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ABSTRACT

A vertex u in a set S of vertices of a graph G has a private
neighbor (with respect to S) if either (i) u has no neighbor in S
or (ii) there exists some vertex v € V(G) — S that is a neighbor
of u but not a neighbor of any other vertex in S. A set § is
irredundant in a graph G if every vertex in S has a private neigh-
bor. An irredundant k-coloring of a graph G is a partition of
V(G) into k irredundant sets. The minimum k for which G has
an irredundant k-coloring is the irredundant chromatic number
Xir(G) of G. A complete coloring of a graph G is a proper ver-
tex coloring of G having the property that for every two distinct
colors ¢ and j used in the coloring, there exist adjacent vertices
of G colored ¢ and j. The maximum positive integer k for which
G has a complete k-coloring is the achromatic number ¥(G) of
G. A Grundy coloring of a graph G is a proper vertex coloring
of G having the property that for every two colors (positive in-
tegers) ¢ and j with 7 < j, every vertex colored j has a neighbor
colored i. The maximum positive integer k for which a graph G
has a Grundy k-coloring is the Grundy number I'(G) of G. The
chromatic number of a graph G is denoted by x(G). For every
graph G, these four coloring parameters satisfy the inequalities
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xir(G) £ x(G) < T(G) £ ¥(G). It is shown that if a, b, c,
and d are integers with 2 < a £ b < ¢ < d, then there exists
a nontrivial connected graph G with xi-(G) = @, x(G) = b,
I'(G)=c,and Y(G) =dif and only if d =2 or c # 2.

Key Words: irredundant coloring, proper coloring, Grundy coloring, com-
plete coloring.
AMS Subject Classification: 05C15.

1 Introduction

For a set S of vertices in a graph G, a vertex u € S has a private neighbor
(with respect to S) if either (i) u has no neighbor in S or (ii) there exists
some vertex v € V(G) — S that is a neighbor of u but not a neighbor
of any other vertex in S. In the case of (i), u is called its own private
neighbor; while in (ii), v is an external private neighbor of u. Therefore,
a vertex u € S has a private neighbor (with respect to S) if either u is
its own private neighbor or u has an external private neighbor. A set S is
irredundant in a graph G if every vertex in S has a private neighbor with
respect to S. An irredundant k-coloring of a graph G is a partition of V(G)
into k irredundant sets. The minimum k for which G has an irredundant
k-coloring is the ¢rredundant chromatic number x;r(G) of G. Obviously, if
G is a nontrivial graph of order n, then x;r(G) =1 if and only if G = K.
This concept was introduced and studied in [4].

A (proper) k-coloring of a graph G is a function ¢ : V(G) — {1,2,...,k}
having the property that c(u) # ¢(v) for every pair u, v of adjacent vertices
of G. The chromatic number x(G) of G is the minimum k for which G
has a k-coloring. If S is an independent set in G, then every vertex of G
is its own private neighbor and so S is an irredundant set as well. Hence
every proper coloring of a graph is also an irredundant coloring. Therefore,
Xir(G) < x(G) for every graph G.

A Grundy coloring of a graph G is a proper vertex coloring of G having
the property that for every two colors (positive integers) ¢ and j with ¢ < j,
every vertex colored j has a neighbor colored i. The maximum k for which
a graph G has a Grundy k-coloring is the Grundy number I'(G) of G. Thus

xir(G) £ x(G) <T(G) 1)

for every graph G. The Grundy number of a graph appears to have been
introduced by Christen and Selkow in [1]. Since a vertex v assigned the
color I'(G) in a Grundy coloring of G has a neighbor colored ¢ for each
positive integer 4 less than I'(G), it follows that A(G) > degv > I'(G) — 1

and so
I(G) < AG)+1. (2)
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A complete coloring of a graph G is a proper vertex coloring of G having
the property that for every two distinct colors ¢ and j used in the coloring,
there exist adjacent vertices of G colored ¢ and j. The maximum positive
integer k for which G has a complete k-coloring is the achromatic number

¥(G) of G. Thus I'(G) < ¥(G) and so
xir(G) £ x(G) < T(G) < %(G). @)

Furthermore, the size of a graph G must be at least (¥{%)). Achromatic
numbers were introduced by Harary, Hedetniemi, and Prins [6] and by
Harary and Hedetniemi [5]. Among the results obtained on the achromatic
number of a graph is the following by Geller and Kronk [3] concerning the
deletion of a vertex from a graph.

