Restricted Simple 1-Designs

W. Hemakul, C. Moolsombut, and Dinesh G. Sarvate

ABSTRACT. Given a partition {Py,...,Pn} of a v-set, a restricted
simple 1-design is a collection of distinct subsets (blocks) such that
every element occurs in same number of blocks but any two elements
from the same part do not occur together in the same block. We give
a construction of restricted simple 1-designs to show that the nec-
essary conditions are sufficient for the existence of restricted simple

1-designs.

1. Introduction

Let v,k and r be positive integers. A simple 1-(v, k,7) design[2] is a
collection & of k-subsets (blocks) on a v-set V, so that no two blocks are
the same (simple) and each element/point of V' occurs exactly r times (1-
design). Billington[l1] gave an elegant proof for the existence of a simple
1-(v, k,r) design. Are there any interesting questions remain open for the
simplest of balanced designs? We think that the problem discussed here is
one such question. Challenge is to get a solution as appealing as Billington’s
technique. Suppose that a v-set is partitioned into & = {P,, P,,..., Py}.
A restricted simple 1-(v, k,r) design, 2 = (V, £, %), is a simple 1-(v, k, )
design where any two elements from the same part in & do not occur to-
gether in a block.

Note that a restricted simple 1-(v, k, r) design in which all parts are size .
one is a simple 1-(v, k, ) design. Certain restricted simple 1-designs can be
constructed using simple balanced incomplete block designs (BIBDs) when
a parallel class exist (The blocks from the parallel class can be considered
as the parts). Every simple group divisible design with all groups of same
size or of different sizes also gives a restricted simple 1-design where the
groups play the role of parts of the partition.
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Naturally for the same v-set, we can have many partitions and for
certain partition a restricted simple 1-design may exists and for some other
partition the design may not exist. The following example is instructive.

EXAMPLE 1. Let V = {1,2,3,4,5,6}, we consider the eristence or
non-existence of a restricted simple 1-(6,3,3) design for all possible non-
isomorphic partitions:

(1) First consider the partition of V into {{1,2},{3,4},{5,6}} (each
part of the same size 2). The set of blocks {{1,3,5},{1, 3,6}, {1,4,5},{2,3,
6},{2,4,5},{2,4,6}} gives a restricted simple 1-(6,3,3) design. All 6 ele-
ments occur 3 times in the blocks of size 8 and any two elements from the
same part do not occur together in any block. Interestingly, for the parti-
tions ({{1,2}, {3,4}, {5}, {6}} or {{1,2}, {8}, {4}, {5}, {6}} or {{1}, {2},
{3},{4},{5},{6}}), the same set of blocks also give restricted simple 1-
designs.

(2) On the other hand, suppose V is partitioned into {{1,2,3},{4,5,6}}.
Then a restricted simple 1-(6,8,3) design does not ezist, because each block
must have 3 elements that come from different parts but this design has
only 2 parts.

(3) Lastly, suppose V is partitioned into {{1},{2},{3},{4,5,6}}. A re-
stricted simple 1-(6,3,3) design does not exist, because for each element to
occur 8 times in blocks of size 3, the number of blocks required is ﬂaﬂ =6,
but at least 9 blocks are required to take care of the three elements from the
part of size three, {4,5,6}.

The following example shows some of the difficulty of proving the ex-
istence of restricted simple 1-designs but it also gives a direct construction
of a family of restricted simple 1-designs for k = 2.

