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Abstract

A set of necessary conditions for the existence of a partition of
{1,...,2m—1, L} into differences d,d+1,... ,d+m—1is (m,L) =
0,0),(1,d + 1),(2,1),(3,d) (mod (4,2)) and m > 2d ~20or m =1,
Ifm=2d-2then L=5d—-5,ff m=2d~1thendd—-2< L <
6d — 4 and if m > 2d then 2m < L < 3m + d — 2. Similar condi-
tions for the partition of {1,...,2m, L} \ {2} into differences d,d +
1,...,d+m~1are(m, L) = (0,0),(1,d+1),(2,1),(3,d) (mod (4,2)),
(d,m,L) # (1,1,4),(2,3,8) and m > 2d — 2, m = 1 or (d,m,L) =
3,2,7,(3,3,9). Ifm=2d—2then L =5d~5,5d—3,if m = 2d~1
then4d—1< L <6d—2andif m > 2d then 2m+1 < L < 3m+d-1.

It is shown that for many cases when the necessary conditions
hold, the set {1,...,2m —1,L} and {1,...,2m — 1,L} \ {2} can
be so partitioned. These partitions exist for all the minimum and
maximum L, when d < 3, when m = 1 and when m > 8 ~ 3
(m > 8d + 4 in the hooked case). The constructions given fully solve
the existence of these partitions if the necessary conditions for the
existence of extended and hooked extended Langford sequences are
sufficient.

Introduction

where we restrict the differences between the elements in each pair:
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Definition 1.1. A Langford sequence of defect d and m differences is a
partition of the set S = {1,2,... ,2m} into pairs P = {(a:,b:)}, 1 <i<m
and a; < b;, such thatb; —a; =d—1+1i for all 1 < i < m. Eguivalently,
it can be written as a sequence ac 0. ..02m, where if o; = o = 6 then
i —jl=

For example, P = {(3,5), (1,4),(2,6)} is a Langford sequence of defect
2 and 3 differences which can also be written as the sequence 342324. Lang-
ford [5] posed this problem for d = 2 and subsequently Priday [10] solved
it, although slightly earlier Skolem [14] posed this problem for d = 1 and
solved it; indeed solutions for d = 1 are called Skolem sequences.

As we shall see, there are necessary parity conditions on the existence
of Langford sequences. Existence outside of these conditions is typically
achieved by slightly altering the base set to S’ = {1,3,4...,2m +1}. The
missing value, 2, is called a hook and the definition is modified in the
obvious way. For example, P = {(11,13),(3,6),(4,8),(5,10),(1,7)} is a
hooked Langford sequence of defect 2 and 5 differences, also written as
6-345364252. In the Langford sequence literature the hook is typically put
at the right hand side of the sequence, i.e. in position 2m rather than 2. In
this article we will stretch the Langford sequence by putting a “wide-hook”
at the right hand side and, when the parity of the sequence requires it,
putting a standard hook at the left in position 2.

In this paper we will denote a Langford sequence of defect d and m
differences by L'. So the sequence given in the first example, 342324, will
be denoted as a £3. Similarly, we will denote a hooked Langford sequence
of defect d and m differences by hLT, and the sequence given in the second
example, 6_345364252, will be denoted as a hL3. When writing sequences,
for integers larger than 10 we denote ¢ = 10, = 11,... ,z = 35,4 =
36,B=37,...,Z="T1

For arbitrary d the following result has been obtained (where for in-
tegers a < b we write {a,a + 1,...,b} as [a,b] and by writing (z,y) =
(u,v) (mod (m,n)) we mean z = u (mod m) and y = v (mod n)):

Theorem 1.2. (/3, 18]) If m > 2d — 1 then [1,2m] can be partitioned
into differences [d,d + m — 1] whenever (m,d) = (0,0), (0,1), (1,1), (3,0)
(mod (4,2)). If m(m +1—2d)+2 > 0 then [1,2m + 1] \ {2} can be
partitioned into differences [d,d + m — 1] whenever (m,d) = (1,0), (2,0),
(2,1), (3,1) (mod (4,2)).

