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Abstract

This paper describes the study of a special class of 4-regular plane
graphs which are Hamiltonian. These graphs are of special interest in
knot theory. An algorithm is presented that randomly generates such
graphs with n vertices with a fixed (and oriented) Hamiltonian cycle
in O(n) time. An exact count of the number of such graphs with n
vertices is obtained and the asymptotic growth rate of this number is
determined. Numerical evidence is presented to show that the algo-
rithm can be modified to generate these graphs with a near uniform
probability. This can be considered as a first step in generating large
random knots without bias.

JCMCC 73 (2010), pp. 103-125



1 Introduction

A plane map is a 2-cell decomposition of the oriented sphere into vertices
(0-cells), edges (1-cells) and faces (2-cells). A specified edge in a map with a
given orientation is called a root of the map and a map with a root is called
a rooted map. The study of rooted maps can be dated back to Tutte [17, 18],
where the number of Eulerian rooted plane maps were counted. In a more
recent paper [13], Schaeffer gave a different proof of the above mentioned
count together with a way that allows the uniform random generation of
certain Eulerian plane maps with restricted vertex degrees. (The degree of
a vertex is the number of edges incident to this vertex.) The special case
of 4-regular rooted plane maps is studied in [15]. It is shown that if a(n) is
the number of distinct 4-regular rooted plane maps with n vertices, then
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see [2, 15, 18].

The main question of this paper is: Is it possible to generate 4-regular
Hamiltonian plane maps with an algorithm that has polynomial runtime
with uniform or near uniform probability distribution? This question is
motivated by an important problem in knot theory. Let K be a smooth
knot (or link), that is, a smooth embedding of the unit circle (or circles)
into R3. The projection of K into a plane is a closed curve (or curves if K
is a link) that may contain self-intersecting points, also called the crossings
of the projection. The multiplicity of a crossing in the projection is the
number of strands that pass through that point. A projection is a regular
projection if there are only finitely many crossings in the projection and all
of them are of multiplicity 2. Furthermore, at each crossing in a regular
knot projection, the strand that goes over and the strand that goes under
are marked, see Figure 1. A regular projection of a knot K with the least
number of crossings (among all regular projections of all knots that are
topologically equivalent to K) is called a minimum projection of K and
the number of crossings in that minimum projection is called the crossing
number of K (which is often denoted by Cr(K)). If the crossings in the
regular projection of K are treated as vertices and the arcs joining these
crossings are treated as edges, then a regular projection of K can be viewed
as a 4-regular plane map.

If K is the collection of all (smooth) knots that are topologically equiv-
alent to a given knot K, then the ropelength of K can be thought of as the
shortest length of a rope of unit radius that can be used to tie a smooth
knot that is a member of K. The concept of ropelength and its study are
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Figure 1: A regular projection of a nine crossing knot and its corresponding
4-regular plane map.

important not only in knot theory itself, but also in the applications of knot
theory. See for example the collection of articles in the book [16] edited by
Stasiak, Katritch, and Kauffman. In a series of papers [3, 4, 5, 6, 7, 8, 9],
the authors have studied the ropelength of a knot and established several
important results with regard to the asymptotic behavior of the ropelength
of knots as a function of their crossing numbers. In particular, an algo-
rithm has been developed and implemented that computes an upper bound
on the ropelength of very large knots with thousands of crossings [7, 9].
These results are based on an important observation that any knot K with
a crossing number n = Cr(K) has a regular projection with at most 4n
crossings that is Hamiltonian [7]. (Indeed, almost all 4-regular graphs are
Hamiltonian [12]. Nonetheless, there are examples of knots that do not ad-
mit any Hamiltonian minimum projections [7].) It follows that numerical
studies concerning large knots can be done by sampling knots from this
more restricted and structured class of 4-regular knot projections, namely
the 4-regular Hamiltonian plane graphs [8]. Thus it is necessary to develop
an algorithm to generate such plane graphs in polynomial runtime with a
uniform or near uniform probability distribution.

In this paper it is shown that such an algorithm exists with O(n) run-
time and near uniform distribution under the additional assumption that
the graphs are rooted Hamiltonian. (For a precise definition see the next
section.) In addition, a precise formula for the number of such rooted 4-
regular Hamiltonian plane graphs and an asymptotic estimation of it is
given.

The next section contains some basic definitions. This is followed by
a section devoted to the determination of the number X (n) of rooted 4-
regular Hamiltonian plane graphs (with n vertices). Section 4 proves a the-
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orem that shows X (n) behaves as 4 L3¢ asymptotically. Section 5 describes

the development of an algorithm that generates such 4-regular Hamiltonian
plane graphs with linear run time and near uniform distribution based on
numerical evidence.

