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Abstract
Suppose G is a graph with vertex set V (G)and edge

setE(G), and let A be an additive Abelian group. A vertex labeling
f :V(G)— A induces an edge labeling f *: E(G) —> A defined

by f *(xy)=f (x)+f (y).For a€EA ,tet n,(f ) andm,(f ) be
the number of vertices v and edges e with f (¥ ) =a and f "(e) =a,
respectively. A graph G is A —cordial if there exists a vertex labeling f

such that | n,(f ) ~n, (f ) |s1 and | m,(f ) =m,(f ) | s1 for al
a,bEA. When A =Z,, we say that G is k - cordial instead of

Z ¢ —cordial. In this paper we investigate certain regular graphs and

ladder graphs that are 4 —cordial and we give a complete characterization

of the 4 - cordiality of the complete 4-partite graph. An open problem about
which complete multipartite graphs are not 4-cordial is given.

Keywords: Regular graph, ladder, complete 4-partite graph, k — cordial
labeling.
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1. Introduction

All graphs considered in this paper are finite, simple
and undirected. For most of the graph theory terminology and
notation used, we follow [8] and especially of graph Iabeling
[10].
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Let G be a graph with vertex set V (G)and edge
setE(G), and let A be an additive Abelian group. A vertex
labeling f :V(G) — A induces an edge labeling

f*:E@G) — A , defined by f *(xy)=f (x)+f (y), for
all edges xy EE(G). Fora€A, let na(f)=|f"(a)|

andm,(f ) =| f "l(a)| . A labeling f of a graph G is said to

be A —cordial labeling if |n,(f)-n,(f)|sl and
| m,(f Y=m, (f)|=1 for all a,bEA. A graph G is called
A —cordial if it admits an A —cordial labeling. When A =Z, ,
we use the k -cordial labeling in stead of Z, —cordial
labeling, and we say that G is k - cordial if G is Z, —cordial.

The notion of A —cordial labeling was first introduced by
Hovey [14] who introduced a simultaneous generalization of
harmonious [12] and cordial [3] labelings. Hovey [14]
investigated many families of graphs that are k - cordial and
gave the following conjectures: all trees are k - cordial for all

k; all connected graphs are 3-cordial; and C,,,.,;is
k - cordial if and only if j =k , where k and j are even and
O0s j <2k . The last conjecture was verified by Tao [16].

Youssef [17] proved some necessary conditions for a graph to
be k -cordial and gave some new families of k - cordial
graphs. See [1-2, 4-7, 9, 11, and 15] for other related topics.
Gallian [10] surveys the current state of knowledge for
k - cordial labeling and many other labelings.

We mention some known results which are referred to
throughout the paper. The following theorem gives a
necessary condition to certain regular graphs to be k - cordial
when k is even. We use it many times throughout the paper.

Theorem 1 Let k be even and G be a d -regular (p,q)
graph with p,g=0(modk). If G isk -cordial, then
q =0(mod 2k) .[17]
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Lemma 1 if Gis a (p,q)k-cordial graph with
p=0(modk), then G +K,is k -cordial for all positive
integer 7 .[17]

Lemma 2 If G is k -cordial, then G +K is k-cordial for
every n =0 (mod k) .[18]

The following lemma shows that adding number of
isolated vertices congruent to 0 (mod k) to one partition (then
to many partitions) of complete muitipartite k¥ - cordial graph
produce another complete multipartite k& - cordial graph.

Lemma 3 if K isk - cordial so isK,, , . .. for all

my,myeom,

t = 0(mod k) .[18]
Theorem 2 K is 4-cordial if and onlyif n 6. [17]

Theorem 3 K,,, is 4-cordial if and only if

(m,n,p)(mod4) # (0,2,2), (2,2,2) wherem (mod4) s
n(mod4) = p(mod4). [18]

In the next section of this paper we investigate certain
regular graphs that are 4-cordial and in section 3, we
determine exactly which of various kinds of ladders are 4-
cordial. In section 4, we give a complete characterization of
the 4 -cordiality of the complete 4-partite graphs.

2. 4-cordiality of graphs related to cycles »
In this section, we determine the 4-cordiality of the
graphs mC,, andC ,f . The proofs of the following proposition
and its corollary are immediate and we omit both of them.
Proposition 2.1 If G and H are (p,,q,) and (p,,q,)
k - cordial graphs such that (p, orp, =0 (mod k )) and (g,
org,=0(mod k)), then G U H is k - cordial.
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Corollary 2.2 If G is a (p,q) k - cordial graph such that p
andg =0 (mod k), then mG is k - cordial for every positive
integer m .

