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Abstract

For a set S of two or more vertices in a nontrivial connected
graph G of order n, a collection {T1, T3, ..., T¢} of trees in G
is said to be an internally disjoint set of trees connecting S if
these trees are pairwise edge-disjoint and V(T3) N V(T;) = S
for every pair i, of distinct integers with 1 < 4,7 < 4. For
an integer k with 2 < k < n, the tree k-connectivity «i(G)
of G is the greatest positive integer £ for which G contains at
least ¢ internally disjoint trees connecting S for every set S of
k vertices of G. It is shown for every two integers k and r with
3 < k < 2r that ke(Krr) =7 — [(k—1)/4].
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1 Introduction

The connectivity x(G) of a graph G is the minimum number of vertices
whose removal from G results in a disconnected or trivial graph. If x(G) > ¢
for some positive integer ¢, then G is t-connected. By a well-known theorem
of Whitney [3], a graph G is t-connected if and only if G contains ¢ internally
disjoint u — v paths for every two distinct vertices u and v of G. That is, G
contains u — v paths P, Py, ..., P, such that V(P) N V(P;) = {u,v} and
E(P;) N E(P;) = 0 for all distinct integers 7 and j with 1 < 4,5 <¢. In
particular, if x(G) = ¢, then G contains ¢ internally disjoint © — v paths
for every pair u,v of vertices of G, but G does not contain ¢ + 1 internally
disjoint £ — y paths for some pair z,y of vertices of G.
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In [1] a generalized connectivity was introduced for the purpose of study-
ing rainbow edge colorings of graphs. Let G be a nontrivial connected
graph of order n. For a set S of two or more vertices of G, a collection
{T1,T3,...,Te¢} of £ trees in G is called an internally disjoint set of trees
connecting S if V(T;) N V(T;) = S and E(T;) N E(T;) = O for every two
distinct integers ¢ and j with 1 < 4,5 < £. The tree connectivity x(S) of
S is the maximum number of internally disjoint trees connecting S. For
an integer k with 2 < k < n, the tree k-connectivity (or, more simply, the
k-connectivity) kx(G) of G is defined by

#k(G) = min{x(S)},

where the minimum is taken over all sets S of k vertices of G. Thus k2(G) =
k(G).

In (1] the k-connectivity of complete graphs of order n was determined
for each integer k with 2 < k < n.

Proposition 1.1 [1} For every two integers k and n with 2 < k < n,
kx(Kn) =n—[k/2].

By Proposition 1.1, k4(Kg) = 4. For the complete graph K in Figure 1
and the set S = {u, v, w,z} of vertices of Kg, four internally disjoint trees
connecting S are shown in this figure.
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Figure 1: Four internally disjoint trees connecting
the set S = {u,v,w,z} in Kp

For every positive integer r, it is well known that the connectivity of the
regular complete bipartite graph K, 'is k2(K,,r) = K(Ky,) = r. In this-
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paper, we determine ki (K,r) for every integer k with 3 < k < 2r. We refer
to the book [2] for graph theory notation and terminology not described in
this paper.

2 The Tree Connectivity of K.,
By a theorem of Whitney [3],
&(G) < 4(G)

for a graph G, where §(G) is the minimum degree of G. Thus if G is r-
regular, then £(G) < r. There are many regular graphs for which x2(G) =
k(G) = §(G), including the complete graph K,.;; and the complete bipar-
tite graph K ., as we noted above. By Proposition 1.1,

ki(Krp1) =7+ 1-[k/2]

for every integer k with 2 < k < r + 1. Thus, kx(Kr4+1) < r — 1 for every
integer k with 3 < k < r+ 1. In fact, kx(G) < r — 1 for every r-regular
graph G of order n and every integer k with 3 < k < n.

Proposition 2.1 If G is an r-regular graph of order n and k is an integer
with 3 < k < n, then kx(G) <r—1.