2 Definitions

Definition 1. A rooted Hamiltonian graph G consists of a pair (G, H)
satisfying the following conditions:

(i) G is a 4-regular plane graph embedded in $? with a given Hamilton cycle
H,;

(ii)) H contains a rooted edge, that is one edge of H has an orientation.
This edge defines an orientation on H, that can distinguish the two disks
bounded by H on S2 as a disk on the right hand side and a disk on the left
hand side of H.

It is easy to see that the word “rooted” here is consistent with the
original meaning of a rooted graph.

Definition 2. Two rooted Hamiltonian graphs (G, H) and (G',H') are
equivalent if there exists a function f : S —+ S? such that:

(i) f is an orientation preserving homeomorphism;

(ii) f(G) = G', f(H) = H' and f|g is an isomorphism between the rooted
graphs G and G'. That is f maps the rooted edge of G to the rooted edge
of G' while preserving its direction.

Note that in [19] a similar definition of equivalence was used for 3-regular
Hamiltonian graphs. The goal is to create rooted Hamiltonian graphs algo-
rithmically and to count the total number of such graphs. The conditions
that preserve the root and the Hamiltonian cycle in the definition of graph
equivalence makes this count possible. The rooted 4-regular Hamiltonian
plane graphs are allowed to have loop edges and multiple edges. Using the
definition of equivalence, a standard drawing of a rooted Hamiltonian graph
is defined below. There is exactly one standard diagram (except for defor-
mation of edges) for each equivalence class of rooted 4-regular Hamiltonian
plane graphs. An example is shown in Figure 2.

Definition 3. A standard diagram of @ rooted {-regular Hamiltonian plane
graph G is a realization of G such that H is drawn as a circle with its
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Figure 2: A standard diagram with n=8, inside string (()(())), and outside
string ()((())). vz is a double-outside vertex, v, is a transition vertex, and
vs is a double-inside vertex. The edge (vs, vs) is an inside edge and the
edge (vs, vs) is an outside edge.

vertices numbered in clockwise order around H and its first verter vy on top
of the circle. The rooted edge is the edge from v, to vy along the Hamiltonian

cyle.

Let G be a rooted 4-regular Hamiltonian plane graph with H being the
given Hamilton cycle. Since G is 4-regular, each vertex v of G is incident
to two edges of G that are not on H. It is possible that these two edges
are the same, in other words, it is possible for v to be incident to a loop
edge that is not on H. For each vertex v, there are the following three
possibilities.

(a) v is incident to two edges (or a loop edge) contained in the un-
bounded region outside of H. In this case v is called a double-outside
vertez, or a DOV for short.

(b) v is incident to two edges (or a loop edge) contained in the disk
bounded by H. In this case v is called a double-inside vertez, or a DIV for
short.

(c) v is incident to one edge contained in the disk bounded by H and
one edge contained in the unbounded region outside of H. In this case v is
called a transition vertez, or a TV for short.

Similarly, for an edge e of G that is not on H, it is either an inside edge
(IE) or an outside edge (OE), depending on whether or not it is in the disk
bounded by H.
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3 Generating and counting rooted 4-regular
Hamiltonian plane graphs

In this section an algorithm is described which randomly generates a rooted
4-regular Hamiltonian plane graph. This algorithm has a runtime of O(n),
where n is the number of vertices in the graph. This improves the algorithm
in [8] which has a worst-case runtime of O(n®) and an average runtime of
O(n?). The new algorithm has a runtime of O(n), where n is the number of
vertices in the graph. The algorithm directly leads to a method to determine
the exact number of different such rooted Hamiltonian graphs.

The following process can be used to (re-) draw a given standard dia-
gram of a rooted 4-regular Hamiltonian plane graph. First H (the circle)
with all the vertices is drawn. None of the edges not on H are added di-
rectly. Instead, two short line segments are attached tentatively to each
DOV so that the line segments are in the outside region of H with an open
end. These line segments are part of the edges not on H incident to the
vertex. Each such open end is called an outside edge end point (OEEP).
Similarly, two line segments bounded in the inside disk are attached to each
DIV with the two open ends called inside edge end points, or IEEPs. Two
line segments, one bounded in the inside disk and another bounded in the
outside region of H, will be attached to each TV. See Figure 3 below.

Figure 3: An illustration of the edge end points from the graph of Figure
2.