EXAMPLE 2. Let V be a v-set, suppose that V' is partitioned into only
2 parts with p = |P1| # |P2| = q, a restricted simple 1-(v,2,r) design does
not exist. If such a design exist with b blocks, as the elements from the
same part do not occur in the same block, b = pr = qr and hencep = q. On
the other hand, if |Pi| = |P2|, a restricted simple 1-(v,2,r) design ezists
for any r < |Pyi|. To see this, note that vr = 2b and a restricted simple
1-(v, k,) design requires b < |P1||Ps| = v?/4, vr < v?/2, so T < v/2. For
T = v/2, the required design is the set of all subsets of size two with the
first element from Py and the second element from P,. Let us denote the
elements of P, by 1,3,5,...,v—1 and of P by 2,4,...,v. To get a design
with replication v/2 — 1 from the design with replication v/2, delete sets
{1,2},{3,4},..., {v—1,v}. In general, to get a design with replication v/2—
i, where i = 1,2,...,v/2 — 1 from the design with replication v/2, delete
sets {1,2},{1,4},....{1,2i};{3,4},..., {8, 2(6+ 1) };.. .; {v~1,0},... {v -
1,(2i+(v—2))/2} where the second element of each block is an even integer
modulo v.
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2. Simple constructions

In this section, we give two simple methods of constructing new re-
stricted simple 1-designs from the existing one. The first construction may
be called a refinement construction and the second construction may be

called a sum construction .
Any partition set & on a set X is a refinement of a partition set
on X, if every element of & is a subset of some element of .

THEOREM 1. Suppose there exists a restricted simple 1-(v, k,r) design,
(V, 2,8B). Then there also erists a restricted simple 1-(v, k,r) design with
any refinement of P.

PROOF. Since points in a block come from different parts in £, they
also come from different parts in any refinement of £2. O

COROLLARY 1. If for some positive integer t the union of t parts from
a partition {Py, Py,...,Pn} of X is equal to the size of the union of the
remaining m — t parts, then a restricted simple 1-design on X with block

size 2 exists.

PROOF. Above theorem and the construction given in Example 2 of a
restricted simple 1-design with block size 2 for a partition {P, P} with
|P1| = | P2 give the result. O

Unfortunately, the converse of the above corollary is not true. For
example, for & = {{1},{2}, {3}, {4},{5,6,7}}, we can easily construct a
restricted simple 1-(7, 2,4) design and a restricted simple 1-(7,2,2) design,
but as v is odd,no partition with two same size parts is possible. On the
other hand as v = 7 is odd, for simple design r has to be 2 or 4.

A set of blocks of a restricted simple 1-(7,2,4) design is
{{5,1},{5,2},1{5,3},{5,4},{6,1},{6,2}, {6, 3}, {6, 4}, {7,1},{7,2},{7,3},
{7,4},{1,2},{3,4}} and the blocks of a restricted simple 1-(7,2,2) design
are {5,1}, {5,2}, {6,3}, {6,4},{7,1},{7,2}, and {3,4}.

THEOREM 2. Suppose that there ezist a restricted simple 1-(vy,k,r)
design, (V1, P1, %) and a restricted simple 1-(va, k, 1) design (Va, Py, Bs)
with Vy NV = 0. Then there exists a restricted simple 1-(vy + vo,k,7)
design.

PROOF. (Vi UV, P U P, %, U B2) is a restricted simple 1-(v; +
vg, k,7) design. O
3. General Necessary conditions

It is known that if a simple 1-(v, k, ) design exists with b blocks, then
b < (}) and vr = bk ([1]).
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THEOREM 3. If a restricted simple 1-(v, k,r) design, 2 = (V, P, B),
where @ = {P, Py,...,Pn} with |P;| = p; for alli = 1,2,...,m ezists,
then, assuming with out loss of generality py > pa >+ -+ 2 pm, the following
conditions hold.

