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Abstract. Let AK, be the complete multigraph, G a finite sim-
ple graph. A G-design (G-packing, G-covering, resp.) of AK, is
denoted by GD(v, G, A) (PD(v,G, A), CD(v, G, ), resp.). In this
paper, we will give some construction methods of graph pack-
ings and graph coverings, determine the existence spectrum for
the G-designs of AK,, and construct the maximum packings and
the minimum coverings of AK, with G for any positive integer
A. Where the graph G is (K4 — e)|JP, or Cs © P;. Therefore,
the problems of G-coverings and G-packings of AK, are solved
completely when G is a graph with order 6 and |E(G)| < 6.
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1 Introduction

A graph is called (p,q)-graph if it has p vertices and q edges. Let
v and A be two positive integers, G a finite simple (p,q)-graph. We de-
note by AK, the complete multigraph of order v and index A\. A G-
design (G-packing, G-covering, resp.) of AK,, denoted by GD(v, G, ))
(PD(v, G, A\),CD(v, G, )), resp.), is a pair (X, B) where X is the vertex
set of K, and B is a collection of subgraphs of K, called blocks, such that
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each block is isomorphic to G and any two distinct vertices in K, are joined
in exactly (at most, at least, resp.) A blocks of B. A G-packing (G-covering,
resp.) is said to be mazimum (minimum, resp.), denoted by MPD(v, G, )\)
(MCD(v,G, A), resp.), if no other such G-packing (G-covering, resp.) has
more (fewer, resp.) blocks. The number of blocks in a maximum G-packing
(minimum G-covering, resp.), denoted by p(v, G, A), (c(v, G, A), resp.),
is called the packing (covering, resp.) number. A simple counting shows
that p(v, G, A) < [’\”(2',’; D)< ['\”(;’q' U < ¢(v, G, A), where |z] denotes
the greatest integer y such that y < z, and [z] denotes the least integer
y such that y > z. A PD(v, G, A) (CD(v, G, A), resp.) is said to be
optimal and is denoted by OPD(v, G, A) (OCD(v, G, }X), resp.) if the
left (right, resp.) equality holds. Obviously, there exists a GD(v, G, A) if
and only if p(v, G, A) = ¢(v, G, ). A GD(v, G, X) can be regarded as
an OPD(v, G, A) or an OCD(v, G, )).

The leave edge graph Lx(B) of a packing D=(X, B) is a subgraph of
MK, whose edges are the complement of B in AK,,. The number of edges in
Ly (B) is denoted by |Lx(B)|. In particular, when D is maximum, |L(B)|
is called the leave edge number and it is denoted by !5(v). It is clear that
Ix(v) = A(3) — q|B|. Similarly, the repeat edge graph Rx(B) of a covering
D=(X, B) is a subgraph of AK, whose edges are the complement of AK,
in B. When D is minimum, |R,(B)| is called the repeat edge number and
it is denoted by ra(v). The number r5(v) = g|B| — A (3). Generally, the
symbols Lx(B), Ix(v), Ra(B) and rx(v) can be denoted more briefly by
LA, l)\, R)‘ and TX-

Remark: for the above notes, we drop the A if A = 1. For instance,
the r; and GD(v, G, 1) are denoted by r and GD(v, G), respectively.

Graph decompositions have many important applications in communi-
cations, cryptography and networking (see [17,18]). Many researchers have
been involved in graph designs, graph packings and graph coverings of AK,
with five vertices or less(see [1-10]). Yin{!! listed the spectrum of the fol-
lowing two graph designs when A = 1.
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Table A

note Gi=(Ks-e) A Gy=Cs () P
b ce ¢ d g
graph e
a df a
spectrum | v=0,1,4,9(mod 12) | v =0, 1,4,9(mod 12)

Throughout this paper, each graph in the Table A is denoted by [a, b, c, d,
e, f]. In what follows, the notations(a,b € Z): [a,b] = {z € Z|a < z < b},
[a,b]x = {z € Z|a < z < b,z = a(mod k)} for a,b € Z, [a,b,--+,d +i =
[a+i,b+4,---,c+1i] and (Zp)m = {im| i € Z,,} are used frequently. The
edge set {(a1,a2), (a2,a3),--,(@n-1,an)} is denoted by (a1,az,,an).

Let graph G has six vertices and its edge number not greater than 6.
The G-designs, maximum G-packings and minimum G-coverings of AK,
except the graphs in Table A were solved by Yin and Gong [11], and Liang
and Wang [13,14,16]. In this paper, we obtain some construction ways
of graph packings and graph coverings, and give G-designs, maximum G-
packings and minimum G-coverings of AK, by the graph G in Table A.
Therefore, we completely solve the problem of G-coverings and G-packings
of AK,,, where G has no isolated vertices and |V (G)|=6, |E(G)| < 6.

2 Recursive constructions

In the following results, if we replace MPD and MCD by OPD and
OCD respectively, then they are also true.

By K., n,,-,n, We mean the complete multipartite graph with h parts
of sizes n1,m2, -+, nn. Let X = U, <;<, Xi be the vertex set of K, ny,....ns
where X;(1 < ¢ < h) are disjoint sets with |Xi| = ni and v = 3=, ;s 7
When n;=n;= -..=n;=n, we denote Ky, n;..n, by Kn(n). A copies
of Kn, ng,-n, is denoted by AKp, ny,...n,. For any fixed graph G, if
MKy, ng,ny can be decomposed into edge-disjoint subgraphs isomorphic
to G, then we call (X, G, A) a holey G-design, where G={X1, Xz, -, X4},
and A is the collection of all subgraphs called G-blocks (or simply blocks).
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Each set X;(1 < ¢ < h) is said to be a hole (or group) and the mul-
tiset T={ny,ny,---,n4} is called the type of the holey G-design. We
denote the design by (G,\)-HGD(nin}---n}) (or (G,))-HGD(T)) and
use an "exponential ” notation to describe its type in general: a type
1¢273% ..., denotes i occurrences of 1, j occurrences of 2, etc.. A (G,\)-
HGD(1¥~%w!) (shortly IGD(v,w, G, ))) is called an incomplete G-design.
Obviously, a GD(v, G, A) is a (G, A)-HGD(1%) which can be thought of as
an IGD(v,w,G) with w = 0 or 1. The symbols (K, 1)-HGD(T), (G, 1)-
HGD(T) and IGD(v,w,G,1) can be briefly written by k-HGD(T), G-
HGD(T) and IGD(v, w, G) respectively. A transversal design TD(k,n) is
a k-HGD(nk).

Let H = {S1,52,---,Sn} be a partition of finite set S. A holey Latin
square having partition H is a |S| x |S| array L indexed by S, satisfying
the following conditions: (1). for 1 < i < n, the cells of S; x S; contain no
symbols, and each of the other cells contains one symbol; and
(2). for 1 £ i < n, each row and column with indices in S; contains each
symbol in S\ S; exactly once.

The order of L is |S|, and the type of L is the multiset T = {|S;| | 7 €
(1,n]}. A holey Latin square is called symmetric if the element in cell (3, 5)
is the element in cell (j,%) for all ¢ and j. We simply write HSL(T) for a
holey symmetric Latin square of type T

Theorem 2.1112] There exists a HSL(2") for any integer n > 3.

