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Abstract Let G be a graph with vertex set V(G) and edge set E(G), and let A
= {0, 1}. A labeling f: V(G) — A induces a partial edge labeling f* : E(G) —»
A defined by f*((u, v)) = f(u) if and only if f(u) = f(v) for each edge (u, v)
E(G). Fori € A, let v(i) = card{v € V(G) : f(v) =i} and ei) = card{e € E(G) :
f*(e) =i}. A labeling f of G is said to be friendly if | v{(0) — v¢(1) | < 1. The
balance index set of the graph G, BI(G), is defined as {| e{0) — e(1) | : the
vertex labeling f is friendly}. We determine the balance index sets of Halin
graphs of stars and double stars.

1. Introduction
A. Liu, S.K. Tan and the second author [7] considered a new labeling

problem of graph theory that was similar to Cahit’s cordial graph labeling. Let
G be a graph with vertex set V(G) and edge set E(G). A vertex labeling of G is
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a mapping f from V(G) into the set {0, 1}. For each vertex labeling f of G, we
can define a partial edge labeling f* of G in the following way. For each edge
(u, v) in E(G), where u, v are in V(G), we have

£+, v))={ 0 .lf flu) =fiv) =0

1 if fu) = fiv) =1
For those edges with two end vertices labeled by different values by f, f*

doesn’t label on them. Thus f* is a partial function from E(G) into the set {0,
1}, and we shall refer to f* as the induced partial function of f. Let v¢(0) and
vg(1) denote the number of vertices of G that are labeled by 0 and 1 under the
mapping f respectively. Likewise, let e{0) and e(1) denote the number of edges
of G that are labeled by 0 and 1 under the induced partial function f*
respectively. With these notations, we now introduce the notion of the balance
index set of a graph.

Definition 1.1. A labeling f of a graph G is said to be friendly if | v{0) — v(1) |
< 1. If, in addition, | e0) — e(1) | < 1 then G is said to be balanced. See (2, 3,
7,9].

Definition 1.2. The balance index set of the graph G, BI(G), is defined as
{| e40) —eq(1) | : the vertex labeling f is friendly}.

Balance index sets have been studied in [3, 4, 5, 6, 7,8,9,10].

Example 1. Figure 1 shows that the BI(G) = {0, 1, 2}.

@

le(1)-e(0){ =0 le(1)-e(0) =1 le{1)-e(0)=2

Figure 1.

Example 2. BI(K;3) = {0}.

le(1)-e(0)=0
Figure 2.
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We note that when determining the balance index set of a graph, we may fix
an arbitrary vertex in the graph and label it 0. If another vertex labeling gives it
the label 1, simply replace each vertex label by its complement. Then v(0) and
v(1) are interchanged, and e(0) and e(1) are interchanged. Since we are only
concerned with absolute values, interchanging v(0) and v(1), e(0) and e(1)
would not make any difference.

The double star D(m, n) is a tree of diameter three such that there are m
appended edges on one end of P, and n appended edges on the other end (Figure
3). Without loss of generality, we assume that m < n.

vy
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Figure 3.

In [6], it has been shown that
Theorem 1.1. The balance index set of the star St(n) is
(a) {k},ifn=2k+ 1is odd, and
() {k-1,k},if n=2kis even.

Theorem 1.2. The balance index set of the double star D(m, n) , where m < n,
is

(@) {(n—-m)/2, (n+ m)/2} if m + nis even, and

®) {(n-m-1)2,(n-m+1)/2,(n+m-1)/2,(n+m+ 1)/2} if m + n is odd.

A Halin graph is a planar 3-connected graph that consists of a tree and a
cycle connecting the end vertices of the tree. This class of graphs has been
studied extensively in the literature. The purpose of this paper is to determine
the balance index sets of two classes of Halin graphs, those of stars and double
stars.

We questioned whether the numbers in BI(H(T)) for a tree T would form an
arithmetic progression. Our results in this paper show that the conjecture is
valid for Halin graphs of stars but not for Halin graphs of double stars.

2. On balance index sets of wheel graphs

For n 2 3, the wheel on n vertices, Wy, is a graph with (n + 1) vertices xg, x;,
X2, ... 5 Xp, With Xg having degree n and all the other vertices having degree 3. It
is the cycle C, with an additional vertex x, connected to each of its vertices. The
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vertex Xo is called the hub, and the edges connecting the hub to the other vertices
are called the spokes. Clearly, wheels are Halin graphs of stars.

We first cite a result in [6].

Lemma 2.1. For any (not necessarily friendly) vertex labeling of C,,, the
differences e(0) — e(1) and v(0) — v(1) are the same.

Theorem 2.2. The balance index set of Wy is {k -2} forall k > 2.