These conditions are all necessary.

Other variants of the problem have been considered. A k-extended
Langford sequence of defect d and m differences is a partition of [1,2m +
1]\ {k} into differences [d,d + m — 1]; denoted LF'(k). A left-hooked
k-extended Langford sequence of defect d and m differences is a partition
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of [1,2m + 2] \ {2, k} into differences [d,d + m — 1]; denoted ALT (k). It is
more usual to have the hook at position 2m+ 1 but since, in this article, we
will be putting our “wide-hook” at the right, we place the standard hook
at the left.

These two problems have been investigated and mostly solved in [1, 6,
7, 8, 9]. Other variants include [2, 12].

In this paper we consider the problems of constructing stretched and
left-hooked stretched Langford sequences. Hooked sequences are often used
in constructions by joining two sequences at the hook:

8374356487526211

Extended Langford sequences can be thought of as containing a generaliza-
tion of a hook; stretched sequences, with a “wide hook”, are the comple-
mentary object that could be used in such constructions:

678459647581139232 )

We will use constructive results about extended and left-hooked extended
Langford sequences from [8, 9] to build stretched and left-hooked stretched
Langford sequences. In Section 2 we review some definitions and results
that we will use. In Section 3 we will define our problem, establish the
necessary conditions for existence and show the sufficiency of these con-
ditions in almost all cases. In each case the construction method will be
similar: for a given stretched right-hook we will use an extended sequence
with an appropriate k and insert a new difference, letting sy = (L — k) and
st = (L — k). In Section 4 we make some concluding remarks and discuss
applications.

2 Preliminaries

The objects that we will use for our construction are the extended and left-
hooked extended Langford sequences from [8, 9]. The necessary conditions
for the existence of these is

Lemma 2.1. [6, 9] The necessary conditions for a k-extended or a left-
hooked k-extended Langford sequences are :

(m, k) =(0,1),(1,4d),(2,0),(3,d +1) (mod (4,2)).
Furthermore, for the non-hooked case m > 2d — 3 and

%(2d-1-m)+15k5§(m-2d+5)+1;

209



and for the left-hooked case m + % >2d-3 and
%(2d—1—m) <k< %(m-2d+5)+2.

We note that although formally, an extension larger than 2m + 1 and
2m + 2 respectively make sense, they are not interesting from the point of
view of actual sequences and so are generally not considered.

For any fixed d the sufficiency of these conditions has been established
for all but a finite number of m:

Theorem 2.2. [8, 9] The necessary conditions for the ezistence of ez-
tended Langford sequences are sufficient when m > 2d —1 and m & (2d +
2,2d + 4] U [2d + 8,8d — 5. The necessary conditions for the existence of
left-hooked extended Langford sequences are sufficient whenever m > 2d —1
and m ¢ [2d + 2,2d + 4] U [2d + 8,8d + 3.

Next, in Section 3, we will use these extended sequences to build stretched
Langford sequences, both non-hooked and hooked. In each case the con-
struction method will be similar: for a given stretched right-hook we will
use an extended sequence with an appropriate k and insert a new difference,
(k, L), equivalently in the sequence we observe that the left instance of the
new difference is at k and the right instance is at position L.

3 Stretched Langford Sequences

Rather than partitioning the set [1,2m + 1] \ {k} into differences, we now
ask to partition the set [1,2m — 1] U {L} into differences;

Definition 3.1. For L > 2m, an L-stretched Langford sequence of defect
d and m differences, LT'[L), is a partition the set [1,2m — 1] U {L} into
differences [d,d + m - 1].

Similarly, rather than partitioning the set [1,2m + 2] \ {k,2m + 1} into
differences, we can also ask to partition the set [1,2m]\ {2}U{L} into differ-
ences; we call the corresponding sequence a left-hooked stretched Langford

sequence and denote it by ALT[L).
We first establish the necessary conditions for these partitions to exist.