Theorem 2.2 Let (p, g)-graph G=(V, E) be 3-colorable. If there exists
an injection f from V to Z, such that when each edge uv is assigned the
label |f(u) — f(v)] the resulting edge labels are distinct, then there exists
a G-HGD((2q)") for any integer n > 3.

Construction: Let S=[1,2n], H={S;| S; = {2t—1,2t},t € [1,n]}, ver-
tex set X=2, x S, hole set G = {Z; x S|t € [1,n]}. If V={v1,v2,---,vp}
is the vertex set of G, then G is denoted by [v1,v2,:-+,vp). By Theo-
rem 2.1, we know that there exists a HSL(2"), written L=(a;;). Let
A={{i,j,ai;} | 1 < i,j < 2n,(4,5) ¢ St x Si,t € [1,n],ai; € L}. We
construct B on the set X as follows: for every {i,j,ai;} € A, we regard 1,
4, aij as 3 colors of G. We get

[(f(vl)a :121), (f(v')): 172), Yy (f(vﬂ)i ZP)] mOd(q")'
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Where zi. € {i,3,0:5}, k € [1,p], and =z is the color corresponding to v.
Then (X, G, B) is a G-HGD((2q)™).

Proof It is easy to verify that (f(v1), z1), (f(v2),z2), -, (f(vp), zp) for
all {4, 7, ai;} € A are mutually different.

It is easy to see that any edge to join distinct vertices in same hole
Z4 x S; do not occurs in any block of B. If (f(u),i) and (f(v), ) are two
elements in distinct holes of G, then there are (¢,5) ¢ UL,S; x S, and
ai; € S, such that {3, j,a;;} € A. Therefore the edge ((f(u),1), (f(v), 7))
occurs in some block of B.

On the other hand, since |A|=(4n?—4n)/2=2n(n—1), the set B contains
q|A|=2n(n — 1)g blocks. Thus the number of edges contained in all blocks
of Bis

onn - 1)a? = 46" ) = 1E(Kn @O

To sum up, the (X, B) is a G-HGD((2q)"). o

Theorem 2.3 Let (p, ¢)-graph G=(V, E') with vertex set V={v; | i €
(1,p]} be 3-colorable. Suppose that there exists a mapping f: V — Z; such
that its induced mapping f*: E — Z; defined by f*(uwv) = |f(u) — f(v)|
form a multiset

* Oal’l)"'a( '—1) 2$( —1)/2}i f odd
{If (uv)||uv€E}={ EO,I,I,-",(g-2);2,(3—2)/2#?/2}: ':fgeven

If {[(f(v1),21), (f(v2),22), - -+, (f(vp), Zp)] is isomorphic to G, where z; €
{#,3,ai5}, k € [1,p], and =z is the color corresponding to vk, then there
exists a G-HGD((2¢)") for any integer n > 3.

Construction: Let S=[1,2n], H={S;| S; = {2t-1,2t},t € [1,n]}, ver-
tex set X=2Z, x S, hole set G = {Z, x S|t € [1,n]}. If V={v;,v2, -, vp}
is the vertex set of G, then G is denoted by [v;,vs,::-,v;]. By Theo-
rem 2.1, we know that there exists a HSL(2"), written L = (a;;). Let
A={{i,j,ai;} | 1 < 4,5 < 2n,(3,5) € St x S, t € [1,n],a;; € L}. Next we
construct B. For every 3-coloring of G {1, j,a;;} € A, we obtain the block
[(f(v1), 21), (f(v2), 22), -+, (f(vp)s zp)],
where i € {i,7,a:;}, k € [1,p], and =z« is the color corresponding to vy.
Let A be the set consist of these blocks. Then B={B +i| i € Z;, B € A}
is the collection of G-HGD((2¢)"). O
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Theorem 2.4 Let G be a graph in Table A. Then there exists a G-
HGD(12%) for n > 3.

Proof Let § = [1,2n], H={S;| S; = {2t — 1,2t},t € [1,n]}, vertex set
X = Zg x 8, hole set G={Zg x S;| t € [1,n]}. By Theorem 2.1, we know
that HSL(2") exists, denoted by L = (a;;). We construct B as follows:

f_Ol'_Cil_ [(11":)’ (3a at'j)’ (1’j)w (0’ aij)’ (Ov i)a (3a.7)] (mOd 6a")'

M [(0’ .7)’ (4aa£.7')9 (3s .7)’ (2’i)’ (0, ai.i)’ (3:"')] (mOd 6")-

Where (%, 7,a:;) over all elements in {{7,j,ei;;} | 1 < i,j < 2n,(3,5) ¢
S; x St € [1,n],a;; € L}. It is easy to verify that (X,G,B) is a G-
HGD(12™) for G € {G; | i € [1,2]}. o

Theorem 2.5 Let G be a graph in Table A. If both IGD(12+w, w, G, A)
and M PD(124+w, G, A) (MCD(124+w, G, A), resp.) exist, then an M PD(12n
+w,G, ) (MCD(12n + w, G, A), resp.) exists for any integer n > 3.

Proof By Theorem 2.4, there exists a (G,\)-HGD(12")=(X, G, A)
for G € {G1,G2}. Let Y=(Z, x Zj2)|J{o01,002, **+,00u}, Y;=({7} X
Z12) {001,002, +,00u}, for j € Z,. Since IGD(12 + w,w,G, ) and
MPD(12 4+ w, G, )) exist, IGD(12 + w, w, G, ) on Y; (j € Z}) exists, de-
noted by (Y}, A;), and MPD(12+w, G, ) exists on the set Yo, denoted by
(Yo, Ao). We have |A| = 12Mn(n—1), |U;cjcn-1 Ail=A(n—1)(12+2w-1)
and |Ag|=A(12 + 2w — 1) + AL |,

Thus |A| + |Uy<jcn1 Al + Ao|=2(1202 + 2nw - n) + A5 |
=|.)\(l2n+w)1(;2n+w—l)J.

This implies that (Y, AU(Upgj<n—145)) is an MPD(12n + w, G, A).

In the same way we can prove that an MCD(12n + w, G, )) exists. O

Theorem 2.6 Let G be a (p,q)-graph. If both (G, A)-HGD((hm)*)
and (G, \)-HGD(h™) exist, then (G, A)-HGD(h™*) exists.

Proof Let (X,G, Ao) be a (G, \)-HGD((hm)*). By hypothesis condi-
tion of the theorem, we obtain that there exists a (G, A\)-HGD(h™). Sup-
pose that (X;,Gi, Ai), ¢ € [1,u] are u (G,A)-HGD(h™). Next we verify
that the (X,U;<j<u 95 Uogjcu As) is & (G, A)-HGD(R™").

It is not difficult to see that every pair of distinct element of X occurs
in exactly A blocks of Uo<,<u A; or one group of {J, <<, Gj, but not both.

Again 3 |A4d=14ol+3: |4
\[(E) (hm)?/a + u(Z)? /= NP lu(u = m? + um(m - 1)]/2q
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=Ah?mu(mu — 1)/2g=Mh?("3") /q.

