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Abstract

We address the problem: for which values of d and n does there
exist a triangle-free regular graph of degree d on n vertices? A com-
plete solution is given.

1 Introduction

We assume the standard ideas of graph theory; in particular, a graph is
called regular if every vertex has the same degree, and triangle-free if it
contains no 3-cycle as a subgraph — that is, there are no three mutually
adjacent vertices. We shall refer to a regular graph of degree d, with n
vertices, as a (d, n)-graph.

We wish to address the problem: for which values of d and n does there
exist a triangle-free (d, n)-graph?

2 Even order
There is a very easy upper bound for d.

Theorem 1 If G is a (d,n)-graph, n < 2d, then G contains a triangle.

Proof. Write N(z) for the set of vertices adjacent to = (the open neigh-
borhood of z). Suppose G is triangle-free. If z and y are adjacent vertices,
then they can have no common neighbor, so N(z)\{y} and N(y)\{z} are
disjoint sets of size d — 1. So G has at least 2(d — 1) + 2 = 2d vertices. O

So a triangle-free (d, n)-graph satisfies d < n/2.
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On the other hand, suppose n is even — say n = 2m — and d <
m = n/2. A regular bipartite graph of degree d is easily constructed: the
following example will be useful later. The vertices are {z1,z3,...,Zn}.
If 1 < ¢ £ m the neighbors of z; are Zpyyit1,Tm+it2;- -y Emtitd, With
subscripts reduced modulo m to the range (m+1...2m); this rule describes
all the edges. This regular bipartite graph, which we shall denote K,[ff],m, is
obviously triangle-free. So:

Theorem 2 There is a triangle-free (d,n)-graph whenever d < n/2, for
even n. a

3 0Odd order

For odd n the lower bound can be refined, using the following result of
Andrésfai, Erd6s and Sds ([1], Theorem 1.1):

Theorem 3 If a graph G on n vertices is K, -free with minimal degree

greater than
3r-7

3r—4
then G is (r — 1)-chromatic. a

n

When r = 3, this says that a triangle-free n-vertex graph with minimum
degree greater than %n can be 2-colored. A 2-coloring induces a bipartition
of the vertices; in a regular bipartite graph the two parts must be of equal
size. (If the parts contain n; and ng vertices then the number of edges
equals n;d, and also equals n2d.) So

Theorem 4 When n is odd, there is no triangle-free (d, n)-graph with d >
2n/5. ]

Putting it the other way, any triangle-free (d,n)-graph satisfies n >
5d/2.

We now prove that this bound is tight. The proof splits into three cases,
which we present as separate Lemmas.

Lemma 4.1 When d is even, there is a triangle-free (d,n)-graph when
n=>5d/2+2t,0<t<d/2.
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Proof. For convenience, write d = 2k. We construct a graph with 5k + 2t
vertices, where ¢ is a non-negative integer and t < k. The vertices comprise
five sets X1, X2, X3, X4, X5 of size k and two sets Y}, Y, of size . There
are edges joining each member of Y; to every member of X; U X3, joining
each member of Y5 to every member of Xo U X4, and joining each member
of X5 to every member of X; U X4. To these are added the edges of a
K. with bipartition {Xa, X3}, 8 KL% with bipartition {X1, X2}, and a
K.Y with bipartition {Xs, Xa}. o

When d is a multiple of 4, 5d/2 is even, and n is even, so the above
construction is not interesting; however, only some small modifications are
required:

Lemma 4.2 When d is even, there is a triangle-free (d,n)-graph when
n=5d/2+2t+1,0<t<d/2.

Proof. Again we write d = 2k. Our graph has 5k + 2t + 1 vertices
comprising four sets X, X, X3, X4 of size k, a set X5 of size k — 1 and
two sets Y1, Y2 of size t + 1. There are edges joining each member of Y;
to every member of X; U X3, joining each member of Y5 to every member
of X5 U X4, and joining each member of X5 to every member of X; U Xj.
To these are added the edges of a K| ,[:,: Y with bipartition {X2, X3} and

KY' s with bipartitions {X;, X»} and {X3, Xa}. )

Lemma 4.3 When d is even, there is a triangle-free (d, n)-graph whenever
d<(n+1)/3.

Proof. Suppose H is an n-cycle (vy,v2,...,0,),n odd. Write H* for the
graph formed by joining v; to v;4; for every j, with subscripts reduced
modulo n as necessary. (In other words, H* is the union of the cycles

(U1, V144 V14245 - - -, (V20 V2pi V24245 - - Dyeen
— a single cycle when n and ¢ are coprime. Then
HUH®UH®U...uH%!

is triangle-free for even d < (n + 1)/3. O

This covers all the cases outside the range of the two earlier lemmas.
So:

Theorem 5 When n is odd, there is a triangle-free (d, n)-graph for all even
d<in+1. m]
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4 Variability of triangle-free graphs

The graphs constructed in Lemmas 4.1 and 4.2 are never isomorphic to
those of Lemma 4.3 (except for the trivial case d = 2,n = 5, where the
graph is a 5-cycle). In the graphs of Lemma 4.3, no two vertices ever
have the same open neighborhood. In the (4, 11)-graph of Lemma 4.2, the
members of X; have the same neighbors (as do the members of X}); in all
other cases, the members of X5 have this property.

Meringer[2] has tabulated small regular graphs with given minimum
girth; of course, “girth at least 4” means “triangle-free”. Results in this
section that cite the exact number of isomorphism classes are taken from
that web page.

For given n and d, how many triangle-free (d, n)-graphs exist? We only
know the answer in three cases. Up to isomorphism there are precisely two
triangle-free (4, 11)-graphs, one triangle-free (6, 15)-graph and six triangle-
free (6, 17)-graphs.

Figure 1 shows the two graphs cited in [2]; the one in the left is the one

constructed in Lemma 4.2 while the one on the right comes from Lemma
4.3.

Figure 1: The two triangle-free (11, 4)-graphs

The numbers of classes increase rapidly; there are 31 classes of triangle-
free (4,13) graphs and 1606 classes of triangle-free (4,15)-graphs. The
number of triangle-free (6, 19)-graphs is not known.
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