Proof. Assume, to the contrary, that xx(G) > r. Let S be a k-element
subset of V(G), where k& > 3, and suppose that v € S. Let N(v) =
{uy,u2,...,ur} be the neighborhood of v. By assumption, there is a col-
lection T = {11,T%,...,T+} of r internally disjoint trees conmecting S.
Since these r trees are edge-disjoint, we may assume that vu; € E(T;) for
1 <1 < 7. Therefore, every vertex in S is an end-vertex in each tree T; for
1 <4 < 7. Now consider a k-element subset S’ = {wy, ws,...,wi} of V(G),
where w; and w; are adjacent. Let T’ = {TY,T3,...,T/} be an internally
disjoint set of trees connecting S’ and suppose that the edge wyws belongs
to 7}. Since both w; and ws are end-vertices in 7Y, it follows that T] = K.
However, this is impossible since T7 is a tree of order k > 3. |

For the r-regular complete bipartite graph K ,, r > 2, we show that
wi(Krp) =7 = [(k—1)/4] (1)

for every integer k with 3 < k < 2r. For this purpose, the following lemma
will be useful.

Lemma 2.2 For a positive integer p, the mazimum number of pairwise
edge-disjoint spanning trees in G € {Kpp+1,Kpt1,p+1} 18 [L;'—lj
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Proof. We first consider the graph K, 541. Suppose that
U={uiug,...,up} and W = {w;,wy,..., wps1}

are the partite sets. Since the size of Kp 41 is p(p + 1) and each span-
ning tree contains 2p edges, the maximum number of pairwise edge-disjoint

spanning trees is at most lﬂﬁl] = |_B§J For1<i< [%1],
Tt woio1, %), Wi, U2, W2id 1, USs -« +  W2im24py Upy W2i—1+4p)

where the subscript 2i — 2+ j (1 < j < p+1) is expressed as one of the
integers 1,2,...,p+1 modulo p+1, is a Hamiltonian path in K, 54+1. Then

{Tl ,To,... ’Tl. 21| } is & set of | 21| pairwise edge-disjoint spanning trees

in Kpp+1.
For Kp+1'p+1, let

U= {uy,ug,...,ups1} and W = {wy,wy,..., wps1}
be the partite sets. The maximum number of pairwise edge-disjoint span-
2
ning trees is at most l%p&i{-J = |&]. For 1 <4< |2,
Ti: woie1, U1, Wai, U2, Wi, USy -+« Wi 1obpy Uph1,

where again the subscript 2 — 2+ j (1 £ j < p+ 1) is expressed as one of
the integers 1,2,...,p+1 modulo p+1, is a Hamiltonian path in Kp41 p41.
Therefore,

LS

is & set of | 2} | pairwise edge-disjoint spanning trees in Kpi1p41- .
‘We are now prepared to verify (1).
Theorem 2.3 Forr>1and3<k<2r,
kk(Krr) =7 — [(k—1)/4].
Proof. First, we show that
ki(Krp) <7 —[(k—1)/4].

Let U = {u1,u2,...,ur} and W = {w;,ws,...,w,} be the partite sets of
K, . We consider two cases according to whether k is even or k is odd.

Case 1. k is even. Then k = 2a for some integer a > 2. Consider the

set
S = {u1,ug,...,Ug, w1, Wa,..., Wa}
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of 2a vertices. A vertex not belonging to S is referred to as an external
vertez. An S-tree is a tree T with V(T') = S, an S'-tree is a tree T with
S C V(T) such that T contains exactly one external vertex, while an S"-
tree is a tree T with S C V(T') such that T contains two or more external
vertices. Let A = A° U A’ U A" be a set of pairwise edge-disjoint trees
connecting S, where A° is the set of S-trees, A’ is the set of S’'-trees, and
A" is the set of S”-trees. Suppose that |A'| =p > 0.

Let H = K, be the subgraph of G induced by S and X = E(H).
Hence | X| = a2. Observe that if T € A’, then T contains at least a edges
belonging to X. Therefore, 0 < p < a and furthermore,

o a? —ap " 2r — (2a +p)
A< | 52| wna ) | 2=t

Therefore,

Al

IA

(53 e 252

2a -1 2

a?—ap 2r—2a-p

S 5o +P+-——2
. 202 -2a+p a®—a

- & .-
22a—1) — ' 2a-1

If a = 2b for some b > 1, then £=2 > b—1 and so

4b—1 k-1
IAIST—b='I‘— [T] —T—[T-’.