Theorem 1 above gives the necessary condition for the
2-regular graph mC,, to be k -cordial when k is even which
is mor nis even. As a special case we determine which of
mC,,is 4-cordial.

Theorem 2.3 mC,, is 4-cordial if and only if m or nis even
Proof. Necessity follows from Theorem 1. For sufficiency, if
nis even, then C, is 4-cordial by Hovey [14] and hence
mC ,,is 4-cordial for all positive integer m by Corollary 2.2. If

nis odd, then the following 4-cordial labeling of 2C, and

Corollary 2.2 completes the proof: We label the vertices of the
first cycle successively by the labels

nt a
(0012)f1(00112233) and (1233)ﬁ(00112233) for

the second cycle. O

Youssef [17] showed that C 2is 4- cordial if and only
if n % 2(mod4) . However, we show the following.

Theorem 25 C2lis 4-cordial if and only if
n=8+4,tzland n=7

Proof. Necessity, ifn =8 +4, ¢ =1, then C2is not 4- cordial
by Theorem 1. If n=7,C} =K, which is not 4-cordial by

Theorem 2. For sufficiency, if 3<n <6, then C} =K, which
is 4-cordial by Theorem 2. Now, let n =8 +s, t =21 and
0sss7, s=4 and V (C})={p,v,.v,}. f 5=0, we
label the vertices of the cycle by the successive labels:
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[

H(01231230). If s =1, we label the vertices of the cycle by

the successive labels: (H(Ol231230))(0). If s =2, we label
the vertices of the cycle by the successive labels:
(H(01231230))(02). If s =3, we label the vertices of the

cycle by the successive labels: (1:[(01231230))(012). If
s =5, we label the vertices of the cycle by the successive
labels: ( ‘ (01231230)) (01230). It s =6, we label the
vertices uof the cycle by the successive labels:
(]:1(01231230)) (012302). If s =7, we label the vertices of
the cycle by the successive labels:
(I'_I (01231230))(0221331). We show that the given labeling

works in the first case when n =8¢ and the reader may verify
that in each case the labeling works: Let f be the described

vertex labeling above and fori €Z,, let
X, =fvp.: j-k=zimodn), f'ev,) =i}|,

Y ;,{vlvk: j—ks:Z(modn),f'(vjvk)=i}| and

i

Z, =fvy,: j-k=z3modn), f'oy,)=i] .Cleary
that m, =X, +Y, +Z, . Now, since X =2, X =X, =3¢,
X,=0;Y =% foral i€Z, and Z,=2%, Z =2, =t¢,
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Z,=4, then m, =6t for all i€Z, and f is a 4-cordial
labelingof C> . o

3. 4-cordiality of ladders

The ladder L (n=2) is defined to be the
graph P, x P,, while the Mobius ladderM  ,(n=3)is the
graph obtained from the ladder L, by joining the opposite
vertices of the two copies of P,. A circular ladder graph is a

graph of the form C, x P, ,(n =3) and is denoted by CL, ,

sometimes also called a prism graph . See Gross and Yellen
[13]. A circular ladder graph CL, may be obtained from the

ladder L_ by joining the end vertices of each copy of P, .
Let V(L,) ={u,,v;:1si sn} and
E(L)={uy,,,vpy,:1sisn-1}U{uy, :1si sn}.

i+1*
Note  that EM, )=E(L,) Huy,,uy,}, while
ECL,)=E(L,) U{uu,,vy,}The following proposition
shows that if we add 4 steps to a 4-cordial ladder L, yields

again a 4-cordial ladderL __,.

Proposition 3.1if the ladder L has a 4-cordial labeling f
such that(f (u, ).f ,)) =(1,2)or(2,3), then L, is 4-
cordial.

