in
Figure 2 with m = 5.

In (2], Fujie showed that R(n,m) < |2mn/3] using a mathematical pro-
gramming approach. We give an alternative proof of this result using a counting

argument.
Lemma 2.6 ({2]) For the grid graph G(n,m), wheren 2 2, R(n,m) < |2mn/3].

Proof. By Lemmas 2.4 and 2.5, the result is true for n = 2,3. So, assume n > 4,
and let T be a spanning tree of G(n,m) and for { = 1,2, 3,4, let d; denote the
number of nodes of degree 7 in T. Then
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Figure 2: The unique non-isomorphic maximum leaf spanning trees of G(3,m)

di+dy+ds+ds=mn 1)
dy + 2d + 3d3 + 4d4 = 2(mn - 1). 2)
Therefore,
3d; + 2dz + d3 = 2mn + 2, 3)
or
di = (2mn + 2 - 2d — d3)/3. (4)

It is easy to see that for n > 4, at least one of the three nodes {(1,1),(1,2),
(2,1)}, which we call a corner of G(n,m), must be a non-leaf node of degree 2
or 3 in T. Note that none of these vertices can have degree 4. Similarly, each of
the other sets of vertices {(1,m - 1),(1,m), (2, m)}, {(m,1),(m,2),(m -1,1)},
and {(m,m — 1),(m,m),(m — 1,m)} must contain at least one non-leaf node
into T. Therefore, there must be at least 4 nodes of degree 2 or 3 giving
dy £ |(2mn+2-4)/3) = |(2mn —2)/3] < |2mn/3]. O

In Section 4, we will use Theorem 2.6 to show that the construction of the
spanning tree given for G(6,m) is optimal. We now proceed to determine the
value of R(4,m).

3 The Main Result

In this section, we determine the value of R(4,m). To start, we give a lower
bound on R(4,m).

Lemma 3.1 : Suppose m > 4. Then R(4,m) > 2m + |[m/3].

Proof. Tt suffices to construct a spanning tree of G(4, m) with 2m + |m/3] leaf
nodes. To do this, we begin with the base given by Figure 3 and will recursively
build the spanning tree. Suppose a spanning tree T' for a G(4,3k) has been
constructed. Then, to construct a spanning tree for G(4, 3k + 1), G(4, 3k + 2),
G(4,3k + 3), adjoin the sub-tree in Figure 4 a, b, c, respectively. Figure 5 shows
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Figure 3: The Starting 4 by 3 spanning tree of G(4,3)

1R

Figure 4: The subtrees to be adjoined.
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Figure 5: Spanning trees for G(4, m), m = 4,5,6.
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the spanning tree constructed for m = 4,5,6. It is easy to see that the con-
structed spanning tree of G(4,m) has 2m + [m/3] leaf nodes, O

We now show the construction outline above gives a maximum leaf spanning
tree for G(4,m), when m > 4. In order to do this we require the following

lemmas.

Lemma 3.2 Suppose m > 4. Then for any spanning tree T of G(4,m), any 38
consecutive columns contain at most 8 leaf nodes of T and if the three columns
are the rightmost (or leftmost) 8 columns of G(4,m), they contain at most 7
leaf nodes of the spanning tree T'.

Proof. Let T be a spanning tree of G(4,m). By Lemma 2.2, no column, except
possibly a boundary column, can contain 4 leaf nodes of T

Suppose the three columns in question are the leftmost 3 columns of the
graph. If T contains 4 leaf nodes from the boundary column, then it must
contain no leaf nodes from the next column. Therefore, T contains at most
7 leaf nodes from these three columns. If T contains 3 leaf nodes from the
boundary column, it is easy to check that T contains < 2 leaf nodes from the
next column. If z = 2, then the third column can have at most 2 leaf nodes also,
thereby having at most 7 leaf nodes from these three columns. If £ < 2, then T
contains at most 7 leaf nodes from these three columns, as column 3 contains
at most 3 leaf nodes in T. Now, if T contains 2 leaf nodes from the boundary
column, then clearly, if column 3 contains at most two leaf nodes of T, then
the result is true. Therefore, assume that column 3 contains 3 leaf nodes of 7.
Then by Theorem 2.3, T restricted to columns 1 and 2 must be connected and
hence, by Lemma 2.4, has at most 4 leaf nodes. This implies T has at most
7 leaf nodes, when the boundary column contains two leaf nodes. Finally, if
the boundary column contains one leaf node, the result is clear, since interior
columns may contain at most 3 leaf nodes.

