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Abstract

Let G be a graph of order n, and let a,b, k be integers with 0 <
a <b, k >0. An [a,b]-factor of graph G is defined as a spanning
subgraph F of G such that a < dr(z) < b for each z € V(F). Then
a graph G is called an (a,b, k)-critical graph if after deleting any
k vertices of G the remaining graph of G has an [a,b]-factor. In
this paper, it is proved that, if a, b,k be nonnegative integers with
2<e<bandb=0(moda-1)andn > Mggb—’é&+f_—kl
and binding number bind(G) > £t2=VG21) then G is an (a, b, k)-
critical graph. Furthermore, it is showed that the result in this paper
is best possible in some sense.

1 Introduction

All graphs considered in this paper will be finite and undirected simple
graphs. Let G be a graph with vertex set V(G) and edge set E(G). For
z € V(G), the neighborhood Ng(z) of = is the set vertices of G adjacent
to z, and the degree dg(z) of = is |[Ng(z)|. The minimum vertex degree
of V(G) is denoted by 6(G). For S C V(G), Ng(S) = UzesNg(z) and we
denote by G[S] the subgraph of G induced by S, by G — S the subgraph
obtained from G by deleting vertices in S together with the edges incident
to vertices in S. A vertex set S C V(G) is called independent if G[S] has
no edges. Let S and T be disjoint subsets of V(G). We denote by ec(S,T)
the number of edges joining S and T. The binding number bind(G) of G
is the minimum value of ¥¢{X) taken over all non-empty subsets X of

V(G) such that Ng(X) # V(G). Let a and b be integers with 0 < a < b.

JCMCC 73 (2010), pp. 85-94



An [a, b]-factor of graph G is defined as a spanning subgraph F of G such
that a < dr(z) < b for every vertex z of G, where dp denotes the degree
in F. And if @ = b = k, then an [q, b}-factor is called an k-factor. A
graph G is called an (a, b, k)-critical graph if after deleting any k vertices
of G the remaining graph of G has an [a,b]-factor. If G is an (a,b,k)-
critical graph, then we also say that G is (a,b, k)-critical. If a = b = n,
then an (a, b, k)-critical graph is simply called an (n, k)-critical graph. In
particular, a (1, k)-critical graph is simply called a k-critical graph. The
other terminologies and notations not given in this paper can be found in
[1].

Favaron [4] studied the properties of k-critical graphs. Liu and Yu (8]
studied the characterization of (n, k)-critical graphs. Enomoto et al [3] gave
some sufficient conditions of (n, k)-critical graphs. The characterization of
(a,b, k)-critical graph with a < b was given by Liu and Wang [7]. Zhou
[10-13] gave some sufficient conditions for graphs to be (a, b, k)-critical. Li
[6] gave some sufficient conditions for graphs to be (a, b, k)-critical graphs.

Katerinis and Woodall [5] proved the following results for the existence
of k-factors.

Theorem 1. Let k& > 2 be an integer and let G be a graph with
p > 4k — 6 vertices and binding number b(G) such that kp is even and

bind(G) > Qﬁ;—i’éﬁl. Then G has a k-factor.
. . -1
Theorem 2. If p > k > 2 and kp is even and bind(G) > m_—k), then
G has a k-factor.
C. Chen [2] showed the following result for the existence of [a, b]-factors.
Theorem 3. Let G be a graph of order n, 1 < a < b. If the binding

number bind(G) > L“%'_—;ﬁ'}—"—lz and n > M)égﬂ, then G has an
[a, b]-factor.
S. Zhou [11] gave the following result on (a, b, k)-critical graphs.

Theorem 4. Let G be a graph of order n, and let a,b and k be
nonnegative integers such that 1 < a < b. If the binding number bind(G) >

bn"_"'::_l ks and n > (otb_1a+h=2) o bk then G is an (a,b, k)-critical
graph.

In this paper, we prove the following result, which is an improvement
of Theorem 4. We shall use a different technique from [11].

Theorem 5. Let G be a graph of order n, and let a,b and k be
nonnegative integers such that 2 < a < b and b = 0 (mod a — 1). If the

binding number bind(G) > @+b=L(-1) gpng 5 > (etb-1)Zatb-5)tb | bk
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then G is an (a, b, k)-critical graph.
In Theorem 5, if k = 0, then we get the following corollary.

Corollary 1. Let G be a graph of order n, and let a, b integers such that
2<a<band b=0 (mod a - 1). If the binding number bind(G) > ¢+f=1
and n > (“+b'1)(";°+b'5)+b, then G has an [a, b]-factor.

2 The Proof of Theorem 5

The proof of Theorem 5 relies heavily on the following lemmas.