Thus we have the required number, Ah2(";*)/q, of blocks as the to-
tal number of blocks of (G,))-HGD(h™*). Therefore, we claim that the
(X, Urgjcu 93> Ungj<u Aj) is the required (G, A)-HGD(h™*). m]

Theorem 2.7 Let (X, G, B) be a k-HGD, and let w: X — Z+J{0} be
a weight function on X. Suppose that there exists a (G, A\)-HGD of type
{w(z)| = € B} for each block B € B. Then there is a (G, \)-HGD of type
(Teccul@)] GG},

Proof Let D={,¢,({z} X Zu(z))| 9 € G}, Y=U_cx ({z} X Zu(z))- By
hypothesis condition of the theorem, we obtain that there exists a (G, \)-
HGD of type {w(z)| z € B} (U,ep({x} X Zu(z)), 9B, AB) for any B € B.
Then (Y,D,Upes AB) is a (G,A)-HGD of type {3 ¢, w(z) g€ G}. O

Theorem 2.8 If there exist a8 G-HGD(nln}---n}) and a TD(h,n),
then there exists a G-HGD((nn;)!(nn2)! - - - (nny)!) for any positive inte-
ger n.

Proof Let (X, G, B) be a TD(h,n). For each B={by,b,...,b,} € B, we
construct weight function w(b;)=n;, ¢ € [1, h]. By Theorem 2.7, we obtain
the result. a

Theorem 2.9 If there exist a G-HGD(nln}...n}), an IGD(n; +
h,h,G), i € [1,m — 1] and an MPD(ny, + h,G) (MCD(n,, + h,G),
GD(nm + h,G), resp.), then there exists an MPD(v,G) (MCD(v,G),
GD(v,G), resp.), where v=h + f: n;.

i=1

Theorem 2.10!% Let { be the leave edge number of the OPD(n, G, 1)
and A=e(G)/gcd(e(G), ). If there exist an OPD(n, G, \) and an OCD(n, G,
A) for 1 < A < A, then there exist an OPD(n, G, A) and an OCD(n, G, \)
for any positive integer .

Theorem 2.11113 Given positive integers v, A and p. Let X be a v-set.

(1) Suppose that there exists an MPD(v, G, A\)=(X, D) with leave
edge graph Lx(D) and an MPD(v, G, p)=(X, €) with leave edge graph
L,(€). If |La(D)| + |Lu(E)] = la+u(v) < e(G), then there exists an
MPD(v, G, A+ p) with leave edge graph Ly (D) J L.(€).

(2) Suppose that there exists an MCD(v, G, A)=(X, D) with re-
peat edge graph R)(D) and an MCD(v, G, p)=(X, £) with repeat edge
graph R, (€). If |RA(D)| + |Ru(€)| = ra+u(v) < e(G), then there exists an
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MCD(v, G, A+ p) with repeat edge graph Ry(D)|J R,(€).

(3) Suppose that there exists an MPD(v, G, A\)=(X, D) with leave
edge graph L»(D) and an MCD(v, G, p)=(X, ) with repeat edge graph
Ru(€). If Ru(E) C La(D) and |La(D)| — |Ru(E)| = Lrtu(v) < e(G), then
there exists an MPD(v, G, A + p) with leave edge graph Lx(D)\R,(€).

(4) Suppose that there exists an MCD(v, G, A\)=(X, D) with repeat
edge graph R\(D) and an MPD(v, G, pu)=(X, £) with leave edge graph
L,(€). If Lu(€) € RA(D) and |RA(D)| — |Lu(E)| = rr+u(v) < e(G), then
there exists an MCD(v, G, A+ p) with repeat edge graph Rx(D)\L,(E).

Corollary 2.1213 If both GD(v, G, A;) and GD(v, G, Ag) exist, then
GD(v,G, M + A2) exists.

Theorem 2.13113 If there exist a GD(v, G, A1) and an MPD(v, G, A)
(MCD(v, G, A2), resp.), then there exists an MPD(v, G, A1 +X2)(MCD(v,
G, 1 + Ap), resp.).

Theorem 2.14(14 If there exist an IGD(v,w,G) and a GD(w,G)
(MPD(w,G), MCD(w, G), resp.), then there exists a GD(v,G) (M PD(v,
G), MCD(v,G), resp.).

3 Direct constructions

Theorem 3.11'4! Let G be a (p, q)-graph. If positive integer n satisfies
n(n — 1) < 2g, then there exists an OPD(v, G) with the leave edge graph
K, if and only if there exists an IGD(v,n,G).

Let G=(V, E), and let D;=(V, E;), i=1, 2 be two subgraphs of G. We
say that D; and D, are mutual complement on G (denoted by Dy=C¢ D))
if {E1, E2} is a partition of E. D, is called a self-complement graph on G
if D, is isomorphic to CeD;. Let P, be a path of length n. It is easy to see
that there are two self-complement graphs on G, in Table A (i.e. P; and
P,|J P, (disjoint union)), and there is no self-complement graph on G, in
Table A.

Theorem 3.2 If there exists an MPD(v,G) with leave edge graph L
which is a self-complement graph on G, then there exist an M PD(v, G, \)
and an MCD(v, G, A) for any positive integer A.

Proof Let L be the leave edge graph of MPD(v,G)=(X,A). Since
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L is a self-complement graph on G, L can conduct a graph G’ that is
isomorphic to G, and V(L) C V(G') C X. Let B=A{G'}. Then (X, B)
is an MCD(v, G) with repeat edge graph R & L. It follows from Theorems
2.10 and 2.11 that there exist an MPD(v,G, A} and an MCD(v, G, ) for
any positive integer A. Q

Corollary 3.3 For graph G, in Table A, if M PD(v, G2) has leave edge
graph P; or P,|J P; (disjoint union), then there exist an MPD(v, Gz, \)
and an MCD(v, Gz, )) for any positive integer .

Theorem 3.4 Let G be a (p, g)-graph.

(1) Let the leave edge graph L of M PD(v, G) has q/2 edges, and L be a
graph isomorphic to some subgraph of G. If there exist an M PD(v, G) and
a GD(v,G,2), then there exist an M PD(v,G, A) and an MCD(v, G, A) for
any positive integer \.

(2) Let Ly be the leave edge graph of M PD(v, G, A). If L, is isomorphic
to some subgraph of G, then there exists an MCD(v, G, A).

Proof Let MPD(v,G)=(X,A). We span G’ by L, where G’ is iso-
morphic to G. Then (X, AJ{G'}) is an MCD(v,G). When A=2n, take
n graph designs GD(v, G, 2) form a GD(v, G, A). When A=2n + 1, take n
graph designs GD(v, G, 2) and one MPD(v,G) (MCD(v,G), resp.) form
an MPD(v,G, ) (MCD(v,G, A), resp.). The result (2) is obvious. o

We write the disjoint union of k copies of G for kG. A subgraph B of
G is said to be a block of G if either it is a bridge or else it is a maximal
2-connected subgraph of G.

Theorem 3.5 Let G be a (p, g)-graph, L a leave edge graph of MPD(v, G)
and R a repeat edge graph of MCD(v,G). (i) If every block of G and R are
isomorphic to L, then there exist an MPD(v,G, A) and an MCD(v,G, \)
for any positive integer .

(ii) Let s and t be two positive integers. If G is isomorphic to tL, and R is
isomorphic to sL, then there exist an M PD(v, G, A) and an MCD(v, G, ))
for any positive integer .