(1) vr = bk,

(2) nr < br

(3) k < min{X,m}, soprk < v,

(4) b S Z pa].p&z .o .pnk’
{a1,a2,...,ar}C{1,...,m}

(5) r< > PesPaz *** Pax_,» and

{01102"'-,013—l)g{zs"‘lm}
6) If V = {1,2,...,v}, then forall j = 1,...,m, Y r = p;r
VieP;
where r; is the replication number of point i fori € V.
ProoF. Condition (1) follows from the equireplicate property of a sim-
ple 1-(v, k, ) design.
Since each point in the part P, must occur r times in blocks, the num-

ber of distinct blocks is at least p17.
Since each block must have k points that come from different parts by

definition, & < m. Using conditions (1) and (2), we get k < ~- Note,

k =uvr/b<wvr/pir
Since the number of distinct k-subsets such that each point comes from

different parts is

Z PayPaz " * * Pay

{al,ag,....ak}g{l,...,m}

it follows that the maximum number of blocks is

z PaiPas * * * Poy -
{a1,02,...,0,}C{(1,...,m}
The maximum number of 7 may be achieved if each element of P, comes
in each of the blocks of size k — 1 from any k — 1 parts from P, Ps,..., P,.

Essentially this is the same argument as for the condition (4).
Since each point i € P; is contained in exactly r blocks, the sum of

replication numbers of ¢ € Pjisr+ 7+ --- 4+ 7 = p;7. ]
P

4. A construction for restricted simple 1-designs

Billington [1] gave an elegant proof for the existence of a simple 1-
(v,k,7) design. Based on the idea in the proof by Billington, we first
introduce a new design and then present a construction for a restricted
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simple 1-(v, k,7) design when the size of partition is arbitrary. Let v,k
be positive integers and 71,79, ...,7, be nonnegative integers. A restricted
simple (k;71,72,...,7y) design is a set of b k-subsets (blocks) of a v-set
V={1,...,v} such that the elements of k-subsets come from different parts
of a partition #Z={Py, P,,...,Pp} of V, ( In other words, no two blocks are
the same and no two elements from a block come from the same part of 2.)
and for all ¢ € V' the number of blocks containing i is r;. Hence a restricted
simple 1-(v, k,7) design is a restricted simple (k;7,,...,r) design in which
r; = r for all i € V. When there is no confusion, we use 9 = (V, 2, 8)
to denote the restricted simple (k;r1,72,...,7,) design without mentioning
the parameters of the design.

EXAMPLE 3. , Let V = {1,2,...,15}, 2 = {{1,2,3,4, 5},{6,7,8,9},
{10,11,12,13},{14,15}} and 8 = {{1,6,10}, {2,6, 10}, {3,6,10},
{4,6,10}, {5,6,10},{1,7,10}, {1,8,10},{1,9, 10}, {1,6,11}, {1,6,12},
{1,6,13},{2,7, 10}, {1,8, 14}, {2, 6,14}, {3, 6,14}, {4, 6, 14}, {1,10, 14},
{2,10,14}, {3,10,14},{4,10,14}}. Then (V, P, B) is a restricted simple
(3;9,4,3,3,1,12,2,1,1,13,1,1,11,8,0) design.

In what follows, the next proposition shows how a restricted simple
(k;r1,7a,...,7y) design can be made "more regular”. Then a construction
of a restricted simple (k;1,72,...,7y) design with certain property is given
as a Lemma and finally, a procedure is described in a theorem to construct
a restricted simple 1-(v, k,7) design.

PROPOSITION 1. Let v,m and k be positive integers such that 2 < k <
m < v and r1,Ta,...,Ty be nonnegative integers. Let V = {1,2,. .. ,'u} be
partitioned into m parts 2 = {P1, P,,...,Pn}. Suppose that a restricted
simple (k;T1,72,...,7y) design ezists. If z,y € P,, for some integer w, 1 <
w < m with r; > 1y, then there exists a restricted simple (k;ry,72,... 75—
1,...,ry +1,...,7y) design.