If a = 2b+ 1 for some b > 1, then ‘2‘::? > b and so

IAISr—(b+1)=r—'_ﬂj-—42)——l.’ —r- [f-i—l]

Case 2. k is odd. We consider two subcases.
Subcase 2.1. k = 4b + 1 for some integer b > 1. Consider the set

S= {ulsu21 coey UQp, W1, W2, ... szb+1}

of 4b + 1 vertices and let A = A4° U A’ U A” be a set of pairwise edge-
disjoint trees connecting S, where these sets are defined as before. Also, let
|A'|=p 2> 0.

Let H = Ko 2441 be the subgraph of G induced by S and X = E(H).
Hence | X| = (2b)(2b+ 1). Observe that if T € A’, then T contains at least
2b edges belonging to X. Therefore, 0 < p < 2b+ 1 and furthermore,
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1A% < l.(2b)(2b+ 1) - (2b)pJ and |A"] < {2r—(4b+1+p)J.
4b 2
Therefore,
4 < (2b)(2b+ 1) — (2b)p +p+ 2r— (4b+1+p)
4b 2
< 2b+—21_p +p+ EL;I:B =7r-»%

- flesp=) - e,

Subcase 2.2. k = 4b+ 3 for some integer b > 0. Consider the set

S = {ul’u2v ooey U2h41, W, W2, . .. )w217+2}

of 4b + 3 vertices and let A = A° U A’ U A" be a set of pairwise edge-
disjoint trees connecting S, where again these sets are defined as before.
Also, suppose that | 4’| =p > 0.

Let H = Kgp41,20+2 be the subgraph of G induced by S and X = E(H).
Hence | X| = (2b + 1)(2b + 2). Observe that if T € A, then T contains at
least 2b+1 edges belonging to X. Therefore, 0 < p < 2b+2 and furthermore,

(2b+1)(2b+2) — (2b+ 1)p 2r — (4b+ 3 + p)
4b+ 2 2 )

] < [ J and |A"| < [

Therefore,

(26+1)(26+2) — (2b+ 1)p 2r— (4b+3+p)
<
Al < [ H+2 trd )
2b+2—-p 2r—4b-3-p 1

and so

A <r—(b+1)=r— [M"—l] —re [%}

Therefore, if S is the set of k vertices in K., described in each case,
then the number of pairwise edge-disjoint trees connecting S is at most
r — [251]. Consequently, xix(Ky,r) < r— [£3L].

It now remains to show that

wse(Krp) 21— [(k-1)/4].

As before, we denote the partite sets of K., by U and W. Let S be aset of k
vertices of K, », where SNU = Sy and SNW = Sw, where say |Sy| < |Sw|.
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Thus S = Sy U Sw. We show that there are r — [£51] internally disjoint
trees connecting S. We now consider four cases, according to whether k is
congruent to 0, 1, 2, or 3 modulo 4.

Case 1. k = 4a for some positive integer a. Then |Sy| = 2a — b and
[Sw| = 2a + b for some integer b with 0 < b < 2a. In this case, we show
that there are r — ¢ internally disjoint trees connecting S.

The result holds for b = 2a, for in this case S = Sy and there are r
stars Ty & K 44, one for each u € U, where u is the center of T,,. Hence
we may assume that 0 < b < 2a— 1. Let

Sy = {u1,uz,...,u2.-3} and Sw = {wy,ws,..., Wee+s}.
If 2a + b < r, then let
X ={z1,22,...,Zr—20-0} =W — Sw and
Y = {y19y2)-- . )yr—ZO—b} g U- SU:
while X =Y =0 if r = 2a + b. Also, if b > 0, then let
Z = {21,22,...,225} =U- [SuUY].

Let B” =@ if r = 2a+b. Otherwise, let B” = {S{,5%,...,8" _,,_,} be the
set of 7 — 2a — b double stars with V(S}') = SU {z;,%:} (and z; and y; are
the central vertices of S}’) for 1 < i <r—2a—b.
If b = 0, then by Lemma 2.2 there are a pairwise edge-disjoint S-trees
T1,T2, e ,Ta, and
{n,T,...,T.}uB"

is a collection of r—a internally disjoint trees connecting S. If e < b < 2a-1,
then let T{,T5,...,T,,, be the S’-trees such that V(T}) = SU {2} and

E(T{) = {ujwj4i-1: 1<j<2a—-bd}U{w;jzi: 1<j<2a+b}.