Proof. Without loss of generality, assume that the hub x, is labeled 0. Among
the (2k — 1) vertices on

Ca1, (k — 1) of them must have label 0, and the other k of them must have label
1. By Lemma 2.1, e(0) — e(1) = v(0) — v(1) =-1 on the cycle Cy . Of the (2k -
1) spokes, (k — 1) of them have label 0, and the other k have no label. Thus
BI(Wy ) ={k-2}.0

Example 3. Figure 4 shows BI(Wy_) fork =2, 3, and 4.

W; le(1)-e(0)|=0 W le(1)-e(0)[=1 W, le(1)-e(0)]=2
Figure 4.

Theorem 2.3. The balance index set of Wy is

(1) {1,2} fork=2,and

(2) {(k—-3,k} fork 23.

Proof. Without loss of generality, assume that the hub x, is labeled 0.

Case 1: Among the 2k vertices on Cy, k of them have label 0, and the other k of
them have label 1. By Lemma 2.1, e(0) - e(1) = v(0) — v(1) = 0 on the cycle Cy.
Of the 2k spokes, k of them have label 0, and the other k have no label. This
gives e(0) —e(1) = k.

Case 2: Among the 2k vertices on Cy, (k — 1) of them have label 0, and the
other (k + 1) of them have label 1. By Lemma 2.1, €(0) —e(1) = v(0) —v(1) =2
on the cycle Cy. Of the 2k spokes, (k — 1) of them have label 0, and the other (k
+ 1) have no label. This gives e(0) —e(1) =k -3.0

Example 4. Figure 5 shows BI(W) fork =2, 3, and 4.
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W; le(1)-e(0)=1 le(1)-e(0)| =4
Figure 5.

3. On balance index sets of H(D(m, n)), with m + n even

Without loss of generality, let m < n in D(m, n).

Theorem 3.1. The balance index set of H(D(m, n)) is {(n — m)/2, ((n + m)/2) -
2 }if m+ nis even.
Proof. Let m + n = 2k.

There are 2k + 2 vertices. Without loss of generality, assume that the vertex
u has label 0.

First label the vertex v by 0. Assume j of the vertices u,, ... , u, are labeled
by 0, and the other (m — j) vertices are labeled by 1. By friendliness, (k —j - 1)
of the vertices vy, ... , v, are labeled by 0, and the other (n —k +j + 1) vertices
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are labeled by 1. For the double star, e(0) = k and e(1) = 0. For the cycle, e(0) -
e()=v(0)-v(1)=(kk-1)-(m+n-k+1)=-2. Thus for the entire graph,
e(0)-e(l)=k-2=((m+n)/2)-2.

Then label the vertex v by 1. Assume j of the vertices uy, ... , uy, are labeled
by 0, and the other (m — j) vertices are labeled by 1. By friendliness, (k — j) of
the vertices vy, ... , V, are labeled by 0, and the other (n — k + j) vertices are
labeled by 1. For the double star, e(0) =j and (1) = n —k + j, making e(0) -
e(1) =k —n=(m-n)/2. For the cycle, e(0) —e(1) =v(0) -v(l)=k-(m+n-
k) = 0. Thus for the entire graph, e(0) —e(1) = (m — n)/2, with absolute value (n
-m)/2.0

Corollary 3.2. The balance index set of H(D(1, 2k + 1)) is {k— 1, k} fork 2 1.

Example 5. Figure 6 shows BIH(D(1, 2k + 1))) fork =1, 2.

|8(0) - (1) |=1 [8(0) - e(1) |=2

Figure 6.
Corollary 3.3. The balance index set of H(D(n, n)) is
(1) {0},ifn=2and
(2) {0,n-2}forn23.

Example 6. Figure 7 shows BI(H(D(n, n))) forn=2, 3 and 5.
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1e(0) = o(1) |=0 le(®) - e(1)|=3
Figure 7.

Corollary 3.4. The balance index set of H(D(2, 2k)) is {k—1} fork > 1.

Example 7. Figure 8 shows BI(H(D(2, 2k))) = {2}, fork =3.

Vi

[o(0) - a(1)|=2 i8(0)-e(1)|=2

Figure 8.
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Corollary 3.5. The balance index set of H(D(3, 2k + 1)) is {k-1,k} fork > 1.

Example 8. Figure 9 shows BI(H(D(3, 2k + 1))) fork =2 and 3.

o) -e(M =2 le(@)-e(1) |=3

Figure 9.
4. On balance index sets of HMD(m, n)), with m + n odd

Without loss of generality, let m < n in D(m, n).

Theorem 4.1. The balance index set of H(D(m, n)) is {|{(m+n—-7)/2|,(m+n
-1)2,|(n-m=-3)2),(n—m+3)/2} if m + n is odd.
Proof. Letm+n=2k + 1.

There are 2k + 3 vertices. Without loss of generality, assume that the vertex
u is labeled by 0.