PROOF. Let 2 = (V, P, B) be a restricted simple (k; T, T2,y Ty)
design. Let Bj, Bs, ..., B; be all blocks of # which contain point z. Let
C1,Cs,...,C; be all blocks of & which contain point y. First step, we set
#* = {B,*, By",... ,Bi®} where B,*=B, — {z} and ¥¥={C,¥,C,?,...,
C;¥} where Cy¥=C},—{y}. Second step, we can choose a block B € #%—¢V
which has property that if B*=B U {y} then B* ¢ {C},C3,...,C;} (note
that, |#* — €Y| > o —ry or there are at least r; — r, such B’s). Final
step, let B* = [# — (B U {z})] U{B*}, i.e., we delete BU {z} from @
and replace it by B*. This implies that, 2* = (V, 2, $"*) is a design with
the replication number of z and y in 2* changed to 7, — 1 and r, + 1,
respectively. The design is simple as y € B* and B* ¢ {C1,Cs,...,C5}
implies B* is different from other blocks. Also, no two elements form the
same part come in the same block as = and any points in B come from
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different parts and z,y € P,, y and any points in B* must come from
different parts of & as well. m|

EXAMPLE 4. As an illustration of Proposition 1, consider Ezample 3.
Points 6, and 7 in the part {6,7,8,9} occur with frequencies r¢ = 12 and
r7 = 2 respectively. B, = {1,6,10}, B, = {2,6,10}, B3 = {3,6,10}, B4 =
{4a 6, 10}, Bs = {5y 6, 10}’ B = {1, 6, 11}! By = {13 6, 12}1 BB = {1, 6, 13},
Bg = {1,6, 14},310 = {2,6, 14},311 = {3,6, 14},312 = {4, 6, 14} are the
blocks in B containing the point 6. Also Cy = {1,7,10}, and Cs = {2, 7,10}
are the only two blocks in B containing point 7. First step, we set %€ =
{B:%,B5%,...,B12°} where B,® = B; — {6} = {1,10}, B;° = B, — {6} =
{2,10},...,B12% = Bio — {6} = {4,14} and €7 = {C,",C,"} where C," =
C, - {7} = {1,10},C;" = C2 — {7} = {2,10}. Second step, we choose B =
{3,10} € B°-%7 since B> = BU{7} = {8,7,10} and {3,7,10} ¢ {Cy, C2}.
Final step, we delete B = {3,6,10} from & and replace it by B* =
{3,7,10} to obtain a restricted (3;9,4,3,3,1,11,3,1,1,13,1,1,1,8,0) de-
sign (V, P, #B*) with #8*={{1,6,10}, {2, 6,10}, {3,7,10}, {4, 6,10}, {5,6,10},
{1,7,10},{1,8, 10},{1,9,10},{1,6,11},{1,6,12},{1,6,13}, {2,7, 10},
{1,6,14}, {2,6,14}, {3,6, 14}, {4, 6,14}, {1, 10, 14}, {2, 10, 14}, {3, 10, 14},
{4,10, 14}}.

LEMMA 1. Let v,m,k and r be positive integers such that 2 < k'<m <
v. Let V = {1,2,...,v} be partitioned into m parts P = { Py, P,,...,Pp}
of size p1,P2, - - - ,Pm, Tespectively such that py > p2 > --+ > pm. Suppose
vr =0 (mod k), pk Svandr < E PayPag ' Dag_, -

{o1,a2,...,ax-1}C{2,...,m}
Then there are nonnegative integers T1,Ta,...,7y such that Z Ty = p;T
i€EP;
forallj =1,2,...,m and a restricted simple (k;7r1,72,...,7y) design erists
with ¥ blocks where ; is the replication number of point i forie V.

PRrooF. Without loss of generality, let P; = {z;; € V| j =1,...,p;}

for i = 1,...,m. First, we construct a restricted

(k;plr1 0""10 yP2T, 0!"'a0 yoo oy PmT, 0)---70 )design, say @1 by
(p1—1) terms (p2—1) terms (pm—1) terms

constructing blocks of size k, By, By, ..., Byr as described below. Place

point z;; in p;r blocks By,...,Bp,r. Then continue placing point zs

in por blocks Bp,r41, - - -, Bpyr4par Where the subscripts are added modulo
¥t The same method is applied to distribute the points z3;,...,Zn; in the
blocks. Hence each point zj1,Z21,...,Zm1 OCCUIS P17, PaT, . ..,PmT times,
respectively in different blocks. Since the total of replication numbers of
T11, T30, -+ Tm1 IS PIT +P2r + - +PmT = (p1 +P2+ -+ +Pm)T = vr and
vr= 0 (mod k), it follows that 2, is a restricted (k;p17, 0,...,0 ,por,
N