Then
{17,T3,..., T,:,H,} uB”

is a collection of r — a internally disjoint trees connecting S.
If1 <b< a—1, then we first construct 2b internally disjoint S’-trees
1955y, 9%. For 1<i<b+1,let

E; = {ujwjpip@a-2v-1) : 1 <7 < 2a- b},

where the subscript j + ¢ + (2a — 2b — 1) is expressed as one of the integers
1,2,...,2a— b+ 1 modulo 2a — b+ 1, while for b > 2 and b+2 < i < 2b, let

E; = {ujwjtit(2a—20-1) + 1 <35 < 2a—b},
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where the subscript j + ¢ + (2a — 2b — 1) is expressed as one of the integers
2a-b+2,2a-b+3,...,2a + b modulo 2b — 1. Then let S! be the tree
such that V(S]) = SU {2} and

E(S}) = E;U{wjz: 1<j<2a+b}.

Let B = {5{,53,...,55}. Next let ¢ and r be the unique nonnegative
integers such that 2a — b= (2b— 1)g + r with 0 < r < 2b— 1 and consider
a vertex w € {W2g—b4+2, W2a~b+43, - - -y Woat+b}- Observe that the number of
vertices u in Sy such that the edge uw belongs to some tree in B’ U B” is

at most
(b-1)g+min{b—-1,7} < a.

Therefore, for each w, with 2a — b+ 2 < a < 2a + b, there exists a set
{ul,m U2,a9 0+ 9 ua—b.a} c SU

of a — b vertices such that the edge ug,qwa, 1 < 8 < a — b, does not belong
to any treein B UB”. For1<i<a-b, let
F; = {ujwji—2,ujwjt2i-1: 1 < j < 2a—b},

where each of the subscripts j + 2i — 2 and j + 27 — 1 is expressed as one of
the integers 1,2,...,2a — b+ 1 modulo 2a — b+ 1. Construct the S-tree S;

by taking
E(S;)=F,U{u;jw;: 2a—b+2<j<2a+b}.

Then
{51, S2,...,8.—p}uUB UB"
is a collection of r — a internally disjoint trees connecting S. Hence

’54a(Kr,r) 2Tr—a

Case 2. k = 4a+1 for some positive integer a. Then |Sy| = 2a — b and
|Sw| = 2a + b+ 1 for some integer b with 0 < b < 2a. We show that there
are r — a internally disjoint trees connecting S.

The result holds for b = 2a, for in this case S = Sw and there are r
stars Ty, = K 4041, one for each u € U, where u is the center of T,,. Hence
we may assume that 0 < b<2a—1. Let

Sy = {u1,u2,...,u%-s} and Sw = {w,ws,..., Woatb+1}
If2a+b+1 <7, then let

X= {1?1,-'1"2, .o ')xr—2a—b—1} =W —-Sw and
Y ={y1,¥2. .., Y¥r-20-5-1} CU - Sy,
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while X =Y =0 if r =2a + b+ 1. Also, let
Z={z,2z3,...,22041} = U =[Sy UY].

Let B” =@ if r = 2a + b+ 1. Otherwise, let B” = {S{,54,...,8" ,._,_,}
be the set of r — 2a — b~ 1 double stars with V(S}’) = SU {z;,%:} (and z;
and y; are the central vertices of S/) for 1<i<r—-2a—b—-1.

Ifa <b<2a—1, then let T7,73,...,T,,,,, be the S'-trees such that
V(T!) = SU{z} and

E(ﬂ)={ujwj+i_1: 1$j52a—b}u{w,-z,-: 15j52a+b+1}.