First we consider the case that v is labeled by 0. Assume j of the vertices u,,
..., Ug are labeled by 0, and the other (m - j) vertices are labeled by 1. By
friendliness, either (k — j — 1) or (k — j) of the vertices vy, ... , v, are labeled by
0, and the other (n —k + j + 1) or (n —k + j) vertices are labeled by 1
respectively. For the double star, e(0) =k or k + 1 and e(1) = 0, making (0) -
e(1) =k or k + 1 respectively. For the cycle, e(0) —e(1) =v(0) —v(1)=(k-1) -
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(m+n-k+1)=-3,0ork—(m+n-Kk)=-1 respectively. Thus for the entire
graph, e(0) — e(1) = (m + n— 7)/2 or (m + n — 1)/2 respectively.
Then we consider the case that v is labeled by 1. Assume j of the vertices u,,

... » Uy, are labeled by 0, and the other (m — j) vertices are labeled by 1. By
friendliness, either (k —j) or (k — j + 1) of the vertices vy, ... , v, are labeled by 0,
and the other (n -k +j) or (n—k + j — 1) vertices are labeled by 1 respectively.
For the double star, e(0) =j ande(1) =n—-k +jorn—k +j - 1, making e(0) —
e(1)=k-nork-n+ 1 respectively. For the cycle, e(0) —e(1) = v(0) - v(1) =k
~-(m+n-k)=-1,or(k+ 1)~ (m+n—-k-1)=1 respectively. Thus for the
entire graph, e(0) —e(1)=(m—-n-3)/20or (m-n+ 3)/2.0
Corollary 4.2. The balance index set of H(D(1, 2k)) is

) {1,2}fork=1,

) {0,1,2,3}fork=2,and

(3) {k-3,k-2,k,k+1}fork23.

Example 9. Figure 10 shows that BI(H(D(1, 2))) = {1, 2}.

-

le(@)-e(M) =1 (e(0) - o(1)|=2
Figure 10.

Example 10. Figure 11 shows BI(H(D(1, 2k))) fork =2 and 3.

le(0)-e(1) |=0 je@@)~e(N =1
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18(0) - o(1) [= 3 le@@-e() =4
Figure 11.

Corollary 4.3. The balance index set of H(D(2, 2k + 1)) is
(1) {1,2}fork=1, and
) {k—2,k+1}fork=2.

Example 11. Figure 12 shows BIH(D(2, 2k + 1))) fork = 1.
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le(0) - 8(4) [=4 18(0) - 8(4) |=5

Figure 12.

Example 12. Figure 13 shows that BIH(D(2, 5))) = {0, 3} and BI(H(D(2, 7)))
= (1, 4}.

je(0)-e(1)|=1 le(0)-o(1)|=4
Figure 13.

Corollary 4.4. The balance index set of H(D(3, 2k)) is
(1) {0,1,2,3} fork=2,and
(2) {(k-3,k—-2,k,k+1}fork23.

Example 13. Figure 14 shows BIH(D(3, 2k))) fork = 2.
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fe(@) - e(1)|=2 le(@)-e(1) =3
Figure 14.

Example 14. Figure 15 shows BI(H(D(3, 2k))) for k = 3.

le(0) - e(1) |- 0 [e(0) = e(1) =1
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lo(0)- (1) |=3 le(0) - o(1) |=4
Figure 15.

S. Unsolved problem

In this section, we address the following problem: For what m and n, where
m < n, will the numbers in BI(H(D(m, n)) form an arithmetic progression? The
following result follows directly from Theorem 3.1.

Theorem 5.1. The numbers in the balance index set of H(D(m, n)) form an
arithmetic progression if m + n is even.

However, the situation shows more variation if m + n is odd.

Theorem 5.2. If m + n is odd and m < n, the numbers in the balance index set
of H(D(m, n)) form an arithmetic progression
(1) form=1: ifand only ifn=2, 4,
(2) form=2: forall odd n,
(3) form=3: ifand only if n=4,
(4) form=4: fornooddn=>35,
(5) form=35: ifand only if n# 6,
(6) form=6: fornooddn=>7.
(7) form=7: fornoevenn 2 8,
(8) form=8: foralloddn211butnotforn=09,
(9) form=9: fornoevenn2 10,
(10)for m=10: fornooddn211.
Proof. Use Theorem 4.1.

Theorem 5.3. If m + nis odd, m29, and n 2 m + 1, the numbers in the balance
index set of H(D(m, n)) do not form an arithmetic progression.

Proof. Forn=m + 1, BI(H(D(m, n))) = {m -3, m, 1, 2}. Since m > 9, the
result is obvious. For n 2 m + 3, BIH(D(m, n))) = {(m + n—7)/2, (m +n - 1)/2,
(n—m-3)/2, (n—m+ 3)/2}. An ascending order, the balance indices are (n -
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m-3)/2,(n-m+ 3)/2, (m+ n-7)/2, (m+n - 1)/2, with differences 3, m -5,
and 3. Again, since m 2 9, the result follows.

Finally, we propose the following unsolved problem for future study.
Problem. Characterize the trees T such that the numbers in BI(H(T)) form an
arithmetic progression.
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