Theorem 1.1 For each vertez v in e nontrivial graph G,
¥(G) -1 < ¥(G —v) <¥(G).

As a consequence of Theorem 1.1, it follows that if H is an induced
subgraph of a graph G, then ¥(H) < %(G). In particular, if an end-vertex
is deleted from the path P, of order n > 2, then it follows that ¥(P,) -1 <
¥Y(Pa-1) < ¥(Pn). Hell and Miller [7), in fact, established the following.

Theorem 1.2 Forn >2, Y(P,) =max{k: (|§] +1)(k-2)+2<n}.

In this work, we investigate the relationship among the irredundant
chromatic number, the chromatic number, the Grundy number, and the

achromatic number of a connected graph.

2 Graphs With Four Prescribed Coloring Num-
bers

We have seen that if G is a nontrivial connected graph with x;.(G) = a,
x(G) =bT(G) =c,and ¥(G) =d,then 2< a <b<c < dby (3). We
now determine all 4-tuples (a, b, ¢, d) of integers, where 2 <a <b<c<d,
for which there is a connected graph G such that x;.(G) = a, x(G) = b,
I'(G) = ¢, and ¥(G) = d. We begin with those of the form (a, b, ¢, c).

Theorem 2.1 For every triple (a,b,c) of integers with 2 < a < b < ¢,
there erists a connected graph G for which xir(G) = a, x(G) = b, and
I(G) = %(G) = .

Proof. We construct a graph Gg p,c,c such that
Xir(Ga,b,c,c) =a, X(Ga,b,c,c) = b, and F(Ga,b,c,c) = ¢(Ga,b,c,c) =c.
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We consider two cases.

Case 1. b = c. Let the vertex set of K be {v;,v2,...,v5}. We construct
Ga,b,b,5 by adding b—a+1 new vertices wy, wz, . . ., Ws—q+1 to K and joining
w; to v; for each i (1 <4 <b—a+1). Then x(Goppp) =b.

To show that xir(Ga,bss) = a, define a (nonproper) vertex coloring
f : V(Ga,b,b,b) End {1, 2, RPN ,a} by

1 fr=v;forl<i<b-—a+1
f(z)=¢ a—-b+i ifz=v;forb—a+2<i<b (4)
a fr=w;forl1<i<b-a+1.

Since f is an irredundant a-coloring of Gq b,,5, it follows that
Xir(Ga,b,b,b) <a.

Assume, to the contrary, that xir(Ga,bs,4) < @. Then there exists an irre-
dundant (a—1)-coloring of Ga,b,5,6- Since G b,,6 is nonempty, Xir(Ga,b,6,6) >
2and so a > 3. Let

V1 = {'Ul, V2yeeny 'Ub—a+1} and Vz = {Ub-a+2,vb-a+3, oo ,vb}.

Since N(u) — {v} = N(v) — {u} for every two distinct vertices u and v
in V, no two vertices in V2 belong to the same irredundant set. That is,
the a — 1 vertices in V5 must be colored differently. Since there are a — 1
colors available, this implies that there exist a vertex in V; and a vertex
in V, that are colored the same, say v; and vy. Therefore, there exists
an irredundant set containing both v; and v,. However, since @ > 3 and
every neighbor of v that is different from v is also a neighbor of v, it
follows that v, has no external private neighbor, which is a contradiction.

Therefore, Xir(Ga,b,,) = @ and 80 Xir(Ga,b,b,b) = G-
It remains to show that

[(Gappb,b) = P(Gapbpp) = b.

Since X(Ga,,6,6) = b, we need only show that ¥(Ga,pb,b,b) < b. Observe that
the size of Ga bbb is

b b+1 b+1
() r6-arn= (1)< (3)
Therefore, ¥(Ga,b,b,6) < b and 50 T(Gap,8,6) = Y(Ga,b,b,p) = b.