Then
{Tl” Tz” A | Ta’+b+l} U B”

is a collection of r — a internally disjoint trees connecting S.
If0 < b < a—1, then we first construct 2b+1 internally disjoint S’'-trees
81,82, ...,85p41- For 1<i<b+1,let

E; = {ujwjtit(2a-2-1) : 1 <7 < 2a~b},

where the subscript j + i + (2a — 2b — 1) is expressed as one of the integers
1,2,...,2a—b+1modulo 2a —b+1, whilefor b> 1 and b+2 <i < 2b+1,

let
E; = {u'jwj+i+(2a—2b—1) 1 1£75<2a-b},

where the subscript j + ¢ + (22 — 2b — 1) is expressed as one of the integers
2a —b+2,2a—b+3,...,2a + b+ 1 modulo 2b. Then let S] be the tree

such that V(S!) = SU {2;} and
E(S)=E;U{wjzi: 1<j<2+b+1}.

Let B’ = {51,53,...,55,,}- Next let g and r be the unique nonnegative
integers such that 2a — b = (2b)q+ r with 0 < r < 2b and consider a vertex
w € {Woa—b+2, W2a—b+3, - - - y Wag+b+1}- Observe that the number of vertices
u in Sy such that the edge uw belongs to some tree in B’ U B" is at most

bg + min{b,r} < a.
Therefore, for each w, with 2a — b+ 2 < a < 2a + b+ 1, there exists a set
{ul,ca U2,ay- -+ ua—b,a} Cc SU

of a — b vertices such that the edge ugoWa, 1 < 8 < a — b, does not belong
toany treein B'UB”. For1<i<a-—b,let

F; = {ujwjt2i—2, ujwjs2i-1: 1< j < 2a—b},
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where each of the subscripts j + 2i — 2 and j + 2i — 1 is expressed as one of
the integers 1,2,...,2a — b+ 1 modulo 2a — b+ 1. Construct the S-tree S;
by taking

E(S;) = F;U{uijwj: 2a—-b+2<j<2a+b+1}.

Then
{Sl, So,..., Sa-b} uB uUB
is a collection of  — a internally disjoint trees connecting S. Hence

’94a+1(Kr,r) 2r-a.

Case 3. k = 4a + 2 for some positive integer a. Then |Sy|=2a-b+1
and |Sw| = 2a+ b+ 1 for some integer b with 0 < b < 2a + 1. We show
that there are 7 — a — 1 internally disjoint trees connecting S.

The result holds for b = 2a + 1, for in this case S = Sy and there are r
stars Ty, & K 4442, one for each u € U, where u is the center of T,,. Hence
we may assume that 0 < b < 2a. Let

Sy = {u,u2,...,u2a—b41} and Sw = {wy,wa,..., waasb41}.
If2a4+b+1 <, then let
X = {mlvx%- . -:mr—2a—b—1} =W —Sw and
Y ={y1,92,.- - ¥r—2a-5-1} CU - Sy,
while X =Y =0if r = 2a + b+ 1. Also, if b > 0, then let
Z={21,Z2,...,225}=U—[SUUY].

Let B” =0 if r = 2a + b+ 1. Otherwise, let B” = {S{,8%,...,5/ 5,41}
be the set of r — 2a — b — 1 double stars with V(S}') = SU {z;, %} (and z;
and y; are the central vertices of S)') for 1 <¢<r—-2a—b-1.
If b = 0, then by Lemma 2.2 there are a pairwise edge-disjoint S-trees
Tl,Tg, aes ,Ta, and
{Tl,Tz, veey Ta} u B

is a collection of r—a—1 internally disjoint trees connecting S. Ifa < b < 2aq,
then let T7,T3,...,T, ., be the S'-trees such that V(T}) = SU {2} and

E(T") = {Ujo+i_1 1 1<5< 2a—b+1}U{w,~z.~: 1<j<2a+b+ 1}.

Then
{1, T3,..., T} uB"

is a collection of 7 — a — 1 internally disjoint trees connecting S.