(p1—1) terms
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0,...,0 ,...,pmr, 0,...,0 ) design, with ¥ blocks, but 9, may not
S———r S—

(pz—1) terms (Pm—1) terms

be simple. Note that forallj =1,2,...,m, Z ri=pir+0+0+-. . +0=
: —’-_/
i€p; (pj—1) terms

p;r

Assume 2, contains exactly ! distinct blocks occurring with frequen-
cies p1,p2,.--, - Let &,4,...,9 be the collections of uy,ug,...,m
repeated blocks, respectively. Without loss of generality, suppose that u; >
B2 > ... 2 . Next, construct a restricted simple (k; s11,...,S1p,, 821, - - -,
S2pgy -y Smly -+ Smp,, ) design, where sy + <4555, =pir, fori=1,...,m
as follows.

Let {ag,1,a8,1,-..,08,1} be the block repeated 4, times in &, where
aga € Pa,, fori =1,...,k and {B1,B2,...,Bc} C {L,...,m}. Without
loss of generality, assume pg, = pg, = - 2 pg,.

Since there are at most rpg, repeated blocks in 2, containing ag,1,
g1 < rpg,. Since there are pg,pg, - -+ pg, k-subsets for which each point
comes from the parts Pg,, Pa,, ..., Ps, and

r < Z PayPay """ Pay_yy it follows that pu; < rpg, <
{O'ha'z,---.ak-x}2{2,...,171}
A Z PayPaz ***Par_,). Replace p; repeated blocks

{a;,02,---,&k—1}g(2,--.,m} .
by any distinct k-subsets, each consisting of exactly one point from each of

the parts Pg,, Pg, ..., Ps,. Note that the replication number of points in
each part P; from the parts Pg,, Pg,,..., Pp, is changed from p;7,0,...,0
to s W,..., s,-pi(l) such that s;; (1) +--- +s,~,,,.(’) =pir,foralli=1,...,k.
Apply the same process to &%, &%, until &. Of course, the replication num-
bers of each part P; whenever changed will still satisfy the condition that
the sum of the replications of all elements in P;=p;r. Since &, 2%,...,%4
are different collections of repeated blocks, and even if an element comes in
several of &s, it follows that each time the repeat blocks can be replaced
by different new k-subsets because of the condition on r and the last design
will be a restricted 1-design with replication numbers as desired. O

EXAMPLE 5. Letv=15and k =3. Let V = {1,2,...,15} be parti-
tioned into 4 parts @ = {Py, Py, P3, P;} of sizepy = 5,p2 = 4,p3 = 4,ps =
2, respectively. Note that prk =5-3 <15 =v and r < pops +pops +p3ps =
32. Since vr = 15r = 0 (mod k), choose r = 4. Without loss of gen-
erality, suppose that P, = {1,2,3,4,5} = {z11,Z12,713,214, 715}, P2 =
{6,7,8,9} = {z21, T22, T23, T24}, Ps = {10,11,12,13} = {z31, z32, Z33, T34}
and Py = {14,15} = {z41, z42}. First, we construct a restricted (3;20,0,0,0,
0,16,0,0,0,16,0,0,0,8,0) design, say 21 with blocks:

{211,1‘21,2:31}, {z11,Z21,Za1}, {11-'11,1‘21,131}, {xu,le,ﬂ?m},{xu,xm,wal},
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{z11,z21, 21}, {z11, 21, Za1 }, {T11, T21, Ta1 }, {11, T21, T31 }, { €11, 221, 231 },
{z11, %21, Za1}, {Z11, z21, Za1 }, {711, T21, Zar }, {T11, T21, Zar }, {211, T21, 201 },
{z11, %21, 241}, {Z11, %31, Tar }, {211, Ta1, Za1 }, {11, Za1, Tar }, {211, 231, 201 }-
Note that i +ro+73+rs+75 = 204+0404+04+0 =5%4, r¢+r7+rg+1r9 =
164+04+04+0=4x%x4, rio+r11+712+7113=16+04+04+0=4 x4 and
T4+ 715 =8+ 0=2x4. D, is not simple, let o = 12{:1:11,:1:21,:1:31} be
the collection of puy = 12 repeated blocks. Let oty = 4{z11,%21,741} be a
collection of us = 4 repeated blocks and finally let of3 = 4{z11,m31,x41} be
a collection of us = 4 repeated blocks.

Replace the repeated blocks in o with any different 3-subsets from the pos-
sible eighty 3-subsets where each subset contains one point from each of
P1,P2 and P3.

For example, we obtain a restricted (3;15,2,1,1,1,12,2,1,1,13,1,1,1, 8,
0) design with blocks:

{z11, %21, Ta1}, {Z12, T21, Ta1 }, {713, T21, Tar }, {T14, 21, Ta1 }, { %15, Za1, Za1 },
{z11,T22, z31}, {T11, T23, Tar }, {11, Taa, Ta1 }, { @11, T21, T3z}, {11, T21, T3},
{z11, 21, T34}, {T12, T22, Ta1 }, {Z11, To1, Tar }, {211, T21, Tar }, {211, 221, 741
{z11, 21, Ta1 }, {T11, T31, Tar }, {11, 231, 2 }, {#11, T30, 2 }, {211, 231, 741 }-
Note that 1 +ra+r3+7r4+75 = 154+2+1414+1=5%4, rg+r7+rg+19 =

1242+4+1+1=4x%x4, rio+ri1+rie+r3=13+1+1+1=4x4 and
ria+71s = 8+0 = 2x4. Replace the repeated blocks in oty = 4{z11, 221,741}

with any different four 3-subsets from the possible forty 3-subsets where each

subset contains one point from each of P, P, and Py.

We obtain a restricted (3;12,3,2,2,1,12,2,1,1,13,1,1,1,8,0) design

with blocks:
{z11, %21, T3}, {Z12, T21, Ta1 }, {213, To1, Ta1 }, { %14, T21, Ta1 }, {215, 221, Z31
{z11, 222, T31}, {T11, T23, T31 }» {11, T24, Tan }, {211, 21, T32}, {T11, T2, T3z},
{z11,z21, Z34}, {3?12,-'1322,1:31}, {211,3121,1341}, {z12, 721, 1:41}, {3713, Z21,Ta1},
{14, %21, Ta1 }, {T11, 231, Tar }, {11, Za1, a1 }, {211, 231, 2ar }, {211, T31, 71 }-
Note that 1 +ro+r3+7r4+75 = 1243424241 =5%4, rg+r7+rg+r9 =
1242+14+1=4x4, rqo+rn+r2+mn3=13+1+14+1=4x4 and
7‘14+T15=8+0=2X4.

Finally, replace the repeated blocks in of3 = 4{z11,T31,Ta1} with any
four different 3-subsets from the possible forty 3-subsets where each subset
contains one point from each of Py, P; and Py.

We obtain a restricted simple (3;9,4,3,3,1,12,2,1,1,13,1,1,1, 8,0) de-
sign with blocks :