After all the line segments have been added to the vertices, the following
observation can be made regarding the inside edges. Since the IEEPs are
paired by the inside edges (not yet drawn) that connect them, there is a
natural order between the two edge endpoints of each pair when traveling
clockwise once around H starting at v;. For each such pair, one assigns the
first edge endpoint encountered an open parenthesis ‘(’ and the second point
encountered a closed parenthesis ¢)’. This generates a balanced string of
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parentheses. In such a balanced string the number of ‘(’ equals the number
of )’ due to the pairing of endpoints. In addition the fact that the inside
edges do not intersect each other leads to a string where in every prefix of
the string, the number of °)’ is never larger than the number of ’(". Similarly
a string of balanced parentheses can be assigned to the outside edges, see
Figure 2.

Conversely, for a given arrangement of IEEPs and OEEPs, a unique
Hamiltonian graph G can be constructed from two such balanced strings
of parentheses (of the appropriate length), see Figure 4. In other words,
there is a one-to-one correspondence between pairs of balanced strings of
parentheses and standard diagrams of rooted 4-regular Hamiltonian plane
graphs for a given arrangement of IEEPs and OEEPs. These observations

lead to the following algorithm for generating rooted 4-regular Hamiltonian
plane graphs with n vertices.

OO
QOO

Figure 4: Given the balanced string (()(())) for the IEEPs, the inside edges
from the graph of Figure 2 are reconstructed.

1. Arrangements of vertex types: Starting with a Hamiltonian cycle
Hy, of n vertices, determine (choose) the number of vertices of each vertex
type (TV, DIV or DOV) and pick a random arrangement of these vertices
along the Hamiltonian cycle.

2. Arrangement of inside/outside edges: Assign non-Hamiltonian
edges to the inside and separately to the outside edge-endpoints using ran-
domly chosen balanced strings of the appropriate length.

The detailed descriptions of the algorithm follow.

Arrangements of vertex types.
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The algorithm must first choose the number of vertices for each type and
decide where to put them on H,,.

First, choose the number of transition vertices. Note that the number of
transition vertices cannot be odd, since this would lead to an odd number
of IEEPs and OEEPs and that to an edge which has to cross a Hamiltonian
edge. Let 2t be the number of transition vertices. From the remaining n—2¢
vertices, choose p DIVs. The remaining j = n — 2t — p vertices all become
DOVs. Once t, p and j are chosen, there are

(&) (560 =G)C5") = mm

different ways to arrange these vertices on Hy, since the graph is rooted.
Figure 2 is an example for the case n =8,¢=1and p=3.

Arrangement of inside/outside edges.

An arrangement of IEs is achieved by selecting a balanced string of paren-
theses of length 2t + 2p (which is equal to the number of IEEPs). This
string is called an inside string. Each parenthesis in an inside string cor-
responds to one unique IEEP. Starting at v, and traversing clockwise, the
first IEEP encountered is called the starting IEEP. The process of assign-
ing the edges moves through the symbols of the balanced inside string and
through the IEEPs simultaneously, see Figure 4. Beginning at the starting
IEEP and coming across the other IEEPs in clockwise order, if a ‘(’ is the
next symbol in the balanced string an edge is started at the current IEEP.
If a )’ is the next symbol in the balanced string an edge is closed at the
current IEEP with the most recently started but not-yet-closed edge, see
Figure 4. The number of balanced strings of size 2z is 2—113(?), which is
also commonly called a Catalan number, see [13, 14, 15] for examples of this
construction. Therefore, there are ;i3 (%12) ways to choose the inside
string. Similarly, the outside edges are constructed using an outside string

of size 2n — (2t + 2p). It follows that there are

1 20+ 2p 1 m-2t—2p
t+p+1l\t+p /Jn—-t—-p+1\ n—-t—p
ways to connect all the edges. This leads to the following theorem.

Theorem 4. The number of non-equivalent rooted 4-regular Hamiltonian
plane graphs of n vertices is X(n) =

Z*:"z'f‘ n\ [n— 2\ (2 +2p\ (20— 2 —2p\ 1 1
2t P t+p n-t—p Jit+p+ln—-t—p+1

t=0 p=0
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The steps in the algorithm described above can be executed in linear
time and with linear memory resources. This is obviously true for con-
structing H,. Once ¢ and p have been chosen, a unique arrangement of the
vertices is selected by a uniform random permutation of an arbitrary vector
containing 2t TVs, p DIVs, and j = n — 2t — p DOVs. (Well developed
linear permutation algorithms can be easily found.) There are several dif-
ferent ways to generate random uniform balanced strings in O(n) time, see
for example [1]. 10,000 graphs with 2000 crossings are generated by the
implementation of the algorithm in 24 seconds on a standard desktop PC.