Proof Since every vertex belonging to at least two blocks is a cut-vertex
of G and two distinct blocks in G have at most one vertex in common, the
conclusion follows from Theorem 2.11. The result (ii) is obvious. a

Corollary 3.6 If the leave edge number of M PD(v,G) is 1, then there
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exist an MPD(v,G, ) and an MCD(v,G, )) for any positive integer \.
Lemma 3.7 Let G be a graph in Table A. When w € {2, 3,5,6,7,8, 10,
11}, there exists an IGD(12 + w, w, G).
Proof see Appendix. m|
Lemma 3.8 When v € {7,8,10,11, 14,15,17, 18, 19, 20, 22, 23, 26, 27, 29,
30,31, 32,34,35} and G € {G,, G2}, there exist an OPD(v,G, )) and an
OCD(v,G, ) for any positive integer A.
Proof See Appendix. m]

4 Case v=6

Lemma 4.1 There exist an OPD(6,G3, A) and an OCD(6, G2, A) for
any positive integer A.

Proof On the set Zg, the blocks of OPD(6,G;) are given by
[0,1,2,3,4,5], [2,4,1,3,5,0]. Leave edges: (3,0,2), (1,5).

Therefore, there exist an OPD(6, G3, A) and an OCD(v, Ga, A) for any
positive integer A from Corollary 3.3. m]

Lemma 4.2 p(6,G1)=1, ¢(6,G1)=3.

Proof On the set Zg, the blocks of OCD(6,G;) are given by
[0,1,2,3,4,5], [1,4,3,5,0,2], [4,2,5,0,1,3]. Repeat edges: (3,1), (2,0),
(4,5). therefore, an OCD(6,G4) exists and ¢(6,G1)=3.

Since Kg—G, does not contains graph G, there does not exists OPD(6,

G1,1). This implies that p(6,G1)=1. 0
Lemma 4.3 There does not exists GD(6,G1,2), and p(6, Gy, 2)=4,
6(6, Gl, 2)=6

Proof Suppose that there exists a GD(6,G1,2) with five blocks. Then
the type of each vertex on 2Kj is one of 25, 312311, 322112, Let there are
z vertices with type 28, y vertices with type 3!231!, z vertices with type
322112, Then we have the system of equations

{ z+y+z =6

50 +3y+z =10
y+ 2z =10



Its nonnegative integer solutions are

z=0 z=1
€ {y=2 (1) {y=0

z=4

Let two vertices with type 31231 of 2K be 0, 1. We distinguish two cases.

Case 1: if the edge 01 occurs in one of subgraphs K — e in the five
blocks, then the edge 01 can not occur in other blocks. Else, the vertex 0
or 1 will occurs two time in same block.

Case 2: if the edge 01 occurs in two subgraphs Ky —e of the five blocks,
then after five K4 — e was obtained, there is at least one block with repeat
vertex. This is a contradiction. Therefore, the solution (I) is not feasible.

For the solution (II), if one vertex of 2Kjg, say 0, occur in one vertex
with degree 2 of the five blocks, other one vertex with degree 2 in the five
blocks are labelled 1, 2, 3, 4, 5, respectively. However, after five K4 — e was
obtained, there exist at least one block with repeat vertex. Therefore, the
solution (II) is not feasible also.

Let Zg be the vertex set of Kg. A: [0,1,2,3,4,5], [1,5,3,4,0,2], [5,2,4,
0,1,3], [4,2,3,0,1,5]. Thus(Zg,.A)isan MPD(6,G,2),i.e. p(6,Gy,2)=4.
Let B=A|J{[1,0,5,2,3,4], [1,4,3,5,0,2]}.

Then (Zs, B) is an MCD(6,G1,2), i.e. ¢(6,G,2)=6. a

Lemma 4.4 For integer A, 3 < A < 6, there exist an OPD(6,G1, )
and an OCD(6, Gy, \).

Proof Let Zg be the vertex set of Kg. Define
A: [4,2,3,0,1,5), [3,0,5,2,1,4], [1,4,5,3,0,2];

B: [3,0,1,2,4,5], [5,2,4,0,1,3], [2,1,0,5,3,4], [1,0,4,2,3, 5];
c: 0,1,2,3,4,5, [0,5,2,4,1,3], [5,2,1,0,3,4), [2,1,0,4,3,5], [1,5,3,4,0,2],

[0,1,5,4,2,3], [1,2,4,3,0,5], [5,4,2,3,0,1], [4,1,3,0,2,5].

We obtain an OPD(6, G, 3)=(Zs, A J B) with the leave edge set {02, 15,
34}, and an OPD(6, Gy, 5)=(Zs, A|JC) with the leave edge set {03, 12, 45}.
By Theorem 3.4, there exists an OCD(6, G, )) for A=3, 5. By Theorem
2.12 and Lemma 4.2, there exists a GD(6,Gy, \) for A=4, 6. D

Lemma 4.5 (1) Any odd number s > 7 can be written by 3z + 4y or
4y + 52.
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(2) Any even number s > 8 can be written by 4z + 6y. Where z, y, z
are three nonnegative integers.

Proof (1) When s=4n + 1, taking y=n — 1, 2=1, we have s=4y + 52.
When s=4n + 3, taking y=n, =1, we have s=3z + 4y.

(2) When s=4n, taking y=0, z=n; When s=4n + 2, taking y=1,
z=n —1. (]

Lemma 4.6 There exist an OPD(v, G1, A) and an OCD(v, G, A) for
any integer A > 3.

Proof The result is obtained from Theorem 2.11, Lemmas 4.4 and
4.5. o

5 Conclusion

Theorem 5.1 There exist an OPD(v, G;, A) and an OCD(v, G, A) for
i=1, 2 and v > 6, exception of (v,,A)=(6,1,1), (6,1,2) for packing, and
(v,3,A)=(6,1,2) for covering.

Proof By Lemmas 3.7 and 3.8, Theorem 2.5 and Lemmas 4.1-4.6, we
obtain the result. ]

Lemma 5.2(18] The necessary conditions for & GD(v,G, A) to exists
are (1) (v — 1) = 0 (mod 2¢(G)); (2) Mv — 1) = 0 (mod n), where
n = ged({d(u)|u € V(G)}).

Theorem 5.3 The necessary conditions for the existence of a GD(v, G,
) are also sufficient for i € [1,2] and A > 1, except for (v,%, A)=(6, 1, 2).

Proof Since an OPD(v, G, )) is also a GD(v, G, ) when p(v, G, )
=c(v, G, A), the result holds by Theorem 5.1. m|
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Appendiz
Proof of Lemma 3.7

Table B IGD(12 + w,w,G)

w 21356 7]|8]|10]11
2+w 14 |15 [ 17 |18 |19 [ 20 | 22 | 23
number of blocks | 15 [ 17 [ 21 | 23 [ 25 | 27 | 31 | 33

Let the incomplete graph design IGD(12 + w,w,G)=(X,B) for G €
{G1, G2}. The number of blocks in the IGD(12 +w,w, G) see Table B. We
construct B as follows:

w = 2 On the set X=212|J{a,b}.

For Gi: [0,1,3,7,6,9], [1,2,4,8,5,11], [2,3,5,9,1,11], [3,4,6,10,5,0],
[4,5,7,11,b,9], [7,8,10,2,5,1], [8,9,11,3,5,6], [9,10,0,4,b,3),
(11,0,2,6,7,1], [2,6,8,0,3,9], [¢,7,9,1,5,11], [¢,11,10,5,6, 1],
6,0,6,7,a,2], [6,2,8,5,a,4], [5,4,10,1,a,3].

