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Abstract

An injective map from the vertex set of a graph G to the set of all natural
numbers is called an/a arithmetic/geometric labeling of G if the set of all
numbers, each of which is the sum/product of the integers assigned to the
ends of some edge, form an/a arithmetic/geometric progression. A graph is
called arithmetic/geometric if it admits an/a arithmetic/geometric labeling. In
this note, we show that the two notions just mentioned are equivalent—i.e.,
a graph is arithmetic if and only if it is geometric.
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All graphs considered in this note are finite and simple. The set of all positive in-
tegers is denoted by N. For basic information about graph theory we rely on [6).
Let G = (V, E) be a graph and f be any map from V to N; we associate with f two
maps from E to N, denoted by f* and f*: for all uv € E, f*(uv) = f(u) + Fi))
and f*(uv) = f(u) x f(v). If f is injective and the elements of f*(E) form an
arithmetic progression—i.e., if this set can be written as {k, k + d, k + 2d, ...,
k + (IE| - 1)d}—then f is called an arithmetic labeling of G. (For information
about this labeling, see [1, 2].) If f is injective and the elements of f*(E) form
a geometric progression—i.e., if this set can be written as {a,ar,ar?, ...,arf"!}
where r need not be an integer—then f is called a geometric labeling of G. (For
details about this labeling, we refer the reader to [4, 5]; in this connection, see [3]
also.) If a graph admits an/a arithmetic/geometric labeling then it is called arith-
metic/geometric. If a graph is arithmetic then it is easy to see that it is geometric
also. The objective of this note is to prove the converse.

Remark. In the definition of arithmetic/geometric labeling, there is no need to
have the condition that the induced function on the edge set is also injective. (In
this connection, see [1, 5).) Suppose that f is an/a arithmetic/geometric labeling
of a graph G. If A(G) > 1, then f*/f* is obviously injective. If A(G) = 1, then
it is easy to construct an/a arithmetic/geometric labeling g of G such that gtlg*is
also injective.

Theorem. A graph G = (V, E) is arithmetic if and only if it is geometric.
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Proof. If o is an arithmetic labeling of G, then the map: v - 27®) where v € V is
a geometric labeling of G. Now suppose that f is a geometric labeling of G. Then
there are distinct primes P, Py, ... ., P, such that for all v € V, f(v) can be written
as P{'P3? ... Py» where for each i € {1,2,...,n}, &; € NU {0}—let us denote the
maximum of @y, @z, . .., @, by u(v).

Let M = max{u(v) : v € V). Let B be the collection of all nonzero polynomi-
als of the form ayx + azx2 + - - - + a,x" where foreachi € {1,2,...,n}, lail € {0,
1,2,..., M)}. Since B is finite, we can choose a positive integer ¢ so that for all
F € B, F(t) # 0. Now define amap g : V - N as follows: Letv € V; then
there are nonnegative integers @,az, . .., @, such that f(v) = P{' P> ... Py"; set
g(v) = ayt + @ + -+ + a,t". The relation between f* and g* given below can
be easily verified:

For any e € E, if f*(e) = P{'P3*... P;" where ay,a,...,@, € NU (0},
then g*(e) = et + @z + -+ - + ant".

(%)

Suppose that u,v € V such that g(u) = g(v). Then there are nonnegative in-
tegers @y, @z, ..., B1,P2, ... ,Bn such that f(u) = P{'Py*...Py* and f(v) =
Pf‘P‘;’ ... P, Therefore g(u) = ayt + @ + -+ + @ut" and g(v) = Bit + Bot? +
ceo + But". Thus (@) — Bi)t + (@2 = B2)P + -+ + (an — Bu)" = 0. Since for
eachi € {1,2,...,n), la: - Bil < M, by the choice of ¢, for all i € {1,2,...,n},
@; = B;. Therefore f(u) = f(v); since f is injective, u = v; thus it follows that
g is also injective. Let m = |E|. Since f is a geometric labeling, the edges of G
can be ordered as ey, €3, ..., e 50 that f*(e1), f*(e2), ..., f*(em) is a geometric
progression. For each i € {1,2,,...,m}, let f*(e;)) = P{"Py®... Py". Then for
each j € {1,2,...,n), since (P}"), is a geometric progression, (@) is an
arithmetic progression; it is easy to verify that (., a;;#')iz; too is an arithmetic
progression; i.e., (g*(¢;)); is arithmetic because, by (++) foreach i € {1,2,...,
m}, g*(e;) = Xy @ijt/. Therefore g is an arithmetic labeling of G. O

Corollary. If a graph is geometric and its edge set is E, then it has a geometric
labeling f such that f*(E) = la,ar,ar?,...,ar't""} where r € N.
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