4 The asymptotic behavior of X (n)

Let g(n,t,p) =

()O3 CE) G e

so that

n—2¢t

X(n) = Z > 9(n,t,p).

t=0 p=0

Because X(n) is strictly increasing, investigating the asymptotic behavior
for values of n that are divisible by 6 will suffice. The reason for this
restriction on n is mainly for the simplicity in analyzing the maximum of
g(n,t,p). Let us start with the following lemma.

Lemma 5. (i) g(n,t,n/2-t+z) = g(n,t,n/2—t—z) forz € {0,1,...,n/2—
t}.

(ii) Let = be a nonnegative integer divisible by 3, then FTF*‘T(T > a,b,c,
for any nonnegative integers a, b, ¢ such that a+b+c=z.

Proof. It can be seen that

g(n,t,n/?—t+:c)

(Z)(%i—titx)(ntz:)<— 2w)("-l-:c+1)1( >—z+1)
= (;i)<-'217-1—-t2—t:c)(;-:—2:)(5‘2-—2:)(%+z+1)1(%—z+1)

= g(n,t,n/2-t-1z).
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This proves (i). To avoid fractions (3z)!/a!b!c! is considered for nonnegative
integers a, b, ¢ such that a+b+c = 3z. It suffices to show that z!z!z! < alblc!
for such @, b, ¢. Notice that there are two cases: exactly one of a, b, c is
greater than z or two of a, b, ¢ are greater than z. For the first case,
zlzlz! < alble! is equivalent to z!zlz! < (z — k)(z — !)!(z + &k + 1)! for
nonnegative integers k, ! such that 0 < k¥ +! < z. For the second case,
zlz!z! < alble! is equivalent to z!z!lz! < (z+k)!(z+1)!(z — k—1)! for positive
integers k, ! such that k + ! < . The second case is proven below and the
first case is left to the reader. This is equivalent to

z! < (z+ &) (= +1)!
(z=k=-0t= 2! z!

which reduces to

[z=1)...(z=k)(z-k=1)...(z—k=1+1)] <

k + 1 factors

[(z+1)...(z+F)(z+1)...(z+])].
k+lactors

Both sides of the above contain k +{ factors, where each factor on the right
is greater than any factor on the left. So the inequality holds. a

Theorem 6. If n(mod 6) = 0, then for fized t, g(n,t,p) is mazimized at
p = n/2—1t. Moreover the absolute mazimum of g(n,t,p) occurs att = n/6
and p=n/3.

Proof. By Lemma 5 (i), it suffices to show that for p’ = § —t + 2 where
z€{1,2,...,3—t}, g(n,t,p) < g(n,t,% —t). After some simplification,
this inequality reduces to

(n—2t )<n+2z)(n—2z) 1
2—t+z/\ 3+ /\3-2/(3+z+1)(3-2+1)

G0 GG gvoasy

Writing the binomials as factorials and using the fact that all quantities are
positive, this inequality is further simplified to:

e (3P 3-1)e
G+l G-l (F-t+a)(} -t —-o)

(n+2z)l(n—-22z)! (3+1)(3+1)
x T BrerDE-zsD <" (4.1)
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Inequality (4.1) is proven by induction on z. For z = 1, (4.1) simplifies to

G L (-1~ y
C+D)PG-DE(E —t+ )5 —t—1)

(n+2)n—2)! (2 +1)(2+1)

1>

nin! (3+2)(3)
or equivalently
(3=t (n+1)(n+2)  n%+3n%+2n—2n% —6nt— 4t <l

(3+2)(3-t+1)(r)(n—1) " n3+5n2+2n—2n2t —6nt + 8¢ -8
The denominator is always positive for n > 6 and this inequality will be
true whenever

n®+3n? +2n — 2n% — 6nt — 4t < n®+5n% 4+ 2n — 2n% — 6nt + 8¢ — 8. (4.2)
But (4.2) is equivalent to 0 < 2n? + 12t — 8, which is true for n > 6,
t = {0,1,...,%}. This proves the case 2 = 1. Assume now that the

inequality is true for z = k& > 1 and consider the case £ = k + 1 (where
k < 3 —t—1). It needs to be shown that

G ) 3 - 1)
Gkt DR (B k-1 (Z—t+k+D)I(Z—t—k=1)!