Proof. If(f (u,).f ¢,)) =(1,2), define a labeling
gV(L,)—>Z,as gV (L)) =f ¥ (L,) and label the 4
vertices u,, i =n +1,n +2,n +3,n + 4 consecutively by the
labels: 0,3,0, 2 and label the 4 vertices v,, i =n +1,n + 2,

n + 3,n + 4 consecutively by the labels:2,1,1,3. Then
n(g)=n{)+2,m(g)=m/(f)+3foral i €Z,and
clearly g is a 4-cordial labeling of L, ,.
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¥ (f @, ).f ®, ) =(2,3) then as above, define a labeling
gV(L,)—=>Z,as gV (L,))=f ¥ (L,)) and label the 4
vertices u,, i =n +1,n + 2,n + 3,n + 4 consecutively by the
labels: 0,3, 0,1 and label the 4 vertices v, ,
i =n+1,n+2,n+3,n +4 consecutively by the
labels: 1,3,2,2. Again, g is a 4-cordial labelingof L, ,,.0

As an immediate consequence we have the following
corollary.
Corollary 3.2 If each of the Mdbius ladder M, and the
circular ladder CL,has a 4-cordial labeling f such that
(f @,).f ¢v,)=(2),thensoare M, andCL .

Theorem 3.3 L, is 4-cordial for alln = 3.

Proof. If n =2, then L, =C, is not 4-cordial by Theorem 1.
For 3=n <6, we will give a 4-cordial labeling f such that
(f @,).f &, ))=(1,2)or (2,3), then applying Proposition 3.1
completes the proof. We label the vertices of L, as follows: 0,
0, 2 for f(u)and 1, 38, 3 for f () respectively,
i =1,2,3.We label the vertices of L, as follows: 3,2,0,2 for
f @) and 1,1,03 for f (v,) respectively, i =1,2,3,4.We
label the vertices of L, as follows: 3,2,0,1,1 for f (#;)and
1,3,0,2,2 for f (v;) respectively, i =1,2,3,4,5 We label the
vertices of L, as follows: 1,3,3,022 for f(u,) and
0,0,2,1,1,3 for f (v,) respectively, i =1,2,3,4,5,6.0

Theorem 3.4 M ,is 4-cordial if and only if n % 4(mod8).

Proof. Necessity follows from Theorem 1. For sufficiency, we
will give a 4-cordial labeling f of M ,,3sn <10,n =4, with

(f w,).f #,))=(12) , then applying Corollary 3.2 completes

127



the proof. We label the vertices of M ,, successively as
pattern:(f @,)of @, )seesf ,)), (Ff O ) ©,) s @,))
n=3: (3,0,1), (1,0,2)..

n=5: (3,2,0,1,1), (1,3,0,2,2).

n=6: (3,2,0,3,31), (1,0,0,2,1,2). |

n=7: (3,0,2,0,3,0,1), (1,0,31,3,2,2).

n=8: (31,2,2,0101), @133,0,3,20,2).

n=9: (3,0,1,3,1,3,2,1,1), (1,0,2,0,2,2,0,3,2).

n=10: (3,0,1,3,1,3,1,0,2,1), (1,0,2,0,2,2,0,3,3,2). o

In a similar argument to Theorem 3.4 we proof the
following.

Theorem 3.5 CL, is 4-cordial if and only if n # 4(mod8).

Proof. Necessity follows from Theorem 1. For sufficiency, we
will give a 4-cordial labeling f of CL,,3<n <10,n =4, with

(f m,).f ¢,))=(1,2) , then applying Corollary 3.2 completes
the proof. We label the vertices ofCL,, successively as

pattern: (f (,)of @,),if ®,)), (F @ )of O2)eif ©0,))
n=3: (0,31, (0,3,2).

n=5: (2,0,1,31), (0,1,3,0,2).

n=6: (2,200,111, (0,3,13,3,2).

n=7: (0,033,210, (2,110,0,3,2).

n=8: (2,233,001, (23,3,0,0,11,2).

n=9: (1,0,0,0,3,3,2,2,), (1,11,0,0,3,3,2,2).
n=10: (1,2,2,3,3,0,0,1,0,1), (3,3,0,0,1,2,3,1,2,2). o
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Another variation of a ladder graph is specified as
follows. A ladder L, ,n =2 is a graph obtained by completing

the ladder L, by edges uyv,,, for1si <n -1.See[2]. The
following lemma shows that if the ladder IL, has a 4-cordial
labeling then so is I, ,, under a restriction on the 4-cordial
labeling of IL, .

Lemma 3.6 If L has a 4-cordial labeling f such
that(f ,).f ¢v,))=(1,2),thensois L, ,.