Lemma 3.2. The following are necessary for the existence of an L-stretched
Langford sequence of defect d and m differences, LJ[L):

1. m>2d—2o0orm=1, and

(a) If m =2d -2, then L =5d -5,
() fm=2d—-1, thend4d-2< L <6d-4,

210



(¢c) If m>2d, then2m <L <3m+d-2.
2. (m,L) =(0,0),(1,d +1),(2,1) or (3,d) (mod (4,2)).

Proof: If a LJ[L] exists, then there is a partition of P = [1,2m — 1] U
{L} = {p1,p2,... ,P2n}, With p1 < p2 < :++ < pan, into differences in
D=[d,d+m—1]={dy,ds,... ,d,}. We have

idi = i(d+i—1)=md+m(m—-l)/2, (2)
i=1

i=1

2m 2m-—1
Zp,- = (Zi)+L=m(2m—1)+L. (3) -
i=1

i=1

Since each d; can be expressed as a difference of two p; and these pairs
partition P, Y d; = 3 p; (mod 2) so by the above and some algebra L =
md 4+ m(m + 1)/2 (mod 2); the congruences on (m, L) follow.

We have L > 2m from the definition of an L-stretched Langford se-
quence, and clearly L is at most the largest difference plus the second-
largest position, so L < (2m —1)+(d+m—1) = 3m+d — 2. If there exists
a partition of P into differences in D, then Equation 2 can be expressed
as a difference of two disjoint sums of m elements over P. The positive
sum can never be larger than the sum of the m largest elements of P and
negative sum can never be smaller than the sum of the m smaller elements

of P. Thus,

Zdi < Z(pi+n - pi). (4)
i=1

i=1

This yields

md +m(m —1)/2

L
Il

< (m+1)+--+2m=-10)+L)—1+---+m)
= m?®-2m+1L, (5)

and isolating L gives m(2d + 3 — m)/2 < L. Putting these together gives
max{2m,m(2d+ 3 -m)/2} < L <3m+d -2, (6)

from which follow (1c), the lower bound of (1b) and the lower bound of
(1a), i.e., 5d — 5 < L. It now suffices to prove (1) and the upper bounds in
(12),(1b) under the assumptions m < 2d —1 and m > 1.
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Some difference 6§ € D = [d,d + m — 1] is in positions L,L — §, so
there exists a partition of P’ = [1,2m — 1]\ {L — 8} into differences in
D' =[d,d+m—1]\ {6}. The sum of the differences in D’ is

> di=m(m+2d-1)/2-5,
1<i<m
di#6

which is bounded below by
m(m+2d—-1)/2-(m+d-1).

By Inequality 4, this must be less than the sum of the m—1 largest positions
minus the sum of the m — 1 smallest positions in P/. What this sum is
exactly depends on where L — § is in P’ but it achieves its maximum,

m(m — 1), when L — 6§ = m. Putting these together we get
ﬁ(ﬁi;-d—--ll—(m+d-1) < m(m - 1).

This reduces to
0< (m—(2d—2)(m—1),

from which we can conclude that m > 2d — 2 because we can assume that
m > 1.

To establish the upper bounds in (1a) and (1b) we consider two cases
according to the position of L — § with respect tom —1. f L-6 <m -1
then

L<m-14+6<2m+d-2.

When m = 2d — 2, this contradicts our previous lower bound, and when
m=2d—1weget L <5d—-4<6d—4.
When L — § > m Inequality 4 for P’ and D’ is

> ds mm+2d—-1)/2-6

1<i<m
d;#£6
< (m+---+@2m-1)-(L-8))-1+--+(m-1))
= m?—-L+3. (M
From (6) we have m(2d — m + 3)/2 < L, so isolating 26 in (7) gives
m2d+1-m)<L+m2d-1-m)/2<26 <2(m+d-1) (8)

Finally from (8) we get L < 2(m +d — 1) — m(2d — 1 — m)/2, from which
the upper bounds of (1a) and (1b) follow. W
|
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In a similar vein we establish the necessary conditions for left-hooked
stretched Langford sequences.