288



If 1 <b<a-1, then we first construct 2b internally disjoint S'-trees
1985, ..., 85, If b=1, then for i = 1,2 let

E; = {ujwjtit2a-3) ¢ 1 <5 < 2a},

where the subscript j + ¢ + (2a — 3) is expressed as one of the integers
1,2,...,2¢+ 1 modulo2a+1. Ifb> 2, thenfor 1 <i < b+2let

E; = {ujwjtiy2a-20-1) ¢ 1 <5< 2a—-b+1},

where the subscript j + i 4+ (2a — 2b — 1) is expressed as one of the integers
1,2,...,2a—b+2 modulo 2a—b+2. Also, for b > 3 and b+3 < i < 2b, let

E; = {ij,'+,'+(2a_2[,_1) 1 1<j<2a-b+1},

where the subscript j + 7 + (22 — 2b— 1) is expressed as one of the integers
2a—b+3,2a—b+4,...,2a+b+1 modulo 2b— 1. Then let S} be the tree

such that V(S]) = SU {2} and
E(S:) =E;v {w_,'z,- :1<j7<2a+b+ 1}.
Let B’ = {51,83,...,55}. Next let ¢ and r be the unique nonnegative

integers such that 2a —b+1 = (2b—1)g+r with 0 < r < 2b—1 and

consider a vertex w € {Wag—b+3, Wag—b44, - . -, W2g+b+1}. Observe that the
number of vertices u in Sy such that the edge ww belongs to some tree in

B' U B" is at most
(b—2)g+min{d-2,7} < a.

Therefore, for each wy with 2a — b+ 3 < a < 2a + b+ 1, there exists a set
{ul.cn U2,as-+ ¢ ua—b,a} c SU

of @ — b vertices such that the edge ug owea, 1 £ 8 < a b, does not belong
toany treein BUB". For1<i<a-b,let

F; = {ujwjqi-2, ujwjs2i-1: 1<j<2a-b+1},

where each of the subscripts j + 2¢ — 2 and j + 2i — 1 is expressed as one of
the integers 1,2,...,2a — b+ 2 modulo 2a — b+ 2. Construct the S-tree S;

by taking
E(S:) = F;U{uijw;: 2a—-b+3<j<2+b+1}.

Then
{Sl, Sa,..., Sa—b} uB uB"”

is a collection of r — a — 1 internally disjoint trees connecting S. Hence
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Kiap2(Krr) 2T —a—1.

Case 4. k = 4a+3 for some nonnegative integer a. Then |Sy| = 2a—b+1
and |Sw| = 2a + b+ 2 for some integer b with 0 < b < 2a + 1. We show
that there are r — a — 1 internally disjoint trees connecting S.

The result holds for b = 2a + 1, for in this case § = Sy and there are r
stars T,, 2 K 4043, one for each u € U, where u is the center of T,,. Hence
we may assume that 0 < b < 2a. Let

Sy = {w1,u2,...,U2a-b41} and Sw = {wy,ws,..., Woatbs2}-

If 2a + b+ 2 < r, then let

X = {:Bl,.'ltz, ee ,:Br_za..b_z} =W - SW and
Y= {yllyZ’ e ~1yr—2u—b—2} cU -8y,

while X =Y =0 if r = 2a + b+ 2. Also, let
Z={21,22,...,z25+1}=U—[SUuY].

Let B” = 0 if r = 2a 4 b + 2. Otherwise, let B” = {S7,S7,...,5/ 5, _4_a}
be the set of 7 — 2a — b — 2 double stars with V(S}) = Su {:c,,y,} (and z;
and y; are the central vertices of S}’) for 1<i<r—-2a—-b-2.
If b = 0, then by Lemma 2.2 there are a+1 pairwise edge-disjoint S-trees
Tl,Tz, ‘e ,Ta+1, and
{Tla T23 veey Ta+l} uB”

is a collection of r—a 1internally disjoint trees connecting S. Ifa < b < 2a,
then let T7,T3,...,T, ., be the S'-trees such that V(T}) = SU {2} and
E(T) = {ujwj4i-1: 1<j<2a—-b+1}U{w;z;: 1<j<2a+b+2}.
Then
{T,T3,..., T}y } U B

is a collection of r — @ — 1 internally disjoint trees connecting S.
If1 < b < a-1, then we first construct 2b+ 1 internally disjoint S’-trees
51,852,184y For 1 <i<b+2, let

E; = {ujWj iy(20-20-1) ¢ 155 <2a—-b+1},

where the subscript j + 7 4+ (2a — 2b — 1) is expressed as one of the integers
1,2,...,2a—b+2modulo 2a — b+ 2, while for b > 2 and b+3 < < 2b+1,
let

E; = {ujwj it (2a-20-1) : 1 <5< 2a—-b+1},
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where the subscript j + 7 + (2a — 2b — 1) is expressed as one of the integers
20 -b+3,2a-b+4,...,2a + b+ 2 modulo 2b. Then let S} be the tree
such that V(S!) = SU {2} and

E(S))=E;U{wjz: 1<j<2a+b+2}.