Lemma 2.1.% Let a, b, k be nonnegative integers with 1 < a < b, and
let G be a graph of order n with n > @+ k + 1. Then G is (a, b, k)-critical
if and only if for any S C V(G) and |S| 2> &

a—1

> (e - j)pi(G — 5) < blS| - bk,
j=0

or
a|T| - dg_s(T) < b|S| — bk,
where p;(G - S) = |{z : dg-s(z) =j}, T = {z : 2 € V(G)\ §,dg-s(z) <
a-1}.
Lemma 2.2.0° Let G be a graph of order n with bnd(G) > c¢. Then
§(G) >n— 21,
Proof of Theorem 5. Suppose that G satisfies the assumption of the

theorem, but it is not an (a, b, k)-critical graph. Then by Lemma 2.1, there
exists a subset S of V(G) with |S| > k such that

56(S,T) = blS| + do_s(T) — olT| < bk - 1, (1)

where T = {z: z € V(G)\ S, dg-s(z) < a—1}. We choose subsets S and
T such that |T'| is minimum and S and T satisfy (1).
If T = @, then by (1), bk — 1 > 8g(S,T) = b|S| = bk, a contradiction.
Hence, T # . Let
h= min{dc_s(z) T E T},

and
m=|{z:z€T,dg-s(z) =0}

In view of the definition of T' and Lemma 2.2, we obtain

0<h<a-1, and
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n-—1 bn—b—bk _(a—1l)n+b+bk
(@) >n- c 2" a+b-1 "~ a+b-1

According to (2) and 6(G) < h + |S|, we get

(2)

(@=1)n+b+bk _

151> a+b-1

. 3)

We shall consider various cases according to the value of h and derive
contradictions.

Case 1. h=0.
At first, we prove the following claim.

: m-—b—bk
Claim 1. v > 1.

Proof Since n > (“+b'l)(";"+b'5)+b + g%, then we have

n—b-bk—(n—1) = (b—1)n—b—>bk+1
> popletb=D@atb-5)+b b

b 5=1)
—b—bk+1
(b-1)2a+b=5)+(b—1)+bk—b—bk+1
(b-1)(2a+b-5)>0

\%

Thus, we have
bn—b—bk S

n—1

1.

Let m = |{z : z € T, dg-s(z) = 0}, and let Y = V(G) \ S. Then
Ng(Y) # V(G) since h = 0. In view of the definition of the binding number
bind(G), we get that

ING(Y)| > bind(G)|Y|.

Thus, we obtain
n—m > |Ng(Y)| 2 bind(G)|Y| = bind(G)(n — |S|),

that is,
n—m
8127~ pnatey @

Using |S| + |T| £ n and (1) and (4) and Claim 1, we have

bk—1 > 066(S,T)=b|S|+dg-s(T) - alT|
2 bS|-(a-1)|T|-m
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S| - (a—-1)(n—-1|8]) - m
(a+b-1)|8| - (a—l)n m

(e+b-1)(n-

v

In-m

v

in d(G)) (a-

m—(a+b-— 1) —-m

Innd(G)

(n — m)(bn — b — bk)

> (et b ) ey
(n —m)(bn — b — bk)
n—1 B

(n — 1)(bn — b — bk)

= bn—

-1

2 bn-—

n-1
= bk+b-1
> bk,
a contradiction.
Case 2. h=1.
Subcase 2.1. |T| < Xn=k=l)

a+b-1
In view of (1) and (3), we get that

bk—-1 > 6c(S,T)=0b|S|+dg-s(T)—a|T|
2 bS] - (a—1)|T|
b+ bk -k -
((a al-)'_nb-i- +bk 1) - (a- 1)b(('::-’-b-- 11)

\Y

(a, Yn+bk—(a—1) . (a—1)n-(a—1)k-(a—1)
= -b
a+b-1 a+b-1
(a+b 1)k
B a+b-1 = bk,

which is a contradiction.

Subcase 2.2. |T|> bnzbkta=l

Let u € T such that dg_s(u) = h =1, and put Y = T — Ng_s(u).
Then [Nag(Y)| <n -1 and

n—-bk+a-1 bn—-bk-0b
YI>IT|-1> —4m—m M0 ——— = ——
Yliz|T-12 a+b-1 a+b—-1

Thus, we obtain

[Ne(Y)| . (a+b-1)(n-1)
YT = bmn-bk-5 '

bind(G) <
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. . . +b—1)(n-1

which contradicts bind(G) > -(“—m),—gs—z
Subcase 2.3. Y=l < T < incbhiecl
By (3) and h = 1, we have that

a—l)n+b+bk_1+b(n—k—1)

a+b-1 a+b-1 =n-1

15+ 17 > ¢

According to the integrity of |S| + |T'|, we obtain
|| + |T| = n. (5)
In view of 22=E=1) 7| < tn=bkte=1 and (5), we have

a+b-1

6c¢(S,T)-bk = b|S|+de-s(T)—a|T|— bk
= b|S| - (a-1)|T| - bk
> b{n—|T|) - (a = 1)IT| - bk
= - (a+b-1)|T|-bk
m—bk+a-1
> bn-— (a+b—1)-—m— - bk
_(a' - 1)3
that is,
0¢(S,T)— bk =b|S| - (a - 1)|T| - bk > —(a—1). (6)
Since b = 0 (mod a — 1), then by (6) we get that
0¢(S,T) —bk 2 0. )
In view of (7), we obtain
JG(S) T) 2 bk)
that contradicts (1).
Case 3. 2<h<a-1.
Subcase 3.1. |T| < h.
According to (3), we have
6¢(8,T) = bS|+dc-s(T) - al|T|
> bS| +A|T| - a|T)
= b|S| - (a— )T
(a—=1)n+bk+b
> b( P h) — (a — h)h,
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that is,
—1)n+bk+b