2%+ n-%-2)! G+NGHY)

nln! (3+k+2)(5-k
Rewrite the above inequality as
(3-8 _(3-t-0H (B 3" (3 1)1
GHE+1)2(5-t+k+1) (3+F)12(3-F)2 (3-t+EN3-t-k)!
A B

n+2k+1)(n+2k+2)(3+Ek+1)(53-k+1)
. (n—2k)(n—2k-1) (3+k+2)(3-F) )

v~

C
N (n+2k)!(n—2k)! (3+1)(53+1) <1
nin! (3+k+1)(3-k+1) )
D

Now BD < 1 by the induction assumption, so it suffices to show that
AC < 1since it is easy to see that every factor in A and C is non-negative.
After simplifying the following equation is obtained for AC:

(n—2t—2k) (n—2k+2)(n+2k+1)
(n—2t4+2k+2)(n-2k—1)(n+2k+4)

AC
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Furthermore, since %;'—_T_gl,:% < 1, it suffices to show that

(n—2t—2k) (n—2k+2)
22k +2) (no2k—1) = (43)

forn>6,t={0,1,...,3}, k={1,2,...,% —t — 1}. Notice that (4.3) is
equivalent to n—4nk+8k?+2k—6t+2 < 0. Since n—4nk+8k%+2k—6t+2 <
n—4nk+8k%+2k+2, it suffices to show that n—4nk+8k2+2k+2 < 0. The
maximum value of the quadratic function in the last inequality in terms of
k for 1 < k < n/2—1is at the end points of the interval, so either at k =1
or at k = n/2—1. The reader can verify that both are negative (for n > 6).
Thus (4.3), and hence (4.1) hold.

Substituting p = 5 — ¢ into g(n, ¢, p) results in:
AL (n)(n—2t) 3 ()
"2 2/)\3-t/(3+1)(3+1)
LSS ——
A
This is maximized if A is maximized. However
n!

@G -z -

By Lemma 5 (ii), A achieves its maximumat 2t = 4 —t = §, ie,t =
andp=5-t=3%.

A =

Oels

The above result about the maximum value of g(n,t, p) can be used to
determine the asymptotic order of X(n). The graph of g(n,t,p) is single-
peaked and all terms for which ¢ ~ n/6 and p =~ n/3 are of similar order.
In the following, all factorials are replaced with an approximation based on

Stirling’s formula
n! = v2rn n"e "en,

gv(he)re 1—27{-_,-_3 <A < i%’) which does not affect the asymptotic order of
n).

Theorem 7. X(n) = 1% (14 O(n~1/%)).

Proof. Substituting Stirling’s Formula for factorials and simplifying leads
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to: g(n,t,p) =

n!(2t + 2p)!(2n — 2t — 2p)! 1 1
2)pln—2t—p)lt+p)2(n—t—p)2(t+p+1)(n—t—p+1)
= \/§ n
T am(t+p+)n—t-p+1)Vip(n-2—p)(t+p)(n—t—p)

n™4n

@GP (Y
Here we ignore the special cases when t or p is zero. (In these cases g(n, ¢, p)
is not large enough to effect he asymptotic order.) It is obvious that the
combined contribution of all factors in the second line of formula (4.4)
is of order at most O(1/n!?®) (for example this order occurs when ¢ =
p = 1). However, under the condition that |t — n/6| = O(n%/%) and |p -
n/3| = O(n3/%), this combined contribution can be better estimated by the
following formula

B 1+ 0(s). @5)

Let us now investigate the combined contributions of the factors in the third
line of (4.4). The behavior of those factors is investigated first in terms of
p. Define h(p) = pP(n — 2t — p)*~2t~P, then differentiating In h(p) yields

K@) P
h(p) ~ n=2-p

This implies that A'(p) = 0 for p = n/2-¢, k'(p) > 0if p > n/2 -1,
and finally A'(p) < 0 if p < n/2 —t. This is consistent with the earlier
result that g(n,t,p) has a maximum in p for p = n/2 — ¢ (since h(p) is
in the denominator). Similarly, the behavior in ¢ is investigated. Define
f(t) = (2t)*(n — 2t — p)"~2-P, then differentiating In f(t) yields

PO,
oMk
This implies that f'(t) = 0 fort = (n—p)/4, f'(t) > 0ift > (n—p)/4, and
finally f/(t) <0 if t < (n — p)/4. Let
i(n.t.p) = n"4n"
g(n, ;p) = (2t)2tpp (n — 9% — p)n-zt-p .