Case 2. ¢ > b+ 1. We first construct a graph H, . with
V(Ha'b,c) =U,ul,UVUWUX,
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where Uy, Uz, V, W, and X are pairwise disjoint and

Ur = {u1,u2,.. ., up—as1}, U2 = {¥p—at2, Ub=at3,- - -, Us},
V= {vla V2,... ,’Uc-b}, W= {w].) wy,... awc—b}3
X= {:L‘l,xz, see ,xb_a+1},

such that (i) the subgraph of H, s, induced by Uy U U; is Ky; (ii) the sets
V, W, and X are independent in H, pc; (iii) each vertex in U; is adjacent
to every vertex in V' and each vertex in U, is adjacent to every vertex in
W; (iv) % (1 £ i < c—b) is adjacent to w; (1 < j < ¢~ b) if and only
if 2 # j; and (v) each z; is joined to u; for 1 < i < b—a + 1. Thus the
subgraph of H, 5. induced by V U W is isomorphic to the graph obtained
by deleting the matching {v;w; : 1 < i < c— b} from K.y c—p. The graph
Hj 5,8 is shown in Figure 1. We now consider the three subcases: (1) a = 2,
(2)a>3andc=0b+1,and (3)a>3andc>b+2.

Figure 1: The graph H35¢

Subcase 2.1. @ = 2. Let Gap,c,c = Hap,c and observe that x(Gapcc) =
b. We first show that xir(G2p,cc) = 2. Since Gap.. is not empty,
Xir(G2,b,c,c) = 2. To show that xir(G2,b,c,c) < 2, observe that U, = {up}
and so the (nonproper) vertex coloring f : V(Gap,c,.c) — {1,2} defined by

[} fzeliuW
() = 2 ifzelh,uVUuX

is an irredundant 2-coloring. Therefore, xir(Gap,c,c) = 2.
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It remains to show that ['(G2p.c,c) = ¥(G2p.cc) = c. The (proper)
vertex coloring g : V(Gap.c,c) — {1,2,...,c} given by

c+1—-% ifr=u;for1<i<bd
g(z) = i ifr=viorz=w;for1<i<e-b
1 ifzreX

is a Grundy c-coloring and so I'(G2,b,c.c) = ¢

We claim that ¥(G2,,c,c) = ¢. Suppose that ¥(Gzp,c,c) = ¢+ 1. Then
there is a complete (c+1)-coloring h of G3,p.c,c. Since the order of Gy 3 ¢, is
n = 2c—1 = 2(c+1)—3, every complete (c+1)-coloring results in c¢+1 color
classes at least three of which consist of a single vertex. Suppose that h
produces the color classes S1,S2,...,S8c4+1, where 51, S2,...,8; (£ > 3) are
singleton sets. For 1 < ¢ < ¢, suppose that S; = {2;}. Then z; is adjacent to
at least one vertex in each color class S; with j # 4, implying that deg z; > c.
Thus, each z; must belong to U; and so we may assume, without loss of
generality, that S; = {u;} for 1 <4 < £. Since each z; (1 < i < £) must
be adjacent to a vertex of each of the ¢+ 1 colors different from h(z;), it
follows that the c+1 vertices in Uy UU; UV U{z;} are colored differently for
1 < i < ¢, implying that the vertices z1,T2,...,T¢ are assigned the same
color. Therefore, there exists a color class containing at least £ vertices.
Since there are £ color classes containing exactly one vertex each, it follows
that each of the remaining ¢ — £ color classes contains at least two vertices.

This implies that
n>L+£8+2(c—¥) =2
which is a contradiction. Therefore,
¢ S T(G2p,c.c) S P(Gapec) Sc

and so I'(G2p,c.c) = Y(G2,p,c,c) = €.

Subcase 2.2.a > 3 andc=b+1. Let Gop 1,641 = Happ+1 and again
X(Ga,b,b+1,b+l) = b. We first show that Xir(Ga,b,b+1,b+1) = a. Observe
that every irredundant coloring of Gap,5+1,6+1 must assign distinct colors
to the vertices in the set U UW; for otherwise, if two vertices in this set are
colored the same, then at least one of these vertices has no private neighbor.
This implies that that

Xir(Gapps1,041) 2 [V2UW| =a.
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On the other hand, the (nonproper) vertex coloring f : V(Gap,p41,641) —
{1,2,...,a} of Gapbb+1,6+1 defined by

1 ifzelh

f(z) = a-b-1+4+i ifz=uelU;(b—a+2<i<b)
a fzeVUW
2 fzeX

is an irredundant a-coloring and so
Xir(Gabp+1,64+1) < a.