Suppose the three columns are interior columns of the graph. Each column
can contain at most 3 leaf nodes of T. Therefore, there are at most 9 leaf nodes
in T from these 3 columns. To show that it is not possible for these three
columns to have 3 leaf nodes each, suppose that it did. Applying Theorem 2.3
to the leftmost and rightmost of these 3 columns gives a spanning tree of R(1,4)
with at least 3 leaves, which is impossible. O

The following lemma was confirmed using a computer program to generate
all the spanning trees of G(4, 3).

Lemma 3.3 Suppose T is o spanning tree of G(4,3) such that at least one of
columns 1 or 3 contains ezactly two leaf nodes of T. Then T has at most 6 leaf
nodes.

We are now ready to show that R(4,m) = 2m + |m/3].
Theorem 3.4 Suppose m > 4. Then R(4,m) = 2m + |m/3].
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Proof. It suffices to show that R(4,m) < 2m + |[m/3]. We proceed to prove
the result by induction on m. The result is known to be true for m = 4to 9
(see [2]). Suppose m > 9 and let T’ be a spanning tree of G(4,m). We begin
by dealing with some special cases. If T contains 3 leaf nodes from column 3,
then, by Theorem 2.3, T restricted to the first two columns form a spanning
tree and contains at most 4 leaf nodes, as R(2,4) = 4. Also by Theorem 2.3, T
minus the first three columns is also a spanning tree. By induction, the number
of leaves in T is at most

4+43+2(m-3)+ |(m—3)/3],

which is at most 2m + [m/3] and therefore we have the desired result. The
same argument applies if T’ contains 3 leaves from column m — 2.

Now, if T contains 3 leaves from column 4, then, by the previous scenario,
we can assume T contains at most 2 leaves from column 3. Since T restricted
to the first three columns form a spanning tree, then by the Lemma 3.3 and
Theorem 2.3, the first three columns contain at most 6 leaf nodes. By induction,
the number of leaves in T is at most

6+3+2(m—4)+ |(m—4)/3],

which is at most 2m + |m/3] and therefore we have the desired result. The
same argument applies if T contains 3 leaves from column m — 3.

Therefore, from this point forward, we may assume that the spanning tree
T does not contain 3 leaves from columns 3,4,m — 2,m — 3. Then it is easy
to see that at most one of columns 1 and 2 contain 3 leaf nodes in T, since if
column 2 contains 3 leaf nodes of T, then T restricted to column 1 must be
a spanning tree of column 1, thereby having at most two leaf nodes. A simi-
lar argument holds for columns m — 1 and m. Therefore if the only columns
that contain 3 leaf nodes of T are 1,2,m — 1,m, then T contains at most
3+2+2(m—-4)+3+2=2m+2 < 2m+ |m/3] asm > 9 and we are done. So
we can assume that there is at least one column between columns 5 and m — 4
which contains 3 leaves. We now consider the following 3 cases based on the
value of m (mod 3).

Case 1. Suppose m = 0 (mod 3). As T contains a column, say k, with 3 leaf
nodes at some column between 5 and m — 4. Let my =k~1and mg =m ~ k.
Then, m; + m2 + 1 = m and by Theorem 2.3 and the induction hypothesis, the
number of leaves in T is at most

3+ 2(my) + |m1/3] +2(m2) + |m2/3] < 2m + 1+ |(m —1)/3],
which is at most 2m + |m/3],as m =0 (mod 3).