So §(n,t,p) is increasing for p < § — ¢ and decreasing for p > B-tasa
function of p, and is increasing for ¢t < 232 and decreasing for ¢ > 232 as
a function of ¢. ’
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The asymptotic order of §(n,t,p) around (t = n/6,p = n/3) (where it
achieves its absolute maximum) is investigated next. Let t = n/6 + z and
p=n/3—z+yfor 0 < |z| < n%°5 and 0 < |y| < n®/5. Note that the minus
sign of the z term arises from the fact that for fixed ¢t = n/6 + z, g(n,,p)
is maximized at p = n/2 —t = n/3 — z, see Theorem 6. Varying this by y
results in p=n/3 -z +y.

In the remainder of this section, the error terms are obtained through
repeated approcimations based on Taylor Series. Approximating In((1 +
h)1/h) leads to the fact that (1 + k)/* = e(1 — h/2 + O(h?)) (for small
values of k), which results (with some details left to the reader) in:

@) = (5+2)8

n z 6 13=2
= @+ DE)TT

3z

2 2 2
- (g)§~+23623+-‘%§—(1__1“_+O(z_2_))2x+n,f—

— (%) §+2xe2x+-‘3,f—= X

3z 22 TEroh (- 2 4+0(5)) (2042222
(1+ (__;l_ + 0(}?))) i +O(§5-))( = +0(27))(22+255=)
S (R38R 001y o)) O,

Note that for || = n3/5 O(Z5) = O(n~1/5). Taylor series expansions
show that €2=/7") = 1 4 O(n~1/5) and (1 — O(Z))~8"/n+0(=*/n%) =
14 O(n~1/%). Thus

@) = (33 E (1+0(™)).

Similarly,
() = (3-z+ytH
= (5)FoHe st R (14 00 11Y)),
and
(-2t —p)"*? = (z-z-y)¥"

= (P¥re s (L o).
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Combining these factors gives:

n"4r

g(n,t,p) = (%)% P (n = 2t — p)-20-7
= 1205 (14 O(nm1/5y), (4.6)

Recall that under the condition 0 < |z| < n%/% and 0 < |y| < n/5, the

second line of formula 4.4 is of the form 1,2"?(1 + 0(;,17;)), given in (4.5).

This results in the following asymptotic estimate:

123127 1 _
g(n,t,p) = T R (1+0(n"Y%)

fort =n/6+z and p = n/3 -z +y with 0 < |z, |y| < n¥/5. Let us
now consider the case that at least one of |z|, |y| is greater than n3/5. In
the case that |z| > n%/%, we have §(n,t,p) < §(n,n/6 + z,n/3 —2) <
§(n,n/6£n3/5 n/3Fn3/5) < 12°0(e=*"""") by (4.6) and the properties of
§ established earlier. The case of |y| > n%/% can be similarly treated.

Evaluating X (n) requires the evaluation of

e—a(az’+y’)/n=( Z e—9z°/n)( Z e-:«Jy’/n)_

|£|<n3/5 and [y <n®/s lz|<ns/s lyl<n3/s

Since e=%"/" is a positive, decreasing function, the following inequalities
hold:

3/s n3/8 nd/o

n
-9z /n -9z%/n ] -9z3/n
e de < E e < e dz
\/1 0

z=1
as do
-1

-1 0
/ e—9:’/nd$ < z e—9z’/n </ e—Qx’/ndz
—n3/5 —n3/5

T==nd/5

and consequently

n3/8 1 3/5

- n
-9z7%fn _ -92%fn 4. -92%/n
0< Z e /_”m e dx _/1 e dz

z=-nd/8 ; z£0
! 2
</ e~% Indg,
-1
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This leads to

nd/5 nd/5

1
sigi- [ et 3 et [T gy,
-1

2=—nd/8 -n3/8

/
and with the fact that f_’_':,ja e=9%"Indg = [° =9"/ndz 4 o(n~1) it fol-
lows that

na/s
o 1
o7 = [ 9 inde 1 00) = YR (1 +0(J2))
r==n3/5 e 3 ﬁ
Likewise,
n% 2/ o ’/ n 1
eI = [~ Sinay+0@) = [+ 0(2).
y:z.;.% - * v

Combining this with the fact that the combined contribution of all fac-
tors in the second line of formula (4.4) is of order at most O(n~!-%) we have
the following estimate:

X(n)
= z: g(n) t, P) + Z g(nat:p)
[#|<n3/% and |y|<nd/® lz|>n3/5 or |y|>n3/8
= -—_122‘/4?_’ > (127e33=*+v")/n (1 4 O(n~1/%)))
T |21gno/s and lylgnore
+0(n?)12" '3"1/50(n‘1'5)
_ e
= T Y ale
( z (e—a(az°+y°)/n(1 + O(n-1/5)) +O(n§e-3nl/5)))
|z{<n3/% and |y|<n3/s
= 12v312" (1 +0(n~1/%)) z e—3(327+y%)/n
w2
|z|<n3/% and |y|<n3/®
12f 12° _
= S (1+0(n YO (= \/—(1 + 0(\/—)))
This completes the proof. O
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Remark 8. Our numerical evidence matches well with the above theoret-
ical result. That is,