Hence, Xir(Ga,b,b+1,5+1) = G-
It remains to verify that

D(Gapp+1,41) = P(Gapp+1,6+1) = b+ 1.
Since the (proper) vertex coloring g : V(Gab,+1,+1) — {1,2,...,b+1} of
Ga,b,b+1,b+1 defined by
(2) = b+2—1 ifrx=u;for1<i<b
9\& = 1 freVuwuXx

is a Grundy (b+ 1)-coloring, it follows that I'(Ga p,5+1,6+1) = b+ 1. On the
other hand, the size m of Ga 41,641 is

m= (;) +b+(b—a+1)= (”;2)_a< (b;'?)’

implying that ¥(Ga,b,+1,6+1) < b+ 1. Hence,
b+1 < T(Gappr1,6+1) < Y(Cappr1ps1) <b+1
and so T'(Ga,5+1,6+1) = ¥(Gabo+1,6+1) = b+ 1.

Subcase 2.3. a > 3 and ¢ 2 b+ 2. Then G, is constructed from
H, . and K, with V(K.) =Y = {v1,¥2,...,¥a} by identifying z, and
y1. Observe that x(Ga,b,c,c) = b. We first show that xir(Gap,c,c) = a.
Every irredundant coloring of Gq p,c,c must assign distinct colors to the
vertices in the set Y; for otherwise, if two vertices in Y are colored the
same, then at least one of these vertices has no private neighbor. This
implies that xir(Ga,b,c,c) = |Y| = a. Since the (nonproper) vertex coloring
f:V(Gap,ee) — {1,2,...,a} defined by

1 ifz€U1UW—{u1}
2 ifz=u
f(z)=4 a—b+i fz=u;€Uz(b—a+2<igh)
a ifreVUX
7—1 fz=y;for2<i<a
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is an irredundant a-coloring of Gq b c,c
Xir(Ga.b.c,c) <a.

Thus’ Xir (Garbvc)c) =a.
Finally, we show that I'(Ga b,c,c) = ¥(Ga,b,c,c) = c. The (proper) vertex
coloring g : V(Gapc,c) — {1,2,...,¢} of Gap,c,c defined by

c+1—1 ifx=u;for1<i<b

(@) i fz=viorz=w;for1 <i<c->
) =
g 1 ifreX

i fz=yfor2<i<a

is & Grundy c-coloring and so I'(Ga b,c,c) = C.
We claim that ¥(Gg p,c,c) = ¢, for assume, to the contrary, that

¢(Ga.b,c,c) 2 c+1.

Then there exists a complete (¢+1)-coloring b : V(Gapp,e,c) — {1,2,...,c+
1} of Gy pc,c. Since the order of Ggpe,c is n = 2¢ = 2(c + 1) — 2, every
complete (c + 1)-coloring results in ¢+ 1 color classes at least two of which
consist of a single vertex. Suppose that h partitions V(Gapc,c) into the
color classes Sy,Ss,...,Sc+1, Where S1,83,...,8; (£ > 2) are singleton
sets. For 1 <i < £, let S; = {z:}. Then z; is adjacent to at least one vertex
in each color class S; with j # 4, implying that deg z; > c. Since there are
b— a + 1 vertices of degree ¢ = A(Ga,p,c,c), namely those vertices in Uy, it
follows that £ < b —a + 1 and, for each 1 < i < ¢, there exists a unique
integer j; with 1 < j; < b—a + 1 such that z; = u;, € U;. Since each u;,
(1 € i £ £) must be adjacent to a vertex of each of the c+1 colors different
from h(u;, ), it follows that the ¢+1 vertices in UjUU2UV U{z;; } are colored
differently for 1 < ¢ < £. This implies that the £ vertices z;,,z;,,...,z;,
must be assigned the same color, say 1. Therefore, there exists a color class,
say Sc+1, containing at least £ vertices. Because there are £ color classes
containing a single vertex, each of the remaining c— £ color classes contains
at least two vertices, implying that

n>l+E0+2(c—€=2=n
and so |Se41| = £ and Sc41 € X. However, this implies that
2 degr<a+f—-1<a+(b-a+l)-1=b<ec
ZESc41

That is, there are fewer than ¢ vertices that are adjacent to at least one
vertex colored 1, which contradicts the fact that h is a complete coloring.

