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Abstract

We give an upper bound of the number of the edges of a graph with n vertices to
be prime cordial graph, and we improve this upper bound to fit bipartite graphs.
Also, we determine all prime cordial graphs of order < 6.

Introduction

Sundaram, Ponraj, and Somasundaram [3] have introduced the notion of prime
cordial labelings.

A prime cordial labeling of a graph G = (V(G), E(G)) with vertex set V(G) is a

bijection f from V to {1,2,...,|V (G)[}, such that if each edge uv is assigned
the label 1 if ged(f(u),f(v)) =1 and 0 if ged(f(u), f(v)) > 1, then the
number of edges labeled with 0 and the number of edges labeled with 1 differ by
at most 1.

In [3] Sundaram, Ponraj and Somasundram prove the following graphs are
prime cordial: C,, if and only if n 2 6; P, if and only if n = 3 or 5; bistars;
dragons; crowns; triangular snakes if and only if the snake has at least three
triangles; ladders; K, , (n odd); the graph obtained by subdividing each edge of
Ky if and only if n 2 3; K, ,, if n is even and there exists a prime p such that

"2p<n+1<3p; and K3, if n is odd and if there exists a prime p such
that 5p < n + 3 < 6p. They also prove that if G is a prime cordial graph of
even size, then the graph obtained by identifying the central vertex of K; pwith
the vertex of G labeled with 2 is prime cordial, and if G is a prime cordial graph
of odd size, then the graph obtained by identifying the central vertex of Ky on
with the vertex of G labeled with 2 is prime cordial.

They further prove that K,, is not prime cordial for 4 < n < 181 and K nis not
prime cordial for a number of special cases of m and n.
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Here we present an upper bound of the number of the edges of a graph with n
vertices to be a prime cordial graph depending on Euler’s function, so we can
cover a large range of graphs to be not prime cordial graphs. It is shown directly
that the graphs K,, , 2 < n < 500 are not prime cordial graphs.

We improve another upper bound fitting bipartite graphs.

So we prove that K;; is not prime cordial graph, 2 < 2i < 100, K;;,, is not
prime cordial graph, 3 < 2i +1 <99,..., similarly we continue until we reach
to K, 1411, which is not a prime cordial graph, 21 < 2{ + 11 < 99.

1) General upper bound

In the following theorem we give an upper bound for the number of edges of a
graph G to be a prime cordial graph.

Theorem 1.1: a necessary condition for a graph G of order n to be a prime
cordial graph, is that its number of edges |E(G)| < u,, where
u, =n(n—1) - 2d(n) + 1, ®(n) = L, 6 (),

where ¢ is Euler’s function: ¢: N - N; ¢(t) = [{ s € N;s < t, ged(s, t) = 1}|

Proof: we count the all edges could be labeled 1 ( so we can count those which
could be labeled O since the edge which is not labeled 1 is labeled 0)

To count the edges labeled 1 we are going to use Euler’s function.

Depending on it, we define another function @ as follows:

n

0 :N-N;0m) = ) $()

i=2

Now, when G is a graph of order n, then ®(n) is exactly the number of all
possible edges that could be labeled 1.
On the other hand, the number of possible edges could be labeled O is:

nn-1)
—2—- - d>(n).

By using mathematica e.g., we could make a table representing both of the
previous numbers ®(n) and n(n — 1)/2 — ®(n).

We realize that ®(n) > n(n—1)/2 — ®(n) till the number of vertices is
10000, so a prime cordial graph could maximally contain the following number

of edges:
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nn-1)-20n)+1

Results 1.2:

1) In Diagram 1 we present this upper bound of the number of edges until
we reach graphs of order 500 (we can extend it to more than 10000). As
a special case all complete graphs K, are not prime cordial graphs for
2 <n <500,

2) In Table 1 (where, E} = |E(P})|) we present the number of edges of
the graphs B! ( the i*" power of the path P,)i =2,3,...,12, to be
compared with the upper bounds.

Here we can deduce that P; ,i = 2,3, ...,12 are not prime cordial graphs
for the numbers of vertices that correspond to the underlined bold
numbers.

Algorithm 1.3: Not prime cordial test (NPCT)

Input: A graph G with n vertices. m edges

Output: An answer "Not a prime cordial graph" or "Probably a prime cordial
graph”. To question "Is G a prime cordial graph”

Compute w, (Theorem 1.1)

If u; < mthen

Return "Not a prime cordial graph"

Else

Return " Probably a prime cordial graph”

If algorithm NPCT declares "Not a prime cordial graph", then G is certainly not
a prime cordial graph. On the other hand, if the algorithm NPCT declares
"probably a prime cordial graph”. then no proof is provided that G is indeed a
prime cordial graph.