4.12" n
! ~ 1.27352-.
n

X(n) 7 -nd
For example, the quotient 55%,,"& is approximately 1.269 for n = 1000 and
1.272 for n = 2000. Recall that in the introduction it is stated that the
number of 4-regular rooted planar graphs with n vertices is of the order -;-ll%%
which is of a larger order. This makes perfect sense since each 4-regular
rooted Hamiltonian graph gives rise to a 4-regular rooted graph by simply
considering the edge from v; to v, on the Hamiltonian cycle as a root edge.
However, a 4-regular rooted graph may not be Hamiltonian.

In [19] it is shown that the number of cubic rooted Hamiltonian plane
graphs is of order %:- which is - of course - much smaller than the order of

X(n).

5 Generating rooted 4-regular Hamiltonian
graph with approximate uniformity

frequency

0.15
0.125
0.1
0.075
0.05
0.025

t

10 20 30 40 50

Figure 5: A typical example of the distribution Tj, (¢) for n = 102 together
with the fitted normal distribution with z = 16.9565 and o = 2.3846.

Every rooted Hamiltonian graph has a non zero probability to be gener-
ated by the algorithm described in section 3. However two such graphs are
not created with equal probability if the values of ¢ and p are picked with
uniform probability from their respective intervals [0,n/2) and [0,n — 2t].
As was shown in the previous section, the number of graphs which can
be generated varies dramatically for different ¢ and p values. This section
outlines steps that are based on numerical evidence and seem to generate
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the different rooted 4-regular Hamiltonian graphs with approximate unifor-
mity probability. The basic idea is to choose the parameters ¢ and p with
a probability distribution that reflects the different numbers of graphs that
are possible for given values of ¢ and p.

If one defines Ty (t) = —h"i-(g-()'lt'—” then the distribution generated

n
over the interval [0,n/2] can be approximated by a normal distribution
2

falp,0) = ZW e %%~ as shown in Figure 5. The quality of the non-
linear fit of T, to a normal distribution increases for increasing n, with
an estimated variance of 2.810~° for n = 600. T,, was apprommated by
a normal distribution for values of n up to 850. The u and o values of
these approximations change with n as described by the functions u =
n/6 — 0.0526 and ¢ = 0.2355/n + 0.0063. The fit for both functions is
obtained with R?2 > .999. The T,(t) with n = 0 mod 6 is maximal for
t = n/6. The —0.0526 in the function for the u is indicative of the fact that
there are more graphs for ¢ < n/6 than for ¢ > n/6. It is expected that the
mean is n/6 asymptotically.

If one defines Py :(p) = —,,%’-}‘T‘(%)T—) then the distribution generated

over the interval [0,n — 2f] can also be approximated by a normal distri-
bution fy (4, ). The quality of the non-linear fit of P, to a normal dis-
tribution increases for increasing n, with an estimated variance of 6.610~!!
for n = 600 and ¢t = 200. P,; was approximated by a normal distribution
for values of n varying from 50 to 850 and for each ¢ in [0, /2] for each n.
The u for all n fit the function g = n/2—t£. The & fit functions of the type
o = ¢1/n/2 — t+ca, where the constants c; and ¢ depend on n as shown in
Figure 6. Based on the o values of the approximations, ¢;(r) = 0.7074—28}
and cz(n) = 0.003 + 237 were obtained with R? > .999.

If t and p are chosen according to the algorithm outlined above then
the question is how uniform is the distribution generated over the set of
all rooted Hamiltonian graphs of size n? One standard way to compare a
sample distribution to a known distribution is through a x-square test. In
the given situation this is not appropriate since the distribution obtained
for the graphs is known to be not uniform and thus the test failed - as
expected - every time. In addition, for very large sample spaces, the test
will fail almost always [10]. However, two other tests were conducted to
answer this question which provide evidence that the distribution is approx-
imately uniform. Both tests compare the distribution obtained through the
described algorithm with a truly uniform distribution. Since the number
X(n) of graphs is growing very fast - for example X(7) = 85,278 and
X (8) = 720,448 - the tests were only conducted for small values of n due
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frequency z
14
0.2 12
0.15 g
0‘1 2
0.05 .
20 40 60 80 100P 100 200 300 400°
C2
0.12
n
200 400 600 800
0.08
0.06
0.04
0.02

Figure 6: The left top graph shows P, :(p) for n = 102 and for ¢ values
5,10,15,...,50. The top right graph shows the standard deviation data
collected for n = 102, 200, 400, 600, and 800. together with functions of the
form o = ¢;\/n/2 -t + ¢3. The bottom graphs show the approximation
of the c¢; and ¢z values through their fitting functions both of which were
obtained with R? > .999.

to the limits on computing power.