Therefore, ¥(Ga,b,c,c) < ¢. Then
c< F(Ga,b,c,c) < ’J’(Ga,b,c.c) <c
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and so P(Ga.,b,c,c) = ¢(Ga,b,c,c) = .

We now consider all 4-tuples (a, b, c,d) of integers with 2 < a < b <
¢ < d. First, we state two useful lemmas, the first of which appeared in [2],
while the second one appeared in [1].

Lemma 2.2 If G is a connected graph with T'\(G) = 2, then ¢(G) = 2.

Lemma 2.3 For a graph G and an integer k with x(G) < k < T'(G), there
is a Grundy k-coloring of G.

Theorem 2.4 Leta, b, ¢, and d be integers with2 <a<b<c <d. Then
there ezists a connected graph G with xir(G) = a, x(G) = b, I'(G) = ¢, and
Y(G)=d ifand only ifd =2 orc#2.

Proof. First, let G be a connected graph such that x;(G) = a, x(G) =,
I'(G) =c,and ¥(G) =d. Thusc=2o0rc#2. Ifc =2, thend =2 by
Lemma 2.2.

For the converse, let @, b, ¢, and d be integers with 2 <a < b<c < d.
If ¢ = d, then the graph G, .. constructed in the proof of Theorem 2.1
satisfies the condition. Thus we may assume that 3 < ¢ < d. We consider
two cases, according to whether b=cor b #c.

Case 1. b = c. We consider two subcases, according to whether a = 2
ora>3.

Subcase 1.1. @ = 2. In the graph G2,5,b,5 of Theorem 2.1, degv; = b. By
Theorem 1.2, there is a positive integer k such that ¥(P) = d. Let F be
the graph obtained by joining v; of G254 and an end-vertex of P,. Thus
Y(F) > d. Since ¥(G2,p,,5) = b < d, it follows by Theorem 1.1 that there
exists an integer k' < k such that joining v; of Ga4,5 and an end-vertex
of Py results in a graph G with ¥(G) = d. Suppose that G is obtained
fr?gl) G2l,,b,b,b and the path Py : 21,23,...,2r by joining v; and 2z;. Then
x(G) =b.

We first verify that xi»(G) = 2. Since G is nonempty, x;»(G) > 2. On
the other hand, the (nonproper) vertex coloring f* : V(G) — {1,2} of G
defined by

f(z) if z€V(Gappp)
ff(z) = 1 z=2zfor2<i<k andiiseven
2 z=2zforl1<i<k'andiisodd,

where f is the irredundant 2-coloring of G455 defined by (4) in the proof
of Theorem 2.1, is an irredundant 2-coloring of G. Therefore, x;.(G) = 2
as claimed.
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We now show that I'(G) = b. Since x(G) = band A(G) = b+1, it follows
by (1) and (2) that b < I'(G) < b+ 2. Suppose that I'(G) > b+ 1. By
Lemma 2.3, there is a Grundy (b+1)-coloring g* of G. Then g*(v;,) = b+1
and g*(vi;) = b for some i; and iz with 1 < 4;,43 <b—1. Since b > 3, it
follows that g“'(w,-l) =g"(wy,)=1.1If2<4 < b—1, say ¢; = 2, then each
of the vertices in N(vz) — {w2} must be colored uniquely with the colors
2,3,...,b by g*. This implies that no vertex in {v,v2,..., v} is assigned
the color 1. However, this is a contradiction since g*(w) # 1 and v is
adjacent to no vertex colored 1 while g* is a Grundy coloring. Therefore,
g*(v1) = b+1 and assume, without loss of generality, that g*(vz) = b. Then
since g*(ws) = 1, each of the vertices v3, vy, .. ., v must be colored uniquely
with the colors 2,3,...,b — 1 and so again no vertex in {v1,vs,...,v} is
assigned the color 1. This is impossible since g*(vs) # 1 and v, is adjacent
to no vertex colored 1.