Lemma 3.3. The following are necessary for the existence of a lefi-hooked
L-stretched Langford sequence of defect d and m differences, hLTL):

1. m>2d—2o0rm=1or(dmL)=(3,2,7),(3,3,9), and

(a) If m =2d -2, then L =5d — 5, or 5d — 3,
() If m=2d—1, thendd—1< L <6d-2,
(c) Ifm>2d, then2m +1 <L <3m+d-1;

2. (m,L) = (0,0),(1,d+1),(2,1) or (3,d) (mod (4,2)),
3. (d,m,L) ¢{(1,1,4),(2,3,8)}.

Proof: The congruence on (m, L) is the same as in Lemma 3.2 since in
the present case P = [1,2m — 1]U {L} is altered by changing position 2 to
position 2m, and each is even. The change in the sum of the differences is
therefore precisely 2m — 2. The change in the sums of the m largest and m
smallest positions is an increases of m — 1 in each sum. Since the left and
right hand side of Inequality 4 change by the same amount, the final lower
bound, m(2d + 3 — m)/2 < L, is unchanged. The upper bound on L is one
larger as the second largest position is one larger. The analog to (6) is

max{2m +1,m(2d+3-m)/2} < L <3m+d—1. (9

Now (1c) and the lower bounds in (1a),(1b) follow from (9). When m < 3,
Inequality 9 gives m < 4. If d =4 and (m = 2 or m = 3) it is easy to verify
that L = 9, or 12 respectively and that these Langford sequences do not
exist. Thus the only ALT[L] with m < 3 are:

hLYd+1] = d,091,d (d > 1);

h£2[5] =2,0,2,1,1;
£315] = 3,0,2,3,2;
£2[7] = 2,0,2,3,0,0,3;
§[7} = 3,0,4,3,0,0,4;

RC3[7) = 3,0,2,3,2,1,1

(or RL3[7] = 2,0,2,3,1,1,3);
hﬁ?[gl —2 0’2’ y Lady Yy ,31

£3[10] = 3,0,2,3,2,4,0,0,0, 4;
hL3[9] = 4,0,3,4,5,3,0,0,5.
The AL3[8] = hL3(7) and h£§[7] = hL} do not exist because the necessary
conditions for the equivalent non-stretched sequences given are not satisfied.
So if m < 3, then all necessary conditions are satisfied, so we may take
4 <m < 2d —1 in what follows.
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Some difference § € D = [d,d + m — 1] is in positions L,L — 6, so
there exists a partition of P’ = [1,2m] \ {2, L — 6} into differences in D’ =
[d,d+m — 1]\ {6}. The sum of the differences in D’ is

Y. di=m(m+2d-1)/2-5,
1<i<m
d:#6
which is bounded below by
mm+2d-1)/2—-(m+d-1).

By Inequality 4, this must be less than the sum of the m—1 largest positions
minus the sum of the m — 1 smallest positions. What this sum is exactly
depends on where L —§ is in P’ but it achieves its maximum, m(m —1) +1,
when L — § = m + 1. Putting these together we get

m(m+2d — 1)

5 —(m+d-1)<m(m-1)+1.

This reduces to
-2<(m=-(2d-2))(m -1),

from which we can conclude that m > 2d — 2 because we can assume that
m 2 4.

To establish the upper bounds in (1a) and (1b) we consider two cases:
the position of L — 6 with respect to m. If L — § < m, then

L<m+é<2m+d—1.

When m = 2d—2, this reduces to L < 5d—5 < 5d—3, and when m = 2d—1,
weget L <5d—-3<6d—2.
When L — § > m + 1, Inequality 4 for P’ and D’ is

Y d = m(m+2d-1)/2-6
1<i<m
di#6

< [(m+1)+---+2m—-(L-6)]-(1+---+(m—-2))
= m?+2-L+6. (10)

From (9) we have m(m — 2d + 3)/2 < L, so isolating 26 in (10) gives

m(2d+1-m)-2 < L+m(2d—-1-m)/2-2

< 26<2Am+d—1). (11)
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From Inequality (11) we get L < 2(m+d—1) —m(2d —1-m)/2+2, from
which the upper bounds of (1a) and (1b) follow. Finally, when m = 2d —2
the congruence on (m, L) shows that L #5d—4. W

a

We now develop constructions for stretched Langford sequences. While
a hL} (k) is typically considered right-hooked, it is nevertheless more con-
venient to state the next result for & left-hooked version of the extended
Langford sequence.

