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Abstract

In this paper we give a survey of all graphs of order < § which are difference
graphs and we show that some families of graphs are difference graphs.

0.Introduction

Harary [5] calls a graph a difference graph if there is an bijection f from V to
a set of non negative integers S such that xy € E ifand only if |f(x) - f(¥)| €
S. Bloom, Hell, and Taylor [1] have shown that the following graphs are
difference graphs: trees, €, . Ky, . Kun » Kpoyn- pyramids, and n-prisms.
Gervacio [3] proved that wheels W, are difference graphs if and only if n =
3,4, or 6. Sonntag {6] proved that cacti (that is, graphs in which every edge is
contained in at most one cycle) with girth at least 6 are difference graphs and he
conjectures that all cacti are difference graphs.

Here, we show that, the graph K, — me, where the m deleted edges have a
common vertex: the graph K,, — 2e,n = 4. where the two deleted edges have no
vertex in common; the graph K, — 3e,n = 6, where the three deleted edges
have no vertex in common are difference graphs. Also. we show that the
following graphs are difference graphs: the gear graph G, for all n > 3: the
grids P, x P, for all n,m 2 2; the triangular snakes: the C,-snakes: the dragon
(that is, a graph formed by identifying the end vertex of the path of m edges
(m 2 1) and any vertex in the cycle C,, (n 2 3)); the graph C,;' consists of two
cycles of the same order m joined by a bridge; and C,,,, (that is. a graph
obtained by identifying the center of a star S, with a vertex of a cycle C,,).
Throughout this paper , we use the standard notations and conventions as in [2]
and [4].

1.Simple Observations on Difference Graphs.

Observation 1.1. [1] The labeling of a difference graph is not unique. For
example the path P; can be specified by any of the vertex label sets
{1, 2, 4}, {2, 4, 8}, {3, 4, 7},{0, 11, 27}.

Furthermore, it S = {s;,5,,53,...,8,} is any vertex label set of the difference
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graph G then S and kS = {ks;, ks, ,ks3, ..., ks,}, where k > 0. always induce
the same difference graph, since both vertex and edge values increase
proportionally.

Observation 1.2. [1] Any vertex v with the label value a; = 0 is adjacent to
every other vertex u to which any value a; > 0 is assigned. This is clear so,
since [x — 0] = x foreveryx = 0.

Observation 1.3. |1] Not all graphs are difference graphs. The smallest, non
difference graphs have five vertices. In Figure 19 we show all such non
difference graphs.

2. Two Propositions on Difference Graphs.

Propeosition 2.1. [1]

(1) Vertex label values s and 2s belong to adjacent vertices. (2) Vertex label
values 7 and t . 7 # t belong to vertices adjacent to a vertex labeled r + ¢, (3)
No other adjacencies occur in difference graphs. (An edge between vertices with
values s and 2s will be termed an edge of the first kind, an edge between
vertices with values 7 and r + t will be termed an edge of the second kind).
Observe, that in a difference graph at least deg(v) — 2 edges incident with
verlex v must be of the second kind. because no more than two can be of the

first kind.

Proposition 2.2, [1] If each of the components of a graph G is a difference
graph, and does not contain the vertex label 0 then G is a difference graph.

Proof: Similar to proofin [1),let G = G, UG, UG U ..U Gy and let §; =
S(G;) be the vertex label set of the i*" component. Take S(G) = S; U k,S, U
k3S3 U ..U k,,S,,, where k; = max{s:s € §;} + 1, and k; = max{s:s €
ki_1S;_1} + 1 for i = 3. Thenitis clear that G is a difference graph.

Example 2.2, 1
2 s 3
8
E — 3 Z
G, G, Gs
- 49
z ° 147
1 12 24 48
o—o—¢—o
1 3 294 245
GLUG,VUG;
Figure 1
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3. Families of Difference Graphs.

Theorem 3.1. The graph K, — (me), where the m deleted edges has a
common vertex is a difference graph.

Proof: Label the common vertex by n+ m, and the other vertices of the m
deleted edges by 1,2,3...,m. The remaining vertices will be labeled by m +
ILm+1,m+1,..,n -1

Example 3.1.

Figure 2. difference labeling of the graph K, — (3e).

Theorem 3.2. The graph K, — 2e,n = 4, where the two deleted edges have no
vertex in common is a difference graph.

Proof: Label the end vertices of the two deleted edges by 1,n and 2,n + 1.The
remaining vertices will be labeled by 3,4,5, ..., n— 2.

Example 3.2.

Figure 3. difference labeling of the graph K, — 2e.

Theorem 3.3. The graph K, — 3e,n 2 6, where the three deleted edges have no
vertex in common is a difference graph.
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Proof: Label the end vertices of the three deleted edges by 1,n —1; 2,n: and
3,7+ 1. The remaining vertices will be labeled by 4,5,6,...,n —3.

Example 3.3.

Figure 4. difference labeling of the graph K, — 3e.

The Cartesian product G; X G,of G, and G, is the graph having vertex set
V(G,) X V(G,) and edge set {(uy ,v1)(uz,v,): (U =u, and v,v, € E (G3))
or (v, = v, andu u, € E (G))} [4].

Theorem 3.4. The graph P, X P, is a difference graph forn,m = 2.
Proof: Let P, X P, be described as indicated in Figure 5.