Let B’ = {5],S3,...,5%,,}. Next let ¢ and r be the unique nonnegative
integers such that 2a — b4 1 = (2b)g + r with 0 < r < 2b and consider a
vertex w € {Woq—b+3, Waa—b+4s - - -y Waatb+2}. Observe that the number of
vertices « in Sy such that the edge uw belongs to some tree in B/ U B is

at most
(b—-1)g+min{d—1,7} < a.

Therefore, for each w, with 2a — b+ 3 £ a < 2a + b+ 2, there exists a set
{ul,m U2,09 ¢« -+ ’ua-b.a} C Suy

of a — b vertices such that the edge ug,owq, 1 £ § < a —b, does not belong
to any tree in BPUB”. For 1 <i<a-—b,let

F;, = {ijj+2i_2,ujwj+2;'_1 :1€5<2a-b+ 1},

where each of the subscripts j 4+ 2¢ — 2 and j + 2i — 1 is expressed as one of
the integers 1,2,...,2a — b+ 2 modulo 2a — b+ 2. Construct the S-tree S;

by taking
E(S;)=FU{ujwj: 2a—b+3<j<2a+b+2}

Then
{51, Sa,..., Sa-b} uB'uB"

is a collection of r — a — 1 internally disjoint trees connecting S. Hence
K'40+3(Kr,r) 2 rT—a-— 1.
This completes the proof. [

As an example, we now consider the graph G = K32 and let S be a
set of 15 vertices in G. According to Theorem 2.3, there is a collection A
of 8 internally disjoint trees connecting S. To illustrate how such 8 trees
are constructed in the proof, we consider a set S with |[Sy| = 7 — b and
|Sw| = 8+ b, where b € {0,2,4}.

e If b=0, then S = {u1,ug,...,u7} U {wy,ws,..., ws}. Let

A= {T17T21T3:T4} U { i,i g’ g’ Sg}
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be the set of 8 trees, where T}, T5, T3, Ty are the paths defined by

Ty : wy,up, wo, U2, Ws,. .., Wy, U7, Ws
T : w3, uy,wy, U2, Ws,...,w, U7, Wa
T3 : ws,uy, ws, U2, w7, . .., W3, Uz, Wy
T4: wzy, Uy, We, U2, Wi,...,Ws, U7, W

and S; (1 <1< 4) is a double star whose central vertices are z; and
y; such that

N(z;) = {u1,u2,...,u7,¥:} and N(y:) = {w1,wo, ..., ws, z;}.
o If b=2, then § = {u1,us,...,us5} U {wy,ws,...,wie}. Let
A={Sl}U{Si’ é,...,Sé}U{S{', g}

be the set of 8 trees, where S; and S_;- (1 £ 7 £ 5) are shown in

Figure 2 and S,f' (¢ = 1,2) is a double star whose central vertices
are z; and y; such that N(z;) = {ul,ug,...,u5,y¢} and N(y) =
{wlswza .- -, W10, xi}-

wr wsg wy w10 us Uy uz Uz U4

u1 u2 u3 Ug us

Figure 2: Internally disjoint trees connecting S for b = 2
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o If b=4, then S = {u, ug,us} U {wy,wy,...,w1a}. Let
A={T],Ts,..., T3}

be the set of 8 trees, where T} (1 < i < 8) is obtained from the
star K 12, whose vertex set is V(Kj 12) = {2} U {wy,ws..., w12}
and whose central vertex is z;, by adding the vertices u;, us,u3 and
joining uj to wjyi—1 for 5 = 1,2,3. The trees T}, T;, and Ty are
shown in Figure 3.

Figure 3: Internally disjoint trees connecting S for b = 4
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