Lemma 3.4 (Adding difference d+m-1:). If there ezists a L]~} (k) with
k > m —d+1 then there ezists a partition of [1,2m —1|U{k+d+m —1}
into differences d,d+1,...,d+m —1, namely a LT[k +d+m —1).
Similarly, if there ezists a hLT (k) with k > m — d + 2 then there ez-
ists a partition of [1,2m — 1]\ {2} U {k + d + m — 1} into differences
dd+1,...,d+m—1, namely a AL}k +d+m —1].

Proof: To each extended Langford sequence, Lf,”'l(k), add the difference
d+m —1 at positions k,k+d+m—1. H
|

Example 3.5. Ford = 2, m = 4, the possible L are 8,10 and 12. When
L =10 this is simply a Langford sequence:

52423543.

For L = 10 we start with an extended Langford sequence 2423_43 and add
the pair (5,10) to get

2423543_.5.

For L = 12 we start with the Langford sequence 423243 and add the pair
(7,12) to get

4232435____5,

Example 3.6. To construct a decomposition of {1,3,4,5,6,7,8,9,10,15}
with d = 2, m = 5 start with 52425343 and add the pair (9,15) to get

5_24253463____6.

215



Lemma 3.7 (Adding difference d:). If there exists o L7 (k) with k >
2m — d then there ezists a partition of [1,2m — 1)U {k + d} into differences
d,d+1,...,d+m—1, namely a LT[k + d].

Similarly, if there exists a h[Z;"_,_‘ll(k) with k > 2m —d+1 then there erists a
partition of [1,2m — 1]\ {2}U{k+d} into differencesd,d+1,... ,d+m-1,
namely a hCTk + d).

Proof: To each extended Langford sequence, L‘,Z‘_ﬁl (k), add the difference
d at positions k,k+d. B
[ ]

From these Lemmata and the results known about extended Langford
sequences [1, 6, 7, 8, 9] we can derive some sufficient conditions for stretched
and left-hooked stretched Langford sequences to exist.

Theorem 3.8. Assume the necessary conditions of Lemma 3.2 are sat-
isfied. Any condition below is then sufficient for the ezxistence of an L-
stretched Langford sequence of defect d and m differences, LT'[L):

l.m=2d-2o0orm=1;

2. L=2m2m+1, or3m+d-2;

3 L=2m+2, m>22d-1andm¢ [2d+2,8d+4];
4. d=1,2,3 or4; |
5

. 2m+1<L<3m+d-2,m>2d, andm & [2d + 3,2d + 5] U [2d +
9,8d — 4];

6.2m<L<2m+d—1,m>2d+2, andm ¢ [2d+5,2d + 7)U [2d +
11,8d + 4].

Proof: 1. If m = 2d—2, then L = 5d—5 by Lemma 3.2(1), and aﬁg“"z[5d—
5] comes from a Lgd‘3(2d — 2) (given in (8], p. 423, first paragraph) and
Lemma 3.4. The case m =1 is trivial.

2. We have L7'[2m] = L} and £}}[2m+1] = hLT, and these exist(8, 9].
If L =3m+d—2, then take a £7'~" and add the difference m +d —1 at
positions 2m — 1 and 3m +d — 2.