1

th u3 u}

2
Uy u} u?
3 3 3
] ] P |
b ' Uz, Uz,
] ] ]
) [} )
L [] )
wnyt whrt u:’{‘"
m o om m m
Uuy 1y ufl Upoy Uy
Figure 5.

We define the labeling function f:V (P, X B,) = S (positive integers) as
follows:

fu)=2 , f@w)=2"*,i=123..,n
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f(uy{ ) - 2j+n—1'j =345,...m

f@)=Ff@l_) + f@w) ,i=234..,n
fWH=fw)+f@d,) .i=n-1n-2..
fhH=f@d)+fut,) .i=n-1,n-2.,1
f@M =f@™N+f@}) i=n-Ln-2.,1
Example 3.4.
2 7 T % 58 7z Y
4 9 5 1 167 3z o4 l?
188 ¢ 184 ¢ 1764‘ 160 78 9
964 {776 L squT 416 756 1
3260& 2296‘ 1520' 928 512 ?
9028° 57600 34720 1952 1028

Figure 6. difference labeling of the graph Pg X Pg

A gear graph G, is obtained from the wheel by adding a vertex between every

pair of adjacent vertices of the cycle.

Theorem 3.5. The gear graph Gy, is a difference graph for m = 3.

Proof: Let G,, be described as indicated in Figure 7.

Figure 7.

We define the labeling function f:V(G,) — § (positive integers) as follows:

fwd=1 , f(m)=2
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2f(vi_q) if iiseven

flv) = { f(vo) + f(v;_y) if iis odd

fan) = f(1) + f(v2n-1)
Example 3.5. 2

94 10

47

46 22
23

Figure 8. difference labeling of the gear Gg

Theorem 3.6. The dragon D, (that is, a graph formed by identifying the end
vertex of the path of m vertices (m 2 2) and any vertex in the cycle G, (n 2
3)) is a difference graph forn 2 3,m > 2.

Proof: Let D,,,, be described as indicated in Figure 9.

Ug
1y

Figure 9.

We define the labeling function f:V(Dpn) = S (positive integers) as follows:

flu) =2 .i=012..,m—-1
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fum-1) = f(v;) =2m1
f(v) = 2m+=2) d=234,..,n—-1

fn) = fwn-1)+ f(v1)

Example 3.6.

1

2

4

8

16

528 32
512 64
256 128

Figure 10. difference labeling of the graph Ds, .

Theorem 3.7. The graph C,,, (that is, a graph obtained by identifying the
center of a star S,, with a vertex of a cycle C,,) is a difference graph for n = 3,
mz2.

Proof: Let C,, ,,, be described as indicated in Figure 11.

Figure 11.

We define the labeling function f:V(C,m ) — S (positive integers) as follows:

fw)=2i-1 ,i=123,..,m
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f) = m2 .i=123,.,n-1

fun) = 2m(1+ 2"7%)

Example 3.7.

112

Figure 12. difference labeling of the graph C¢ ;.

A triangular snake T;, is obtained from from a path u, ,u;, ..., u, by joining u;
and u; + 1 toanew vertex v; for i = 1,2,..,n— 1.

Theorem 3.8. The triangular snake is a difference graph.
Proof: Let the triangular snake T,, be described as indicated in Figure 13.

t Uz u3 Uy Up-q Uy
4] v v VUn-y
Figure 13.

We define the labeling function f:V(T,) — S (positive integers) as follows:
f(ul) = 2: f(vl) =1
fu) = 3i ,i=12,3,..,n

fO)=fw+1)-fw) .i=234.,n-1
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Example 3.8.
2 3 9 27 81 243

6 18 54 162

Figure 14. difference labeling of the graph T .

Theorem 3.9. The C,-snake (some extension to the triangular snake) is a
difference graph.
Proof: Let the C,-snake be described as indicated in Figure 15.

v 1] 2] L3 Yyt Vp
uy Y2 uy U, Ug Ug Uzn-3 Uz,-2
Figure 15.

We define the labeling function f:V(C, snake) - S (positive integers) as
follows:

fw) =25"" Li=123,..,n
fly)= 450U-v72 j=135,..,2n~3

f(u;) = 8.5U-2/2 ,j=24,6,..,2n—-2
y

Example 3.9.
2 10 50 250 1250 6250
4 8 20 40 100 200 500 1000 2500 5000
Figure 16.

Theorem 3.10. The graph C,; (that is, a graph consists of two cycles of the
same order m joined by a bridge as shown in Figure 4.17 ) is a difference graph
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form = 3.

Figure 17.

Proof: We define the labeling function f:V(Cy ) =S (positive integers) as
follows:

flu) =21 ,i=23,4,..,m
flu) = fluy) + fluy) = 22™ 2+ 1)
flv)=2*1(2"2+1) ,i=1234..m-1

fm) = f(Vm-1) + f(v1)

Example 3.10.
1056 528 264 2 4 8
o— °
132 66
© —o
2112 4224 4356 64 32 16
Figure 18.

4. Survey of Difference Graphs of Order < 5.

Theorem 4.1. All graphs of order < 5 are difference graphs, except the

following graphs.
(@) )

Figure 19.
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Proof: (1) All disconnected graphs of order < 5 are difference graphs by
proposition 2.2. and observation 1.3.(2) All non isomorphic trees of order < 5,
K3, Ky K, Ky 3,K,4,C4, and Cg are difference graphs by Theorems due to
Bloom, Hell and Taylor [1]. (3) The wheels W; and W, are difference graphs by
Theorems due to Gervacio [3]. (4) The dragons and C, ; graphs are difference
graphs by Theorem 3.6, Theorem 3.7 in this paper. (5) The graphs K, — e, Kz —
e,Ks — 2e and Kg — 3e are difference graphs by Theorem 3.1 in this paper. (6)
The proof that these two graphs in Figurel9 are non difference graph is too
lengthy and tedious, but straightforward.

(7) The following graphs are difference graphs.

1 1
2 12 2 3 3 4
4 6 9 6 7 11
1 1 1 1
3@2 SQZ 4@3 3@2
6 8 4 7 7 10 5 7
Figure 20.
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