Proof. Define a labeling g:V(L,6,6)—Z, as
gV @L,)=fW(L,) and label the 2 vertices u,,
i =n +1,n + 2 consecutively by the labels: 3,1and label the 2
vertices v,, i =n +1,n + 2 consecutively by the labels: 0,2.
Thenn, (g)=n,(f)+1, m,(g)=m,(f)+2 forall i €Z,and
clearly g is a 4-cordial labelingof L_,,. O

Theorem 3.7 L, is 4-cordial for alln = 2.

Proof. We will give a 4-cordial labeling f of L_,n=2,3,
such that (f (v, ).f @,k))=(1,2), then applying Lemma 3.6
completes the proof. We label the vertices of IL, as follows:
3,1 for f(u,)and 0,2 for f (v,) respectively, i =1,2.We
label the vertices of L., as follows: 1,3,1 for f (&,) and 2,0,2
for f (v,) respectively, i =1,2,3.0

4. 4-cordiality of complete 4-partite graph

Hovey [14] showed that the complete bipartite
graph K,, , is not k -cordial for allk = 4. However we give

a slight generalization to this result by showing that the graph
obtained by appending any number of edges from the two
vertices of degree n 22 in K, is not k - cordial where & is
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equal to the order of the graph. We give a similar proof to the
one due to Hovey.

Theorem 4.1 The graph obtained by appending m edges
from the one vertex of degree n=2 in K, and appending

t edges from the other vertex of degree n is not p -cordial ,
where p is the order of the graph.

Proof. Suppose that the graph is p —cordial and let the two
vertices of degree nof K, be uand v . As any vertex in a

k —cordial labeling can be assigned the label 0, we can
assume u labeled 0 and suppose v is labeled i . Then there
is no way to get i as an edge label, a contradiction. D

Let X, ,,, be the complete 4-partite graph where
u;'s(resp. v;'s, resp. w, 's, resp. x,'s) are the
m —independent (resp. n - independent, resp.
p -independent, resp. r -independent) vertices of K, , ..

Youssef [17] showed that the complete bipartite graph
K, , is 4-cordial if and only if m or n # 2 (mod 4), while

Youssef and Al-Kuleab [18] gave a complete characterization
of the complete tripartite graphs which are 4-cordial.
However, the following theorem extends these results to
complete 4-partite graphs. Using the symmetry of the
complete 4-partite grathm’,,_P',, we may assume that

m(mod4) s n(mod4) s p(mod4) < r(mod4).

Theorem 42 K, . .  is 4-cordial if and only if
(m,n,p,r)mod4) # (0,0,2,2).
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Proof. Necessity, if m,n =0(mod4)andp,r =2(mod4),
et g =|E(K
with labeling f ,

then > ffe)=( > degw)f @))(mod4)

eEE(Km_,,'p’,.) v/ (K,,,',,'p',.)

and suppose that K is 4-cordial

m,n,p,r) mn,p,r

=>La@ip+nSf)smep+ndre,)+
i=] j=l

(m +n +r)ﬁf(wk)+(m +n+p)) f (x,) (mod4)
k=1 1]
Since (n+p +r) and (m + p +r) =0(mod4),
then, -321-(m +n +r)if(wk)+(m +n +p)£f(x,) (mod4),
k=1

t=]

%-(m +n +r)[3(m+n2+p+r)—if(u,-)-2”;f(vi)-if(x,)]
=1 M P

+(m +n + p)zrlf (x,) (mod4),
tw]

%n(m +n +r)3(m +n2+p +r)—(m +n+r)[if(u,.)+if(vj)]
i=1 j=1

+(p - r)zr:f (x,) (mod4)
t=1

m+n+p+r)

> =0 (mod4) and

And since, (m+n+ r)

(p - r)=0(mod4)

=>-32ls-—(m #n+f @)+ Y f @,)mod4)
i =] J=1

And as, % =2(mod4) and (n + m +r) = 2(mod4)
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Then, $°f @)+ > &) mI(mod2)
iml a1

and since,

3(m +n2+p +r)’if(u:)*'zn‘f("/)*if(wk)*if(x;)
i=] Jj=1 k=l t=]

and S HRAPHT) L Gimod2),

then, $°f w,)+ Y f (x,) = l(mod2)-
k=l

t=l

Without any loss of generality we may assume that
>'f (u;) =1(mod2) and ﬁf(w,‘)al(modZ)-
i=l k=1

Now, let O, (resp. O, resp. O,,resp. 0,) be the number
of vertices whose its label is odd in the m-set (resp. n—set,
resp. p—set, resp. r-set) and E, (resp., E,,resp., E,,resp. E,)
be the number of vertices whose its label is even in the m-set
(resp. n-set, resp. p—set, resp. r-set).