For Ga: {0,4,6,7,9,3] +i,i € Z3, [b,1,2,4,7,11] +14, i € Zs,
9,2,7,1,5,10] +1, i € Zs, [4,9,10,0,3,7], [2,10,11,1,4,9],
[0,2,5,a,11,4], [1,3,6,5,0,5], [4,8,1,6,0,7].

w = 3 On the set X=212|J{a,b,c}

For G1: [0,1,3,7,¢,4), [1,2,4,8,¢,6], [3,4,6,10,c,7], [4,5,7,11,b,9),
[7,8,10,2,¢,1], [8,9,11,3,¢,10], [9,10,0,4,2,5], [11,0,2,6,7,1],

(¢, 6,8,0,3,5], [2,7,9,1,b,11], [2,11,10,5,3,9), [,0,6,7,0,2],

[b,2,8,5,4a,4], [b,4,10,1,4,3), [6,1,5,9,¢,8], [¢,0,5,11,b,3],

c;3,2,9,1,11].

For G3: [a,6,7,9,0,c] +i,i € Zg, [3,6,b,0,1,9] + 1, € Z3,

[6,9,b,3,4,10] +i,i € Z3, [0,4,8,1,6,11] +i,i € Za,



[10,3,8,2,6,c] +i,i € Zy, [5,5,6,8,11,d), [8,0,5,10,c,9).

w =5 On the set X=22(J{a,b,¢c,d, e}

For Gy: [2,3,5,9,0, 1), [3,4,6,10,1,2], [4,5,7,11,0,3], [5,6,8,0,1,4],
[6,7,9,1,¢,5), [7,8,10,2,4,0], [8,9,11,3,d,6], [10,11,1,5,d, 9),
[11,0,2,6,¢,9], [0,a,6,b,c,11], [1,a,7,b,d,11], [2,a,8, b, e, 11],
[3,0,9,b,¢,2], [4,@,10,b,¢,3], [5,a,11,b,e,6), [c, 1,3,7,d,2],
[c,2,4,8,4,3], [9,10,0,¢,d,5], [0,d,7,e,c,5], [4,d,9,e,c,10],
(1,d,8,e,c,6].

For G2: [a,7,8,10,1,d] +i,i € Z3, [7,b,1,2,4,10] + i,i € 2o,
[6,3,4,6,9, €] +i,i € Zs, [4,8,1,6,0,c] +1,i € Za,

[d,9,1,e,4,d] +14,i € Zs, [9,0,4,6,7,d), [1,4,3,10,11,d,
(2,5, 4,11,0,¢], [b,0,1,3,6,11], [8,0,5,10,c,9], [e, 8,d,0,7, ).

w =6 On the set X=Z3|J{a,b, ¢, d,e, f}

For Gy: [1,2,4,8,3,7], [3,4,6,10,0,7], [5,6,8,0,2,9], [7,8,10,2,5,9],
[9,10,0,4,1,3], [11,0,2,6,3,5], [0, a,6,b,5,7], [1,a,7, b, 4, 11],
[2,0,8,b,7,11], [3,4,9,b,6,1], [4,8,10,b,7,9], [5,a,11,5,9, 1],
0,¢,1,d,9,11), [2,¢,3,d, e, 1], [4,¢,5,d, f, 1], [6,¢,7, d, e, 10],
8,¢,9,d, ,10], [10,¢,11,d,8,3], [0,e,3, f,10,1], [2,¢,5, f, 11, 1],
[4,e,7, £,10,5], [6,¢,9, f,11,3], [8,e, 11, f,1,5].

For G2: [1,0,7,9,4, f] +1,i € Z5, [6,0,0,2,9, f] +i,i € Zs,
[4,1,0,¢,7,6] +i,i € Zy, [11,3,€,9,5,¢] + i,i € Z,,
[8,3,0,a,6,d], [d,5,4,c,11,0], [¢,6,2,8,0,d], [9,1,¢,7,3, f],
2,,8,4,10,11], [, 11,7,1,5,6).

w =7 On the set X=2,5J{a,b,c,d,e, f,g}

For Gy: [1,2,4,8,9,0], [3,4,6,10,0,7], [5,6,8,0,2,9], [7,8,10,2,5,9],
[9,10,0,4,9,8, [11,0,2,6,3,5], [0,a,6,b,5,7), [1,a,7,b,4,11],
2,a,8,b,7,11], [3,4,9,5,6,1], [4,2,10,b,7,9), [5,a,11,5,9, 1],
[0,¢,1,d,9,11), [2,¢,3,d,9,4], [4,¢,5,d,9,2)], [6,¢,7,d,g,5],
8,¢,9,d,9,6], [10,c,11,d,8,3], [0,e,3, f,,9], [2,¢,5, £, 11,1],
[4,e,7, £, 9,10}, [6,€,9, f,11,3], [8,€,11, £,1,5], [10,e,1, f, g, 11),
[9,1,3,7,10,5].

For G3: [a,6,7,9,0,c] +i,i € Z4, [b,1,2,4,7,c] +i,i € Zs,
[4,8,1,6,0,d) +i,i € Z4, [d,9,1,e,4,¢] +4,i € Za,
l9,1,1,5,10,€] +i,i € Z3, [f,10,4,9,8,€] +i,i € 25,
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[e,10,11,1,4, ], [2,5,q,11,0, f], [6,0,1,3,6,9], [d,8,0,e,7,g],
9,3, £,7,0,5].

w =8 On the set X=2,3|J{a,b,¢c,d,e, f,g,h}

For G: [1,2,4,8,9,0], [3,4,6,10,0,7), [5,6,8,0, , 1, [7,8,10,2, k,0],
[9,10,0,4,9,8], [11,0,2,6,3,5], [0,,6,5,5,7], [1,a,7,b, k3],
[2,a,8,b,4,6], [3,4,9,b,h,8], [4,a,10,b,7,9], [5,a,11,b, h, 10,
[0,¢,1,d,9,11), [2,¢,3,d, g,4], [4,¢,5,d,9,2], [6,c,7,d,9,5],
[8,¢,9,d, 9,6, [10,¢,11,d,8,3], [0,e,3, f,9,9], [2,¢,5, f,11, 1],
[4,¢,7, f,9,10], [6,€,9, f,11,3], [8,e,11, £, 1,5], [10,e, 1, f, g, 11],
[9,1,3,7,10,5], [, 2,9,5,6,1], [k, 4,11,7,9, 1].

For G3: [a, 6,7,9, O,d] +1,1 € Z4, [b, 1,2,4, 7,6] +1,1 € Zg,
[0,4,8,1,6,c] +1,i € Zs, [d,9,1,e,4,h] +i,i € Zs,
l9,1, ,5,10,¢€] +i,% € 2o, [h,9,¢,11,7,d] + 1,1 € Zy,
[a,10,11,1,4, ], [2,5,a,11,0, ], [6,5,0,1,3, k], [10,,4,5,7,3],
8,11,b,5,6,g], [f,7,0,9,3,c}, [8 f,10,4,9,7), [f,11,5,9,9,3],
[11,Ak,1,¢,4,9], [, 2,¢,5,0,€].

w = 10 On the set X=2,2|}{a,b, ¢, d, ¢, f, 9, h,%,5}

For Gy: [1,2,4,8,9,0], [3,4,6,10,5,0], [5,6,8,0,h,1), [7,8,10,2, 4,0],
[9,10,0,4,9,8], [11,0,2,6,4,4], [0, a,6,b,1,9], [1,2,7,b,k,3],
[2,a,8,b, ,6], [3,2,9,b,h,8], [4,0,10,b,7,9], [5,a,11,b, h, 10],
[0,¢,1,d,9,11), [2,¢,3,d,9,4), [4,¢,5,d,9,2], [6,¢,7,d,9,5],
[8,¢,9,d, 9,6, [10,¢,11,4d,1,6], [0,¢,3, f,9,9], [2,¢,5, f, 3,6},
[4,e,7, 9,10}, [6,¢,9, f,5,7], [8,e,11, ,1,5], [10,¢,1, f,g,11],
9,1,3,7,4,10], [, 2,9,5,6,1], [~,4,11,7,5,8], [1,0,7,5,5,2],
[,8,3,11,5,4], [7,3,5,10,3,1], [5,9,1,11,4,2].