Subcase 1.2. a > 3. In the graph Goppp of Theorem 2.1, degw; =
1. As described in Subcase 1.1, since ¥(Gappp) = b < d, it follows by
Theorems 1.1 and 1.2 that there exists an integer k’ such that joining w,
of Ga,p,5,6 and an end-vertex of the path P of order k' results in a graph
G with ¥(G) = d. Suppose that G is obtained from G, 5, and the path
Pe : 21,22, .., 2 by joining wy and z;. Then x(G) =b.

We first verify that xir(G) = a. As discussed in the proof of Theo-
rem 2.1, every irredundant coloring assigns distinct colors to the vertices
in Vo U {v;} for each i with 1 <4 < b—a + 1; for otherwise, if two vertices
of Vo U {v;} are colored the same, then at least one of these vertices has no
private neighbor. This implies that xir(G) 2 [V2| + 1 = a. Observe that
the (nonproper) vertex coloring f* : V(G) — {1,2,...,a} of G defined by

f(z) if z € V(Gappp)
f*=z)= 1 ifz=2for2<i<k'andiiseven
9 ifr==zfor1<i<k'andiisodd

is an irredundant a-coloring of G, where f is the irredundant a-coloring of
Gapp» defined by (4) in the proof of Theorem 2.1. Therefore, x:r(G) = a.

It remains to show that I'(G) = b. Since x(G) = A(G) = b, it follows
by (1) and (2) that I'(G) € {b,b + 1}. Assume, to the contrary, that
I'(G) = b+ 1 and let there be given a Grundy (b + 1)-coloring g* of G.
Since A(G) = b, each vertex that is assigned the color b + 1 must be of
degree b. Thus g*(v;) =b+ 1 for some i with1 <i<b-a+1.

If g*(w;) = 1, then each of the b — 1 vertices in {v1,v2,..., %} — {w}
must be colored differently with the colors 2,3, ...,b. However, this implies
that g*(vs) # 1 and v, is adjacent to no vertex colored 1, contradicting the
fact that g* is a Grundy coloring. Hence g*(w;) # 1. If2<i<b—a+1,
then this implies that g*(w;) = 2 and g*(%) = 1 < b+ 1, which is a



contradiction. Therefore, i = 1 and in particular, g*(w;) = 2. Then
the vertices in {vs,vs,...,vs} must be colored differently with the colors
1,3,4,...,b; that is, no vertex in {v1,v2,...,vs} is colored 2. Observe that
at least one of the vertices vy and v, must be assigned the color greater
than 2, say g*(vs) > 3. However then, v is adjacent to no vertex colored 2
by g*, which is a contradiction.

Case 2. b # c. In the graph G, p,c,c of Theorem 2.1, degv; =c—a <
¢ — 2. By an argument similar to that given in Case 1, there is a path

Py : z1,20,...,2) of order k' for some positive integer k' such that the
graph G obtained from G p,c,c and P by joining v; and 2; has ¢(G) = d.
Again, x(G) = b.

We first verify that xir(G) = a. Since G is nonempty, x;»(G) > 2. In
addition, as discussed in the proof of Theorem 2.1, if ¢ = b+ 1, then every
irredundant coloring assigns distinct colors to the vertices in U UW; while
if ¢ > b + 2, then every irredundant coloring assigns distinct colors to the
vertices in Y. Therefore, xir(G) > a. On the other hand, observe that the

(nonproper) vertex coloring f* : V(G) — {1,2,...,a} of G defined by

f(x) ifzeV(Gapee)
f'(z) = 1 ifz=2zfor1<i<k’andiisodd
2 ifrx=2zfor2<i<k’andqiseven

is an irredundant a-coloring, where f is the irredundant a-coloring of G, ¢,
defined in the proof of Theorem 2.1. Therefore, xi-(G) = a.