Theorem 1.4: Algorithm 1.3 NPCT takes time O(n2logn)

Proof: Since computing of the g.c.d of two integers 1 < a < b < n takes
O(logn) thus computing u, takes O(n%logn). Therefore, NPCT takes time
O0(n%logn).

Note: In [1] the authors state that the problem of deciding whether a graph G
admits a cordial labelling is NP-complete.

Conjecture 1.5: All complete graphs K,, n > 2 are not prime cordial graphs.

This conjecture is supported by the increased difference between the number of
edges of K,, and the upper bound u,, when n increases. (see Diagram I).

2) An upper bound for bipartite Graphs.
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In the following we introduce improved numbers of edges of bipartite graphs of
order n:

Theorem2.1: a necessary condition for a bipartite graph of order n to be a prime
cordial graph is |E(G)| < u,, where u, = ZZP ¢SI§Jm(p‘) + 1 where for a

prime number p, m is a function which is defined as follows:
m:N- N, m() = [%j X [%] ,n = V(6

Proof: We count all edges could be labeled 0 as follows:

Let the number of vertices be n. The number of the multiples of each prime
number p < l% ], which lie between 1 and n, is ls ] The best way in which we
can get maximum number of edges labeled 0 is obtained by distributing those
labels equally on each of the partite sets, to get the number: l%l X [% ],which
is the maximum number of edges could be labeled 0 using the multiples of the
primep < l'—z' ], which lie between 1 and n

So, let us define the following function:

m:N-N
m(p) = [zlp]x[%] n= V).

Summing the values of this function applied on all primes < l'—;] we get the
maximum number of edges could be labeled 0 in a bipartite graph of n vertices.

So, a prime cordial bipartite graph could contain at most 22?:Sl§l m(p) +1,
edges, where n = |V(G)|

We calculate those numbers for bipartite graphs containing 100 vertices, (we can
extend it for 10000), so we get the following results:

Results 2.2:

Ky is not prime cordial graph, 2 < 2i <100,

K, 141 is not prime cordial graph, 3 < 2i +1 < 99,
Ki 4 is not prime cordial graph, 4 < 2i +2 < 100,
Kj 443 is not prime cordial graph, 5 < 2i + 3<99,
K 144 is not prime cordial graph, 6 < 2i + 4 < 100,
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K, 1.5 is not prime cordial graph, 7 < 2i + 5 < 99,
K46 is not prime cordial graph, 12 < 2i + 6 < 100,
K447 is not prime cordial graph, 11 < 2i + 7 < 99,

K, i.g is not prime cordial graph, 18 < 2i + 8 < 100,
K, i+9 is not prime cordial graph, 15 < 2i + 9 < 99,

K 4410 is not prime cordial graph, 24 < 2i + 10 < 100,
K 1411 is not prime cordial graph, 21 < 2i + 11 < 99.

Conjecture 2.3: All these bipartite graphs are not prime cordial if the orders of

the graphs are greater than 100.
This conjecture is supported by the increased difference between the number of

edges of these graphs and the upper bound u,, when the orders of theses graphs
increase. (see Diagrams 2 and 3).

3) Prime cordial graphs of order <6.

Let G(n,m) denote all graphs with n vertices and m edges.

Theorem 3.1: Among all graphs of order < 6 [2), only the following graphs are
not prime cordial:

1)
2)
3)

Proof:
1)
3)

G(3,1E(6)] 2 2),6(4 0r 5,1E(G)] = 4),G(6, |E(G)| = 10),

K4 K33,
The following graph:

X

The graphs mentioned in 1) are not prime cordial by Theorem 1.1.

The graphs mentioned in 2) are not prime cordial by Theorem 2.1.

The graph mentioned in 3) contains 8 edges so it should contain 4 of
them to be labeled 0, but to achieve this, the vertex labeled 6 must be
adjacent to each of the labels: 2,3 and 4, i.e. the vertex labeled 6 is of
degree at least 3, also the two vertices which are labeled 2 and 4 must
be adjacent. Here we realize that whatever the vertex labeled 6 is, it is
not possible for the vertices labeled 2 and 4 to be adjacent.

All the remaining graphs of order <6 [2] are prime cordial graph (it is easy
to label them as prime cordial graphs).
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Diagram 2: The second upper bound compared
with the maximum number of edges in complete
bipartite graphs until graphs of order 100
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Diagram 3: The second upper bound compared
with the maximum number of edges in complete
bipartite graphs until graphs of order 99
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