Sinceif (u,) =1(mod2), then O, is odd and hence E, is odd

inl

too. Also, as if(wk)ﬂl(m0d2)' then O, is odd and hence
k=l

E, is odd too. So, we can deduce that each of 0, ,E, ,
0,andE, is even.

We calculate m,(f ) + m,(f ) and m,(f ) + my(f ):
my(f)+m,(f)=0,(0,+0,+0,)+0,0, +O,)+E,(E, +E; +E,) +
+E,(E; +E,)+0,0, +E,E,
m(f)+my(f)=0,(E, +E; +E ) +0,(E; +E,)+E,(0,+0, +0,) +
+E,(0, +0,)+0,E, +E;0O,
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Pt x,=0,+0,+0,,y,=E,+E,+E,x,=0,+0, and
y,=E; +E,

Subtracting my(f )+ m,(f ) fromm,(f )+ m,(f ), we get:
ml(f)'*'m;(f)"(mo(f)‘*'mz(f))“(ol'El)()'l -X)+

+0, -E,)y, -x,)+O0; - E;XE, -0,)

As x, +y,=n+p+r=0(mod4) and since both of x, and y,
are odd, theny, -x, = £2(mod8). Similarly
x,+y,=p+r=0(mod4) and since both of x,and y, are
odd, then y, -x, = +2(mod8) and as:

O0,+E, =m =s0(mod4)and both of0,and E,are odd, then
0, - E, = £2(mod$)

0, +E, =n=0(mod4) and both of0,and E,are even,
thenO, - E, = 0(mod4)

O,+E;=p=a2mod4) and both ofO, andE,are odd,
thenO, - E, = 0(mod4)

O,+E,=r=2(mod4)and both of0,andE,are even,
thenO, - E, = +2(mod8).

Hence m,(f ) +m,(f )= (my(f ) + m,(f )) m4(mod8), which is

a contradiction, since m, =%- forevery i €Z,.

Sufficiency, we have 34 cases to consider. If one of
m,n,por r =0(mod4), say m, and the others satisfy that

(n,p,r)#(0,2,2) and (2,2,2), then K, ,.is 4-cordial by
Theorem 3 and hence K, =K,k +K,  is 4-cordial by

m.n.p.r

Lemma 2. This cover 18 cases. If(n,p,r) = (1,1,2), (2,3,3),
then K__ is 4-cordial by Theorem 3 and hence

n.,p.Js

K,,,.=K,+K,, is 4-cordial by Lemma 1. This cover the

m.n.p.r
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cases (m,n,p,r)=(,112),(1,2,3,3) and (2,2,3,3). If
(m,n,p)=(12),(2,3,3), then K is 4-cordial by

mn,.p

Theorem3 and K, , =K, +K, is 4-cordial by Lemma 1.
This cover the cases (1,1,2,2),(1,1,2,3)and (2,3,3,3).
Finally, as K,,,,is 4-cordial by the following pattern:
(0,0,1,2;1,2;0,3;2,3), where the labels of each independent
vertex set is separated by a semicolon then K _
(m,n,p,r)=(0,2,2,2), is 4-cordial by Lemma 3 . Similarly,

we label the remaining other 9 cases in same above pattern
such that the graph is beside its labeling and again Lemma 3

completes the proof: K, 0;1;2;3), K45
(051:2:0,2,3), K, 155 (0:1:0,2,3:0,1,2) K, 5,,, (3:0,2;2,1;0,1)
Kirs (20,1503;1,2,3), K555 (20,1,20,1,3,0,2,3),
K,,,,(0,1;0,3;2,3;1,2),

K,,,5(0,1,0,3;2,3,0,1,2),K3,3,5 (0,1,2;0,1,3;0,2,3;1,2,3).
]

The above theorem along with the 4-cordiality of
complete bipartite graph in [17] and of complete tripartite
graph in [18] raises the question of which complete multipartite
graphs are not 4-cordial. Therefore we propose the following
open problem.

Open Problem Which of complete muiltipartite graphs are not
4-cordial.
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