3. Reversing a £L7'[2m+2] yields a AL} (3). The current existence con-
ditions for these are described in [9)].

4, For m > 2d or d = 1,2 apply Lemma 3.4 to the known extended
Langford sequences(8, 9]. It only remains to give sequences for d = 3,4;

216



m=2d—1and2m+2=4d < L <6d-4:

£3[12] = RL3(10)(8);

L£3[14] = 4,6,3,5,4,3,7,6,5,0,0,0,0,7;
16 = 6,7,8,9,5,a,6,4,7,5,8,4,9,0,0,a;
Ci[18] = 9,4,8,5,7,4,6,a,5,9,8,7,6,0,0,0,0,a;

£320] = 7,5,8,9,4,6,5,7,4,4,8,6,9,0,0,0,0,0,0,a.

5. An L7}(k) exists whenever the necessary conditions are satisfied and
m€ [2d—1,2d+ 1] U [2d+5,2d + 7] U [8d —4,00) [1, 6, 8]. Add difference
d +m to these extended sequences as in Lemma 3.4 to get £J+![L] for all
admissible L, and with m + 1 € [2d,2d +2] U [2d + 6,2d + 8] U [8d — 3, 00).
Now replace m + 1 by m, and take the set-complement.

6. Add difference d — 1 to the extended sequences in Case 5 according
to Lemma 3.7 to get L3 [L] ford' =d—1,m' =m+1, L<2m' +d' -1
and with m’ = m+1 € [2d' +2,2d' + 4] U [2d’ +8,2d’ 4+ 10] U [8d' + 5, 00).
Replace m/,d’ by m, d, and take the set-complement to get the result. W

[ ]

We have a similar result for left-hooked L-stretched Langford sequences.

Theorem 3.9. Assume the necessary conditions of Lemma 3.3 are satis-
fied. Any condition below is then sufficient for the eristence of a left-hooked
L-stretched Langford sequence of defect d and m differences, hCT[L]:

L. m=2d-20orm=1or(dmL)=(3,27),(3,3,9);

2 L=2m+1,0or3m+d~1;

3.d=1,2,3;

4. 2m+1<L<3m+d-1,m>2d and m & [2d + 3,8d + 5|;
5.2m+1<L<2m+d,m2>2d+2 andm ¢ [2d + 5,8d + 13).

Proof: 1. A family of h£2%~3(2d — 1) for d > 3 is

3453.4.5,
5678456478,
7892b567.8596a.b,
9abcdeB789.a6b7c8d.e,
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and a family of h£2%~3(2d — 3) for d > 2 is

2.2,

53.435.4,
7568.45764._8,
b9758a.6579b86.a,
db97ce8a_679bd86¢ca e,

Reverse these and apply Lemma 3.4 to get (resp.) h[.ﬁ““z[5d-3], d>2,
and hL2-2[5d-5), d > 3. If d = 2, then hLZ*~2[5d-5] = hL3[5] is a reverse
L£3(2) (3, 13]. The case m =1 is trivial and the two sporadic sequences are
in the proof of Theorem 3.3.

2. For L = 2m + 1 reverse a hLT (3, 13]. For L = 3m +d — 1 reverse a
RLT~! and add the difference m + d — 1 at positions 2m and 3m +d — 1.

3. By the above and the construction of all ALLT[L] with m < 3 in the
proof of Theorem 3.3, it remains to give AL (L] for
(1by m=2d—-125, L € [4d,6d - 2],
(leyy m>22d>4,Le2m+2,3m+d-2],
L of correct parity and (d,m, L) not in the list of exceptions. For d = 1
apply Lemma 3.4 to the required hL7 (k) to get all required ALT*[L] [14]. For
d = 2 apply Lemma 3.4 to the required hL3*(k) to get all required hLF[L]
except hC3[12] = 5,0,2,3,2,5,3,4,0,0,4 [6]. For d = 3 apply Lemma 3.4
to the required hLT (k) (d = 3) to get all required hLF[L] except hL3[12] =
5,0,6,4,7,5,3,4,6,3,0,7; hC3[14] = 4,0,5,6,4,3,7,5,3,6,0,0,0,7; hL5[16]
= 6,0,3,4,5,3,6,4,7,5,0,0,0,0,0,7 [9].