Case 2. Suppose m = 1 (mod 3). Denote m = 3k + 1 for some integer & > 3.
If there is a column i of G(4,m) containing three leaf nodes of T', which when
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removed forms, by Theorem 2.3, two grid graphs with 4 rows and m;,mq > 4
columns such that m; + mgy + 1 = m and at least one of m;,m, is not divisible
by 3, then a similar argument to that given in case 1 may be used to show
the number of leaves in T is at most 2m + |m/3], as required. Otherwise, the
columns with 3 leaf nodes in T are those which m; and my are divisible by 3
(there are k — 3 such columns), columns 1 and 2 together contains at most 5 leaf
nodes, and columns 3k and 3k + 1 together contains at most 5 leaf nodes. In
this scenario, there are at most 3(k —3) +2(5)+2(3k+1—(k—3)~-4)=Tk-1
leaves in T" which is less than 2(3k 4+ 1) + |(3k + 1)/3] = 7k + 2, as required.

Case 3. Suppose m = 2 (mod 3). Denote m = 3k + 2 for some integer k > 3.
If there is a column 7 of G(4,m) containing three leaf nodes of T, which when
removed forms two grid graphs with 4 rows and m;, mg > 4 columns such that
my + mg + 1 = m and both of m;, ma is not divisible by 3, then a similar
argument to that given in case 1 may be used to show the number of leaves in T
is at most 2m+ |m/3], as required. Otherwise, each column that contains 3 leaf
nodes of T will split G(4,m) into two parts so that one of the two parts have 3q
columns, for some ¢q. These columns are exactly 4,5,7,8, ...,3k — 2,3k — 1. By
assumption, column 4 does not contain 3 leaf nodes of T". Also, the first three
columns contains at most 6 leaf nodes, as column 3 was assumed to contain
at most 2 leaf nodes. Now the grouping of columns 4,5, 6 (the first grouping)
can contain at most 7 leaf nodes (in which case column 5 must have three leaf
nodes). Now consider the second grouping of columns 7, 8, 9. If one of columns
7 and 8 has at most two leaf nodes, then these 3 columns have a combined total
of at most 7 leaf nodes. Otherwise, if columns 7 and 8 each has 3 leaf nodes
and columns 4, 5,6 contain 7 leaf nodes. Then, by Theorem 2.3, T restricted to
columns 6 and 7 would contain a spanning tree of these two columns with 5 leaf
nodes, which is impossible. Therefore the average of the first two groupings is
at most 7 leaf nodes per group.

For each of the remaining k& — 3 groupings of columns 3z + 1,3z + 2,3z + 3,
where £ = 3,...,k — 1, if a grouping F contains 8 leaf nodes (which must be
distributed (3,3, 2) in the columns), then note that it cannot be the last group,
since we assume that column m — 3 does not contain 3 leaf nodes of T. So
we consider the next grouping G immediately following grouping F. The first
column of G cannot contain 3 leaf nodes of T'. For if it does, then as column 1
of grouping F has three leaf nodes of T, by Lemma 2.3, T restricted to the last
two columns of the grouping F is a spanning tree of these two columns with
at least 5 leaf nodes. This is not possible. Therefore, column 1 of grouping G
contains at most 2 leaf nodes of T. If column 2 of grouping G contains at most
2 leaf nodes of G, then the groupings F and G contain an average of at most
7 leaf nodes each. Otherwise, if column 2 of G contains 3 leaf nodes of T and
either columns 1 or 3 of G contains at most 1 leaf node of T, then again, the
groupings F' and G contain an average of at most 7 leaf nodes in each grouping.
The only other scenario is if the columns of G contains exactly 7 leaf nodes of T
where columns 1, 2, 3 of grouping G contains 2, 3, 2 leafs nodes of T respectively.
Then, by Lemma 2.3, T restricted to columns 2, 3 of F and column 1 of G form a
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Figure 7: The subtrees to be adjoined.
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Figure 8: Spanning trees for G(5,m), m = 4,5, 6.