For Go: [7,9,0,a,6,c] + =,z € Z3, [d,9,1,¢,4,h] + z,z € Z3,
lg,1, £,5,10,€e] + z,z € Z3, [h,1,¢,4,11,i] + 2,2 € Z2,
le,11,7,h,9,%] + z,x € Z5, [0,4,8,1,6,9] + z,z € 2y,
[¢,10,11,1,4, f], [0, 2,5, 0,11, 3], [6,5,0,1,3,i], [5,7,10,5,4,),
[11,b,5,6,8,d], [d,2,8,¢,0, f), [e,7,d,3,9,4], [1,2,6,4,1,d],
[4,5,4,6,10,3], [4,7,,1,2, 3], [6,9,,3,4, ], [5,8,5,2,3, f],
[3,a,9,10,0,3], [0,9,3, f,7, 4], [f,10,4,9,8,3], (f,11,5,4,9,4],
[4,8,4,7,3,¢).

w =11 On the set X=2Z12|{a,b,¢,d,e, f,9,h,i,5,k}



For Gy: [1,2,4,8,9,0}, [3,4,6,10,3,0}, [5,6,8,0,h,1], 7,8,10,2, h,0),
[9,10,0,4,g,8], [11,0,2,6,4,4], [0,a,6,b,i,9)], [1,a,7, b, h,3],
[2,4,8,b,h,6), [3,4,9,b,k,8], [4,2,10,b, k,0], [5,a,11, b, k, 10},
[0,c,1,d,k,2], [2,¢,3,d,9,4], [4,¢,5,d,9,2], [6,¢c,7,d,9,5],
8,¢,9,d,9,6], [10,¢,11,d,4,6], [0,€,3, £, 9,9, [2,¢,5, f, 4, 6],
[4.,7,f,9,10], [6,¢,9, £,5,7), [8,e, 11, £, k, 3], [10,e,1, £, g, 11],
[9,1,3,7,3,10], [~,2,9,5,k,4], [~,4,11,7,4,8], [1,0,7,5,4,2],
[,8,3,11,5,4], [4,3,5,10,5,1], [1,9,1,11,4,2], [k, 7,9, 11, , 8],
[k,6,1,5, &, 10).

For G;: [7,9,0,0,6,c] + 2,z € Z3, [4,0,10,11,1,k] + z,z € 23,
9,b,3,4,6,k] + z,z € Zy, [d,9,1,€,4,h] + 2,2 € Zs,

(9,1, f,5,10,k] + z,z € Z3, [4,9,8, f,10,¢] + z,z € Z,,

[k, 1,¢,4,11,i] + 2,z € Z,, [0,4,8,1,6,9] + 2,7 € 2,
[10,0,3,4a,9, %), [5,8,5,2,3,¢], {8,€,0,d,2,7], [9,e,7,d,3, ],
[7,h,9,¢,11, 4], [8,,10,¢,0, f [, 2,6,34,1,4d), [¢,6,10,4,5, k],
[%,3,8,4,4, f), [, 10,3,7,9,4], (1, 3,6, b, 0,7], [11,4,5,6,8,d],
[3,%,8,1, 7,7l [7, b,1,2,4,k].

Proof of Lemma 3.8

Table C
v]7|8]10]11]id[15[17 18] 18 20
T[3[4 311134334
r|3|2| 3|55 ]3[2([3]3]2
pl3|4| 7|9 1517|2225 ] 28|31
c|4|5] 8 1016|1823 |26 29| 32

v 2223262720 30[31[32[34] 35
1311343 |3]4]|3] 1
r| 35| 532|332 131 65
p|38|42 54|58 67| 72|77 82|93 9
c |39 43|55 |50 |68 | 7378|8394 100

Let OPD(v,G)=(X,A), and OCD(v,G)=(X, B), for G € {G1,G2}.
the I, r, p and ¢ see Table C. We construct .4 and B as follows:
v =1 For Gy, on the set X=(Z3 x Z3) (J{o0}, A: [0, 0, 13,21, 19, 20) + %,
i € Z3. Leave edges: (0o,0,), (10,11), (20,21).
On the set X=2Z7, GD(7,Gy,2): [0,1,3,6,2,4] +i,i € Z;. From Theorem
3.4, we obtain that there exist an OPD(v, Gy, ) and an OCD(v, Gy, \) for
any positive integer A.

47



For G2, on the set X=(Z3 x Z3) | J{oo}, A: [11,04, 00,00, 10,21}, [11,00,
10,20,21,00) +1, i € Z5. Leave edges: (0o, 11, 20,0;). Therefore, there exist
an OPD(v,G2,A) and an OCD(v, G, A) for any positive integer A from
Corollary 3.3.

v = 8 For Gy, on the set X=2, | J{a,b,¢,d}, A: [a,b,¢,d,3,0), [1,¢,3,b,0,2],
[0,¢,1,4d,2,b], [2,¢,3,d,0,b). Leave edges: (1,2,a,0), (b,d). B=AJ{[a, 1,2,
0,b,d]}. Repeat edges: (a,1), (2,0).

Table D

A 1 2
I» | BUF | 9P
Bx| 2P | BUR

For G, on the set X=2Z3, A: [0,1,4,2,6,5] +1, i € Z3, [5,0,3,4,7,2].
Leave edges: (4,5,1), (6,1,3). B=AJ{[5,4,0,6,1,3]}. Repeat edges:
(6,0,4).

Table E
A 1 2

La ._1_4._. P,
R P, o—l—o—o

Therefore, there exist an OPD(8,G;, A) and an OCD(8,G;, A) for any
positive integer A and i=1, 2 from Theorem 2.11 and Tables D-E.
v_= 10 For G1,0n the set X=2Z, | J{co1, 002,003}, A: [6,003,2,0, 002,001},
[0,001,3,1,002,2], 1,001, 4,2, 003, 3], [2, 001, 5, 3, 003, 4], [3, 002, 6,4, 003, 5],
[4,002,0,5, 001, 6], (5,002,1,6,003,0]. Leave edges: (1,003,001), (002, 003).

On the set X=2Z5 x Z, blocks of GD(10, G1,2) are as follows:

[00, 10, 11, 21, 20, 40] mod (5, —), [00, lo, 21, 30, 11, 31] mod (5, —),
[01, 11,20,21,00,41] mod (5, —).

From Theorem 3.4, there exist an OPD(v, Gy, A) and an OCD(v, Gy, A)
for any positive integer A.

For G», on the set X=27|J{c01, 002,03}, A: [0,%,3,6,1,003] + %, €
Zg, when i < 2, =003, when ¢ > 2, x=00g, [0,5,2, c02,003,00;]. Leave
edges: (002,001,6,0).