4. A hLT(k) exists for all admissible k whenever m € [2d — 1,2d + 1]
U [8d + 5,00) [8, 9]. Reverse the sequences and add difference d + m as in
Lemma 3.4 to get RLT*![L] for all admissible L and m+1 € [2d,2d+ 2] U
[8d + 6,00). Now replace m + 1 by m and take set complements.

5. Proceed as in the preceding case, but apply Lemma 3.7 instead. B
|

4 Conclusion and Applications

We construct £J[L] sequences primarily from £J'~!(k) or L7 '(k) se-
quences, with similar constructions in the hooked case. Comparing the
necessary conditions for extended and stretched Langford series and the
two main constructions in Lemmata 3.4 and 3.7, it is plain that once the
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necessary conditions for (hooked) extended Langford sequences are shown
to be sufficient, then the existence of (hooked) stretched Langford sequences
will be settled [8, 9]. A priori this strong connection is not obvious, as posi-
tion L in a (hooked) stretched Langford sequence need not be occupied by
the largest or smallest difference, but it becomes evident after Lemmas 3.2
and 3.3 are carefully worked out.

Given the necessary conditions formulated in Lemmas 3.2 and 3.3, we
can restate the global behavior of the central theorem 3.8 in three ways :

1. For a given d and m, where m is sufficiently large with respect to d,
every possible L of the correct parity and in the correct range can be
achieved.

2. For a given d and L > 16d then almost every 8d < m < L/2 in the
correct classes modulo 4 can be achieved.

3. For a given m and L > 2m sufficiently close to 2m, almost every d of
the correct parity in the range L — 3m < d < m/2 can be achieved.

The primary motivation for the definition and construction of stretched
Langford sequences is the construction of partitions of an interval into col-
lections of sets that contain given differences a required number of times.

For example using several Langford sequences to construct a longer
Langford sequence. Two hooked sequences can be “hooked” together to
form a longer sequence that is still a partition of the longer interval into the
multi-set union of the differences from the two sequences. The “stretched
hook” is complementary to the extensions in an extended Langford sequence
for this same application. Here we think of the extension as a “deep” hook.
For example, we can hook together an extended Langford sequence with
d=1,m =3 and k = 4, and a stretched Langford sequence with d = 4,
m = 6 and L = 15 as shown in Equation 1 to construct a Skolem sequence
with nine differences.

A second example of this use of a stretched Langford sequence is in
the construction of base classes of cyclic resolvable designs. If a partial
base resolution class leaves an interval of points in Z, uncovered together
with an isolated point at some distance from the interval, then the class
can be completed with a stretched Langford sequence. An example makes
the idea much more complete: A CURD(76,57,26,8) is a pairwise balanced
resolvable design with blocks of size 2 and 3 such that every resolution
class has 26 blocks of size 2 and 8 blocks of size 3, i.e. of type 22638, Using
Theorem 3.4 from [4], we could build a CURD(76,57,26,8) if we had a A = 4
CURD with v = 19 and partition 112632 with the additional property that
the blocks of size three are a replicated A = 1 packing on 19 points. This
CURD has 57 resolution classes and so could conceivably be built cyclically
from three base classes.
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Since the triples must be a A = 1 packing replicated we could ask
that each base resolution class contain the triples {0,1,9}, {2,5,7} which
develops into a packing on 19 points. If we also add pairs {4, 10} and {6, 18}
we have used each difference {1,2,3,5,6,7,8,9} three times each and it
remains to place the difference 4 four times and all other differences once
more across the three base resolution classes. Since the points untouched
in each class so far are an interval with two isolated points we can fill one of
the base classes with a stretched Langford sequence with parameters d = 1,
m=4 and L =10.

Only two more classes remain to be completed, rather than three! A
quick search reveals that the other two base classes can be completed with

{3,12}, {8,14}, {11,16}, {13,17}
{3,11},{8,15},{12,16}, {13,17}

The use of the stretched Langford sequence reduced the search space dra-
matically. For larger designs the application should be just has useful.
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