(e oy
56(8,T) > b(*——"5—7 k) — (a — h)h. (8)
Let g(h) = b({2=Lntbktb _ by _ (g — h)h. In fact, the function g(k) attains

its minimum value at h =a — 1 since 2 < h < a — 1. Then, we get
g(h) = g(a —1).
Combining this with (8) and n > {2t0=1Cetb=-8)+b | bk we get that

6c(8,T) > g(h)2g(a-1)

= @R (1) -(a-1)
- 2 2
I 13':_”;’_"1"“’ —(a=1)(b+1)
S (a=1)((a+b—-1)(2a + b — 5) + b + bk) + b%k + b?
- a+b-1
—(a—-1)(b+1)
_ (a=1)(a+b-1)(2a+b~-5)+ (a—1)b+ (a — 1)bk
- a+b-1
2 2
+%—(a-1)(b+1)

= (a—1)(2a+b—5)+bk+b—(a—1)(b+1)
= (a—1)(2a—6)+b+bk
> bk (since b> a 2> 2 are integers),
which contradicts (1) again.
Subcase 3.2. |T| > h.

Let v be a vertex in T such that dg_s(v) = h,andput Y = T—Ng_gs(v).
Then |Y| > |T| — £ > 1 and Ng(Y) # V(G). Thus, we obtain

n—-1 _ |Ng(Y)| _,. (e+b-1)n-1)
> >
m=r2 v 200>
that is, b b b
Ti<Zsp=1 " ®)

By (1) and (3) and (9), we have

bk—1 > 6a(S,T) = b|S| +de—s(T) —alT]
> bS]+ h|T| - a|T|
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= b|S|—(a-A)IT]

(o= 1)n+b+bk bn —b— bk

> b B) = (@ = (=g +h).

Let f(h) = b({e=Hgtbtbk _ p) _ (4 — p)(bnzb=bk 4 h). Then, we get that
bk — 1> 86c(S,T) > F(h). (10)

In fact, the function f(h) attains its minimum value at h = 2 since 2 < h <
a — 1. Then, we obtain
f(h) = £(2).

Combining this with (10) and n > (""‘b"l)(zb“"""s)“’ + bbf"l-, we have

bk—1 > f(h) > f(2)

(@—Ln+bk+b b — bk — b
-1 9=la=A g7 +2

bn + b2 + b2k + (a — 2)b + (a — 2)bk

= at+b-1 ~2et+b-2
. p({atb-N(Catb=5)th | bk y 4 (a4 b—2)b+ (a+b—2)bk
= a+b-1
-2(a+b-2)
> (a+b—1)(2a+b-5)+bk+(a+b~1)b+ (a+b—2)bk
= a+b-1
-2(a+b-2)
_ (a+b-1)(2a+b—5)+bla+b—1)+bk(a+b-1)
- a+b-1
-2(a+b5-2)
bk+2a+2b—5-2(a+b-2)

= bk-1,

that is a contradiction.

From the argument above, we deduce the contradictions. Hence, G is
an (a, b, k)-critical graph.

Remark. Let us show that the condition bind(G) > %

in Theorem 5 can not be replaced by bind(G) > °",;z:1_"; D Let b >

a > 2,k 2 0 be three integers such that b + & is even, and let n =
(°+b'1)(2°+b'5b)+b+(“+2b°1)k is an integer, and let | = 2e+b=d+k and m =
n—-2=n-(2+b—4+k) = -Catb-S¥atb-Dk = Clearly, m is
an integer. Let H = K, \/IK;. Let X = V(IKy), for any z € X,




then INH(X \z)| =n- 1. By the definition of bind(H), bind(H) =
= = 351 = itk = ki Let S = V(Kn) C V(H),
T= V(lKg) C V(H), then |S| m 2 k, |T| = 2l. Thus, we obtain

0u(S,T) = b|S|-a|T|+dy-s(T)
= b|S| - a|T|+|T| = |S| - (a — 1)|T}|
b(a— 1)(2a+b-5)+ (a+b—1)k
b
—(a-1)(2a+b—-4+k)
= bk-(a-1)<bk.

By Lemma 2.1, H is not an (a, b, k)-critical graph. In the above sense, the
result in Theorem 5 is best possible.
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