It follows from Corollary 3.3 that there exist an OPD(v, Gz, A) and an
OCD(v, Gz, A) for any positive integer A.
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v =11 On the set X=(Z3 x Z3) U{001,002}
For G1, A: [001,01, 00, 12, 10,20] mod (3, —), [002, 00, 02, 11,01, 21} mod
(3, —), [00, 11, 22, 21, 02, 12] mod (3, —). Leave edge: (001, 002).

For Gz, A: [10, 21, 02, 12, o001, 11] mod (3, —), [20, 22, 00, 01, 002,02] mod
(3,-), [00,10,04,1;,12,2;] mod (3, —). Leave edge: (c01, 002).

By Corollary 3.6, there exist an OPD(v,G;,A) and an OCD(v,G;, \)
for any positive integer A and i=1, 2.

v =14 Apply Lemma 3.7, Theorem 3.1 and Corollary 3.6, we obtain the
result.

v.=15 For Gy, on the set X=2Z;5, A: [1,2,4,9,3,7] +1i, ¢ € Zs,
(7,8,10,0,12,1] +3, i € Zy, [11,12,14,4,3,9] + 4, i € Zo,

(13,7,1,6,12,3] +14, i € 2, [0,1,3,8,5,11], [1,5, 14, 10,6, 12],
(2,6,0,11,13,14). Leave edges: (14,0,9,13).

On the set X=25 x Z3, GD(15,G},2): [0o, 1¢, 11, 21,02, 22] mod (5, —),
[00, lo, 21, 30, 20, 02] mod (5, —), [01, 11, 20, 21, 00, 42] mod (5, —),

[00, 12,22,20,31, 32] mod (5, —), [01, 12, 22, 21, 00, 42] mod (5, —),
[00, 12, 31, 22, 01, 32] mod (5, —), [02, 20, 22,31,01, 12] mod (5, —).

The result is obtained by Theorem 3.4.

For G2, on the set X=2Z;5, A: [0,1,4,9,7,3] +4, i € Z15 and i #
3,4, 7 [12,3,9,0,6,10] + i, i € 23, [3,4,7,12,10,14], [4,5,8,13,11,2],
(7,8,11,1,14,5)]. Leave edges: (2,8,14), (5,11).

The result is obtained by Corollary 3.3.

v =17 On the set X=2,7

For G1, A: [1,9,7,6,8,12] + i, i € Zy, [10,1,16,15,5,12] +4, i € Z;,
(15,6,4,3,14,0) + ¢, i € Z3, [2,5,9,12,0,4] +4, i € Za,
[0,3,7,10,6,9], [1,4,8,11,13,16]. Leave edges: (8,5,15,12), (6,16).

B=A|J{[15,8,5,12,6,16]}. Repeat edges: (5,12), (8,15).

The result is obtained by Table D and Theorem 2.11.

For Gs, A: [16,5,1,3,4,7) +4,i € Zg and i # 1,2,4,

[8,14,10,12,13,6] + ¢, i € Z7 and i # 2,5, [0,8,16,13,3,12] + 1, i € Z,,
[0,6,2,4,5,13] + i, i € Z, [13,2,15,0,1,8] +4, =0,2, [3,9,5,7,8, 15,
(10,16,12,14,15,7), [4,12,5,8,11,1]. Leave edges: (2,9,6), (0,7, 16).

B=A|J{[6,9,2,0,7,16]}. Repeat edges: (2,0), (6,7).
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Table F

A 1 2
Ly | 2P | 2P,
Ry | 2P | 2P;

Therefore, there exist an OPD(v,G3,A) and an OCD(v, Gz, M) for any
positive integer A from Theorem 2.11.

v =18 On the set X=2s, for Gy, A: [0,8,6,5,7,10] + ¢, i € Z13,
[0,3,7,14,2,11) + 4, i € Z7, [11,1,17,16,14,3] +4, i € Z4,
(15,5,3,2,10,14] + i, i € Z3. Leave edges: (0,9), (1,10), (13,17).

On the set X=2,7J{o0}, GD(18,G4,2): [1,9,7,6,2,5] mod (17,-),
[1,8,10,7,2,6] mod (17,-), [1,00,5,6,2,9] mod (17, —). The result is
obtained by Theorem 3.4.

For G, the result is obtained by Lemma 3.7 and Theorem 2.14.

v =19,20,22,23, taking w=7,8,10,11 in Theorem 2.14, we obtain the
Lemma.

v =26 On the set X=29

For G, A: [0,9,11,16,2,8] + i, i € Zys, [18,1,3,8,22,2] + 4, i € Z4,
[22,5,7,12,8,15]+4, i € Z4, [0,12,4,3,15,22]+4, i € Zy7, [17,3,21,20,2, 15]
+1,1 € Zy, [0,6,13,20,11,24] + i, i € Z,. Leave edge: (12,19).

For Gg, A: [1,4,8,15,0,13] + i, i € Z;3, [13,14,17,21,2,8] + i, i € Z3,
(24,5, 16,17, 20, 14]+i, i € Z4, [21,24,2,9,20,0]+4, i € Zg, [5,13,22,12,0,2]
+1, 4 € Zg2, [22,1,9,18,8,14] + i, i € Z, [0,6,12,18,24,22] + 4, i € Z,.
Leave edge: (5,11).

The result is obtained by Corollary 3.6.

v = 27 On the set X=227

For Gy, A: [0,3,1,12,4,10]) + ¢, i € Za3, [23,26,24,8,2,9] + 1, i € Z4,
[0,4,9,19,1,8], [1,5,10,20,4,17) +1, i € Zss, [24,1,6,16,10,17]+4, i € Za,
[0,6,13,20,24,4] +1, i € Z,. Leave edges: (17,24), (18,25), (19, 26).

GD(27,G1,2): [0,3,1,12,4,10)+1,i € Zs3, [23,26,24,8,2,9)+4,i € Zy,
[0,4,9,19,1,8), [1,5,10,20,4,17) +i,i € Zo3, [24,1,6,16,10,17] +4,i € Z3,
[0,6,13,20,24,4] + i,i € Z4, [0,3,1,12,17,24], [1,4,2,13,5,11] + 4,5 €
Zao, [23,26,24,8,2,9] + i,i € Zs, [0,4,9,19,18,25), [1,5,10,20,19,26],
[2,6,11,21,5,18] +4,i € Za2, [24,1,6,16,18,25], [25,2,7,17,11,18] + 4,5 €
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Z,, [0,6,13,20,19,26), 1,7, 14,21,25,5] +i,i € Z,. The result is obtained
by Theorem 3.4.

For Gy, A: [3,7,14,0,1,4) +14, i € Za3, [26,1,5,12,25,4] + 4, i € Z,
(1,6,14,23,13,2) + 4, i € Zqg, (7,13,19,25,1,22] + i, i € Z3,
[12,0,5,13,22,16), [18,24,0,6,12, 1], 23,24, 26, 3, 10, 16}, [11, 24, 25,0, 4, 10].
Leave edges: (5,11,17,23). The result is obtained by Corollary 3.3.

v = 29 On the set X=25

for Gy, A: [1,5,2,13,9,0] +1, i € Zg0, [21,25,22,4,19,0] +4, i € Zo,
[0,13,6,8,9,24] +1, i € Za, [20,4,26,28,0,24] + 14, i € Zy,
[0,10,20,15,4,9] +1, i € Zg. Leave edges: (14,19,9,28), (13,18).