Proof. Take q copies of the spanning tree T of G(3,m) given in Figure 2 and
align them vertically to get 3g rows. Between copiesiandi+1(1<i<q—1
) of T arbitrarily select a column j; and join the node in row 3, column j; of
the copy ¢ of T' to the node in row 1, column j; of copy ¢ + 1 of T. This gives
a spanning tree of G(3¢, m) with ¢(2m) — 1 —-2(g — 2) — 1 = q(2m — 2) + 2 leaf
nodes. O

Lemma 4.3 provides a lower bound for R(3g + 1,m) and R(3q + 2, m).

Lemma 4.3 Forg2>2, R(3q+1,m) > (¢~ 1)(2m —2) +2m + |m/3] + 1

Proof. Take an optimal spanning tree S of G(4,m) as given by Theorem 3.4.
Take g ~ 1 copies of the spanning tree T given in Figure 2 of G(3,m). Align all
these trees vertically to get 3g 4+ 1 rows by m columns, with the tree S at the
bottom. Between copies i and i +1 (1 £ i < ¢ —2) of T arbitrarily select a
column j; and join the node in row 3, column j; of the copy i of T to the node
in row 1, column j; of copy ¢ + 1 of T. Finally pick any vertex in the first row
of S that is not a leaf and join it to the corresponding vertex in the the third
row of the (g — 1)* copy of T. This gives a spanning tree of G(3¢ + 1,m) with
the stated number of leaf nodes. O

Lemma 4.4 For ¢ > 2, R(3¢+2,m) = (g—1)(2m — 2) + 3m + 1 — i where
i=014m=0 (mod 3), otherwisei = 1.

Proof. Use a similar construction to that of Lemma 4.3. Use a spanning tree of
G(5,m) given in Lemma 4.1 instead of a spanning tree of G(4,m). O

191



For a fixed value of n = 3¢ the construction of a spanning tree of G(n,m),
as stated in Lemma 4.2, is within |23¢m] — (¢(2m - 2) + 2) = 2(¢ — 1) of an
optimal spanning tree, in terms of the number of leaves.

‘We now show that this construction gives the maximum number of leaf nodes
of any spanning tree of G(6,m) and therefore R(6,m) = 4m — 2.

Theorem 4.5 R(6,m) =4m —2.

Proof. Suppose there exists at least 4m — 1 leaf nodes in some spanning tree
of G(6,m). By Eq. 4 of Lemma 2.6, it is easy to see that there are at most
5 nodes in the spanning tree of degree 2 or 3. In addition, there are only two
combinations of these da = 0,d3 = 5 and d; = 1,d3 = 3. As argued in Lemma
2.6, at least 4 non-leaf nodes occur in the 4 corners (each corner consisting of
three nodes). We will show that either combinations of dy, d3 stated leads to a
contradiction.

Case 1. Suppose dz = 1,d3 = 3. Then without loss of generality, suppose the
node b = (1,2) has degree 2. It is easy to see that the nodes a = (1,1) and
¢ = (1,3) cannot be non-leaf nodes, since the other three corners must each
contain a non-leaf node of degree 3. Consider a path in the spanning tree from
a to z = (6,m). Each node along the patha — b — --- — y — z must have
degree 4, except for node a and node y, which must be one of the nodes of degree
3 in the spanning tree. This leads to a contradiction, since there must be three
interior nodes (3,7) and (¢ + 1,5) and (i + 1,5 + 1) ( or (3,7) and (4,5 + 1) and
(£+1,7 + 1)) in the path which have degree 4, giving a cycle in the spanning
tree.

Case 2. Suppose dz = 0,d3 = 5. Then a similar argument to the one given for
Case 1 will lead to a contradiction.

Therefore, we have R(6,m) =4m - 2. O

5 Conclusions

In this paper, we have determine R(n,m) for all n = 2,3,4,6. In addition, we
have provided a simple construction of spanning trees for G(n,m) with many
leaves.

We believe that the lower bound provided by Lemma 4.1 for R(5,m) is
optimal, but were not able to show it.
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