The first test analyzed the probability that a values appears more than
once in a sample. The function

) = () o+ Senr () e

i=1

gives the theoretical probability of picking a sample of size A with uniform
probability from a space of size M and obtaining exactly k different values.
Note that for larger values of n, the space M is very large and thus it is very
difficult to compute p(k) exactly and thus a small n value was picked. For
T-vertex standard diagrams (M = 85,278) a sample of size A = 1000 was
used. Given the above distribution, the probability that such the sample
contains at least 991 different numbers is calculated to be .928555. In 10
test runs with the described algorithm, only one failed this test with 989
different graphs. For 8-vertex diagrams and a sample of size A = 1000, the
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probability that such a sample contains at least 996 different numbers is
.999263. In 5000 test runs 4 failed this test with 995 different graphs.

1}

004'

0.2

0.2 0.4 0.6 0.8 1

Figure 7: Comparing expected and actual cumulative probabilities for 7
(gray triangles)and 8 (black squares) vertex graphs. The difference between
the points and the line z = y indicates that the distribution is not quite
uniform. Note that the maximal difference between x- and y-coordinate is
0.048.

The second test compared the cumulative probabilities for the gener-
ated data with the cumulative probabilities of data generated by a truly
uniform distribution in a probability-probability plot, see [10]. To gener-
ate a truly uniform distribution a random number generator was used to
pick positive integers in the interval [1, X(n) = M]. All random numbers
for the emperical explorations were generated using an implementation of
the Mersenner Twister random number generator which has been shown to
pass several important statistical test for good random number generators
[11].

As a total sample size for both distributions 10M was chosen. This
again only allows small values of n. For example, for n = 8 the sample of
size 10M consists of over 7.2 million generated graphs. Let N(¢) and G(%)
be the two sample distributions where N (¢} or G(7) indicate how often the
i-th number or the i-th graph was generated where ¢ € {1,2,..., M}. (For
the positive integer there is a natural order and for the graphs a random
order of all the graphs was chosen.) Let Y (z) be the z-th smallest distinct
value in N (i) and Ng(z) be the z-th smallest distinct value in G(7). Figure
7 shows the results of this analysis for n = 7 and n = 8. Each data
point in the plot compares cumulative probabilities. The z-coordinate uses
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the uniform random number distribution and the y-coordinate uses the
distribution of random graphs generated by the described algorithm. To
be more precise the k-th data point in Figure 7 is obtained in the following

manner: For the z-coordinate compute 24mber of IX}‘)<YN (k) _ l—%i-,- and for

10
the y-coordinate compute M’"—“ﬁ,%gs&ﬂ‘)— 337 (see [10]). If the actual
graph distribution is a uniform distribution, then all the data points will be
on the line z = y. Figure 7 shows that the distribution obtained through
the described algorithm is not uniform, however the data points are close
to the line y = .

6 Conclusion

We end this discussion with some open questions.

1. Is it possible to sample rooted 4-regular Hamiltonian graphs with
uniform probability? In order to do this one needs to understand analyti-
cally the distributions T;,(t) and P, .(p).

2. Can this be used to randomly sample large knots with only a small
amount of bias in the sampling method? If one is interested in sampling
large knots randomly, several additional problems arise. First, there is
no unique way of changing a 4-regular plane graph uniquely into a knot
diagram. Many different assignments of over- and under- information at
each crossing are possible. Second, the number of different Hamiltonian
cycles in rooted Hamiltonian graphs varies greatly and thus this sampling
method may be biased towards plane graphs that have a large number
of Hamiltonian cycles. When considering these graphs as knot diagrams,
this will introduce a bias towards knots that have diagrams with lots of
Hamiltonian cycles.

3. Is it possible to consider only 4-edge connected rooted Hamiltonian
plane graphs with uniform probability? In knot theory one is usually con-
cerned with prime knots or links. Without defining this concept, we just
note that any minimal diagram of a prime knot or link is a 4-regular plane
graph that is also 4-edge connected. Therefore sampling these graphs is of
special interest in knot theory.
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