It remains to show that I'(G) = c. Observe that the (proper) vertex
coloring g* : V(G) — {1,2,...,c} of G defined by

9(z) fz€V(Gapec)
g (z) = 1 ifrx=2zfor2<i<k andiiseven
2 ifx=2zfor1<i<k’andiisodd

is & Grundy c-coloring, where g is the Grundy c-coloring of G, 5.c,c defined
in the proof of Theorem 2.1. Therefore, I'(G) > ¢. Since A(G) = ¢, it
follows by (2) that I'(G) € {c,c+ 1}. Now assume, to the contrary, that
there is a Grundy (c + 1)-coloring ¢** : V(G) — {1,2,...,c+1}. Then
there exists a vertex in U) that is assigned the color ¢ + 1. We consider
three subcases.

Subcase 2.1. ¢ = b+ 1. Then we may assume, without loss of generality,
that g**(u1) = c+1. Since g**(x1) = 1, each vertex in [UUU,UV]—{u, } is
colored uniquely with one of the c—1 colors 2,3,. .., c. Since g**(v;) # 1 and
no vertex in Uy U U, is colored 1, it follows that g**(z;) = 1. Furthermore,
since g**(up) # 1 and no vertex in Uy UU; — {up} is colored 1, it follows
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that g**(w1) = 1. If g**(v1) < g**(us), then no neighbor of u; is colored
g**(v1), contradicting the fact that g** is a Grundy coloring. Similarly, if
g**(up) < g**(v1), then no neighbor of v; is colored g**(us), which is again
impossible.

Subcase 2.2. a = 2 and ¢ > b+ 2. Then we may assume, without
loss of generality, that g**{u,) = ¢+ 1. Since g**(z1) = 1, each vertex in
[U1UU2UV]—{u,1} is colored uniquely with one of the c—1 colors 2,3, ..., c.
Thus, every vertex in W is colored 1. If g**(v2) < g**(us), then there exists
no neighbor of up that is colored g**(v2); while if g**(us) < g**(v2), then
vy is adjacent to no vertex colored g**(up). In either case, we obtain a
contradiction.

Subcase 2.3. a > 3 and ¢ > b+ 2. Then g**(u;) = ¢+ 1 for some 7 with
1<i<b—a+1 If2<i<b-a+]1,then ¢g**(z;) = 1 and consequently,
every vertex in W is colored 1. Then applying an argument similar to that
given in Subcase 2.2 to the vertices u; and vg, a contradiction is produced.
Therefore, g**(u1) =c+ 1.

We claim that g**(z1) # 1 and g**(z;) = 1 for 2 <i<b—-a+1. If
g**(z1) = 1, then no vertex in U UV is colored 1. Since no vertex in
W is adjacent to a vertex colored 1, every vertex in W must be colored
1. Considering the vertices up and vz, we see (as in the argument given
in Subcase 2.2) that a contradiction is produced. Therefore, as claimed,
g**(z1) # 1. Next, suppose that g**(z;) # 1 for some i with 2 < ¢ < b—a+1,
say g**(x2) # 1. Then g**(z3) = 2 and g**(u2) = 1. This again implies
that no vertex in Us UV is colored 1 and so every vertex in W must be
colored 1, which is impossible. Therefore, as claimed, g**(z;) # 1 and
g*(x;)=1for2<i<b—a+1.

Since g**(z;) = 1 for 2 < i < b—a + 1, it follows that g**(u) # 1 for
every u € U;. Since some vertex in Uy UU2 UV is colored 1, there exists
a vertex in Uz UV that is colored 1. For each u € (Uj UUz) — {u;} such
that g**(u) # 1, let Sy be the set of vertices that are adjacent to u in G
and that are not colored ¢+ 1 by g**. Then

1Sy S (b—2)+(c—b) =c—2

and so g**(u) < c— 1. Thus g**(u) < c—1forallu € (U1 UU;) - {u1}.
For each v € V, let S, be the set of vertices that are adjacent to v in G
and that are not colored ¢+ 1 by ¢g**. Then

ISy < (b-a)+(c—b—-1)+1=c—-a<c-3
and so g**(v) < ¢ — 2. Furthermore, g**(z1) < @ < ¢ — 2. Therefore,

c—1 ifze (U1uly)— {u1}
L) <
9 (m)_{c—Z ifre VU {z:}.
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That is, there is no vertex that is adjacent to u; and colored ¢, which is a
contradiction.

Therefore, ['(G) < cand so I'(G) = c. "
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