{z11, %21, 31}, {T12, T21, Ta1 }, {213, T21, Ta1 }, { %14, T21, Zar }, {215, To1, 231
{z11,Z22, Z31 }, {T11, T23, a1}, {Z11, T24, Ta1 }, {Z11, T21, T3z}, {211, Z21, Z3s},
{zn,Z21,Z34}, {T12, T22, Za1 }, {211, T21, Tar }, { %12, T21, Zan }, {213, T21, Tan },
{-'2114, Z21, 9341}, {xn, Z31, 11«’41}, {1‘12, 3331,-"341}, {1313, z31, -1‘41}, {1:14, 33, 1:41},
which correspond to {1, 6,10}, {2, 6,10}, {3, 6,10}, {4, 6,10}, {5,6,10},{1, 7,
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10},{1,8,10},{1,9,10},{1,6,11},{1,6,12},{1,6,13}, {2,7,10}, {1,6, 14},
{2,6,14}, {3,6,14}, {4,6, 14}, {1, 10,14}, {2, 10, 14}, {3, 10, 14}, {4, 10, 14}.
Note that ry +7ro+73+74+75 =9+4+34+3+1=5x4, re+7r7+718+79 =
124+24+14+1=4x%x4, rio+™m1+712+r13=134+14+14+1=4x4
and 114 + 115 = 8+ 0 = 2 x 4. Therefore, we obtain a restricted simple
(3;9,4,3,3,1,12,2,1,1,13,1,1,1,8,0) design.

Now, we are ready to show the existence of a restricted simple 1-(v, k, )
design.

THEOREM 4. Let v,m,k and r be positive integers such that 2 <
k<m<wv LtV = {1,2,...,0} be partitioned into m parts P =
{P,Ps,...,Pn} of size p1,p2,...,Pm, Tespectively such that p, > py >
<+« > Pm. Suppose that vr = 0 (mod k), pr1k < v and there exists a
restricted simple (k;r1,72,...,7,) design and 'pljz ri =71, forall j =

tEP;
1,...,m where r; is the replication number of point i }"ori € V. Then there
exists a restricted simple 1-(v, k,r) design.

PROOF. Let (V, 2, %) be a restricted simple (k;ry,72,...,7,) design
and for each ] = 1,...,m, ZT,‘ = Tp; and bk = rpy +7rpe -+

iEP;
™Pm = (1 + p2 + -+ + pm)r = vr. In order to change the replication
number 7; to r for all ¢ € V, any two points are considered at a time, by

v
Proposition 1 and this theorem may be applied %Zh' ~ r;| times. Since

i=1
ur =1y + 19 + -+ + 1y, it follows that £ is transformed into a restricted
simple (k;7,7,...,r) design, say #’. Hence, (V, &, B') forms a restricted
simple 1-(v, k, ) design and so the proof is complete. O

EXAMPLE 6. From Ezample 5, we obtain a restricted simple (3;9,4, 3, 3,
1,12,2,1,1,13,1,1,1,8,0) design, say (V, P, B) where a collection B of
twenty blocks of size three is {{1,6,10}, {2,6,10},{3,6, 10}, {4, 6,10}, {5, 6,
10}, {1,7,10},{1,8,10},{1,9,10}, {1,6,11},{1,6,12}, {1,6,13}, {2,7,10},
{1,6,14}, {2, 6,14}, {3,6,14}, {4,6,14}, {1, 10, 14}, {2, 10,14}, {3, 10, 14},
{4,10, 14}}. Since for all 5 = 1,...,5, Z i = 4p;, Proposition 1 may

i€ P;
15 ’
be applied %ZM — r;|=26 times to change the replication number r; to 4

forallie Vl. 1From the last transformation, we obtain a restricted simple
(3; 4,4,4,4,4, 4,4,4,4,4,4,4,4,4, 4) deSigny say (I,, 9, .@') where a collec-
tion B’ of twenty blocks of size three is {{1,8,11}, {2,8,11},{3,8,11}, {4,7,
12}, {5,7,12}, {8,7,12}, {4, 8,13}, {5,9,13}, {5,9, 11}, {5,9, 12}, {1, 9, 13},
{2,7,18},{1,6,15}, {2,6,15}, {3,6,15}, {4,6,15},{1, 10, 14}, {2, 10, 14},
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{3,10,14},{4,10,14}}. Therefore, (V,P,H') is a restricted simple 1-
(15,3,4) design.
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