B=A[J{[9,14,19,28,13,18]}. Repeat edges: (19,28), (9, 14).

The result is obtained by Table D and Theorem 2.11.

For G, A: [0,1,3,6,11,23] + 1, i € Zy9, [0,4,10,17,9,22] + i, i € Zog,
[20,1,15,0,10,24] + i, i € Z4, [5,19,4,14,24,9] + i, i € Z5. Leave edges:
(9,19,0,14, 28).

B=A[J{[9,19,0,14,28,1]}. Repeat edges: (1,28,9).

Table G

A 1 2
LA P4 pz
R\| P | P

Therefore, there exist an OPD(v, Gz, A) and an OCD(v, Ga, A) for any

positive integer A from Theorem 2.11. '

v = 30 On the set X=23

For Gy, A: [0, 4,1,12,2, 11] + 1,1 € Z3g, [0, 13,6,8,1, 15] +1i,1 € Z3o,
[0,5,15,20,2,12] + i, i € Zs, [3,8,18,23,17,27) +4, i € Z,
[6,11,21,26,12,17) +1i, i € Zs, [9,14,24,29,27,2] +4, i € Za.

Leave edges: (12,27), (13,28), (14, 29).

GD(30,G1,2): [0,4,1,12,2,11])+4,i € Z3, [0,13,6,8,1,15] +i,i € Zag,
[0,5,15,20,2,12] +i,i € Z, [3,8,18,23,17,27) +4,i € Z,
[6,11,21,26,12,17] +4,i € Z3, (9, 14,24,29,27,2] + i,i € Z3,
[0,4,1,12,2,11] +i,i € Z3, [0,13,6,8,1,15] +4,i € Zso,
7,12,22,27,13,18] + i,i € Z3, [1,6,16,21,3,13] +4,i € 2o,
[4,9,19,24,18,28] + i,i € Zy, [10,15,25,0,28,3] +1,i € Zs,
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[6,11,21,26,12,27], [0, 5,15, 20, 14,29, (3, 8, 18,23, 13, 28],
[9,14,24,29,13,28], [12,17,27,2, 14,29].

The result is obtained by Theorem 3.4.

For G2, A: [0,1,11,23,2,17]+i, i € Zys, [17,15,16,26,8, 14|+, i € Zys,
[7,23,26,1,24,5] +4, i € Za, [10,18,22,0,6,28) +1i, i € Zg,
[2,6,14,18,26,0] + i, i € Zy4, [22,25,0,23,6,12], [0,4, 12,16, 24, 28],
(17,25,1,5,13,7). Leave edges: (25,29,23,4).

The result is obtained by Corollary 3.3.

v = 31 Since G-HGD(427!)(see [15]) and T'D(3,2) exist, the result is true
by Theorem 2.8 and Table A.

v=32 On the set X=23,

For Gy, A: [1,10,16,6,22,23]+1i, 1 € Zi3, [14,23,29,19,18,21]+1, i € Z14,
28,5,11,1,19,30] + 4, i € Zs, [1,15,13,20,19,23] + 4, i € Zua,
[14,28,26,1,22,30] + %, i € Z13, [27,9,7,14,24,3] +1, i € Zg,
[0,4,3,11,1,17) + 4, ¢ € Zs, [16,20,19,27,30,9] +1¢, i € Zs.

Leave edges : (29,21, 22, 18, 29).

Table H
A 1 2
Ly | Cs | 2P,
Ry, | 2P, | C,
Therefore, there exist an OPD(v, G, A) and an OCD(v, Ga, A) for any
positive integer A from Theorem 2.11 and Table H.
For Ga, A: [1,4,2,6,0,18] +1i, i € Z4, [16,20,14,15,18,31] +4, i € Z13,
(31,29,1,27,28,8] +1, i € Zs, [7,17,2,11,0,24] + i, i € 213,
13,20, 30,15,24,19] +4, ¢ € Z13, [11,28,5,26,1,21] +4, i € Zs,
[15,3,8,16,2,18] + i, i € Zs, [13,1,6,14,0,20], [15,1,14,2,7,27).
Leave edges: (0,5,13), (12,31,19). The same as v=17, we can obtain the
result.
v=34 On the set X=234
For Gy, A: [0,7,20,15,1,10] + 4, i € Za4, [0,4,3,11,1,18] + 4, i € Zy7,
[17,21,20,28,1,25] + i, 5 € Zo, [26,30,29,3,1,7) +14, i € Zg,
[0,12,10,16,7,25] +1, i € Zg, [9,21,19,25,1,3) + i, i € Zo,
(18,30,28,0,3,25] + ¢, ¢ € Z;. Leave edges : (11,33), (10, 32), (9, 15).
(34,G1,2)-GD=(X,(), C: [0,7,20,15,1,10) + %, ¢ € Zaa,
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[0,4,3,11,1,18] +1, i € Zy, [17,21,20,28,1,25] +4, i € Zo,
(26,30,29,8,1,7] + 14, i € Zg, [0,12,10,16,7,25) +4, i € Zy,
[9,21,19,25,1,3] +4, i € Z,, [18,30,28,0,3,25) +1, i € Zy,
[0,7,20,15,1,10] +4, i € Zaq, [0,4,3,11,1,18] +4, i € Zy7,
(1,18,11,17,8,26] + 4, i € Z, [18,22,21,29,2,26] + i, i € Zs,
(27,31,30,4,2,8] +1, i € Z,, [10,22,20,26,2,4] +1, i € Zg,
[19,31,29,1,4,26] + 1, i € Zy, [0,12,10,16,9, 15], [17, 21, 20, 28,9, 15],
(26, 30,29, 3,10, 32], [9,21, 19, 25,11, 33], [18, 30, 28,0, 11, 33).

The result is obtained by Theorem 3.4.
For Gy, A: [0,1,3,6,10,26] +4, i € Zaa, [11,22,14,0,5,20] +1, i € Zs,
[30,22,8,13,19,7] + 1, i € Zy, [31,17,22,28,5,26] + %, i € Zs,
[30,2,13,5,25,32] + i, i € Zo, [0,7,16,28,13,30] +1, i € Zy7,
(11,30,17,24,33,8) + i, i € Zg . Leave edges: (19,4,25), (32,7).

The result is obtained by Corollary 3.3.
v=35 On the set X=235
For Gy, A: [0,4,3,11,1,15] +4, i € Zas, [0,20,13,30,1,10] +i, i € Zss,
[0,12,10,16,4,6] +1, i € Zg, [6,18,16,22,4,10] +1, i € Z,
[12,24,22,28,4,29] + ¢, i € Zg, [18,30,28,34,6,29)] + 4, i € Zs,
(24,1,34,5,10,29) + 4, i € Z5. Leave edges :(15, 34).
For G2, A: [0,1,3,6,10,26] + 14, i € Zss, [14,21,30,7,27,10] + i, ¢ € Zag,
(15,24,1,21,8,29] +4, i € Ze, [11,22,14,0,5,16] + 4, i € Zs,
[10,16,27,19,5,34) + i, i € Zg, [22,33,25,11,16,8] +i, i € Zs,
(31,17,22,28,4,21] + i, i € Zg, [10,2,23,28,34,29] + i, i € Z.
Leave edges: (10,21).

The same as v=11, we can obtain the result.
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