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Abstract

Let G = (V, E) be a graph, a vertex labeling f : V — Z induces an
edge labeling f* : E — Z, defined by f*(zy) = f(z) + f(y) for each
zy € E. For each, i € Z define vs(i) = |f(3)| and es () = |f*(3)|.
We call f friendly if |v7(1) —v;(0)| < 1. The full friendly index set of G is
the set of all possible values of e (1) — ef(0), where f is a friendly labeling.
In this paper, we study the full friendly index set of the wheel W,, tensor
product of paths P; and P, i.e (P2 ® P,) and double star D(m, n).
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1 Introduction

We refer book [2, 7] for graph theory notations and terminology described in
this paper and all graphs are finite, simple, and undirected. Let G = (V, E)
be a graph and f : V(G) — Z, a vertex labeling of G. For each i € Z,, let
vg(i) = [ f~2(3)|. The labeling f is said to be friendly if |vs(1) — v;(0)| < 1.

Any vertex labeling f : V(G) — Z; induces an edge labeling f* : E(G) —
Z, defined by f*(zy) = f(z) + f(y) V 2y € E(G). Fori € Z,, let es(i) =
|£*71(9)]. A vertex v is called a k—vertex if f(v) = k. Similarly, an edge e is
called a k—edge if f*(e) = k. The number i;(G) = es(1) — e7(0) is called the
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friendly index of f. The friendly index set of the graph G, denoted by FI(G) is
defined by

FI(G) = {|if(G)| : f is friendly labeling of G}.
The full friendly index set of the graph G denoted by FFI(G) is defined by
FFI(G) = {iz(G) : f is friendly labeling of G}.

Note that if f : V(G) — Z, is a friendly labeling, so is its inverse label-
ing g : V(G) — Zj defined by g(v) = 1 — f(v) Vv € V(G). Moreover,
if(G) = 14(G). Readers interested in friendly labeling and friendly index set
of graph are referred to a number of relevant literature that are mentioned in the
reference section, including [13, 16, 18, 19].

In 1987, Cahit [3, 4, 5] introduced the concept of cordial labeling as weakened
version of the less tractable graceful and harmonious labeling. A graph G is said
to be cordial if, it admits a friendly labeling with O or 1. Hovay [10], later gen-
eralized the concept of cordial graphs and introduced A-cordial labeling, where
A is an abelian group. A graph G is said to be A-cordial if it admits a labeling
f: V(G) — A such that for every i, j € 4,

lvg(3) — vr(§)| < 1and |es(3) —es(5)[ < 1.

Cordial graphs have been studied extensively. Interested readers are referred to a
few of relevant papers in the literature [1, 6, 9, 11, 12, 14, 17].

In this paper, we focus on the group A = Z, and determine the full friendly index
set of wheel W,,, tensor product of paths P, and P, ie. (P, ® P,) and double
star D(m, n).

2 Basic Properties
Lemma 1. [18] Let G be a (p, q)-graph of order greater than 1. Then FFI(G) C
{2i-q: 1<i<gq}

Lemma 2. [18] Let f be a labeling of a graph G that contains a cycle C as its
subgraph. If C contains an 1-edge, then the number of 1-edges in C is a positive
even number.



3 Full friendly index set of wheel (17/,)

A wheel W,,, n > 4 is a defined to be the graph K + C,,_,. In this graph, one
vertex lies at the center of wheel and n — 1 vertices lie on the circumference.

In this section, by C,,_; we will always mean a circle formed by the vertices lying
on the circumference of the wheel and by K1 ,—; we will mean the edges due to
central vertex of the wheel and the vertices lying on the circumference. Clearly,
Cp-1 and K ,,_; are edge disjoint.

Lemma 3. Let f be a friendly labeling of the Wy, n > 2 then the minimum and
maximum value of ef (1) are n + 2 and 3n — 2 respectively.

Proof. W, can be labeled friendly with any one permutation of the either of fol-
lowing sequences:

A. (n—1)0's followed by n 1’s on Ca,,—) and central vertex labeled 0.
B. n 1's followed by (n — 1) 0’s on Cy,,—; and central vertex labeled 1.

Clearly, for all permutation of labelings in A and B value of ex (1) for K 2n— is
n, where h is the labeling restricted to the subgraph K 2,,; of Wy,,.

Now, we will find minimum and maximum value of e, (1), where g is the labeling
restricted to the cycle Ca,,—1 of the wheel Wa,,.

Case 1: Labeling of Wy, is one of permutation of sequence of (n—1) 0's followed
by n 1's on Cay—, and central vertex labeled 0.

We observe that amongst all the permutations of defined sequence of Wa,,, in this
case Ca,,—1 will have minimum value of e, (1) for the sequence (n — 1)0’s fol-
lowed by n1’s and the value is 2. Therefore, the minimum value of e (1) on Wy,

isn4 2.

Case 2: Labeling of Wa,, is one of permutation of sequence of n 0's followed by
(n — 1) 1"s on Can—1 and central vertex labeled 1.

We observe that amongst all the permutations of defined sequence on Wa,,, in this
case Cy,,—1 Will have minimum value of ey (1) for the sequence n0’s followed by
(n — 1)1’s and the value is 2. Therefore, the minimum value of e (1) on Wy, is

n+2.
Now, we will evaluate the corresponding maximum values.
Case 1: Labeling of Way, is one of permutation of sequence of (n—1) 0's followed

by n 1's on Cap—) and central vertex labeled 0.
We observe that amongst all the permutations of defined sequence on Woy,, in this
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case Cyy,—; will have maximum value of e, (1) for the sequence “1,0, 1,0, ...1,
0, 1” only and the value is 2n — 2. Therefore, the maximum value of ef(1) on
Wzn is3n—2.

Case 2: Labeling of Way, is one of permutation of sequence of n 0's followed by
(n — 1) 1's on Can—1 and central vertex labeled 1.

We observe that amongst all the permutations of defined sequence on W5y, in this
case Cop,.-1 Will have maximum value of e,(1) for the sequence “0, 1,0, 1, ...0,
1, 0” only and the value is 2n — 2. Therefore, the maximum value of ef(1) on
Wa, is 3n — 2.

Lemma 4. Let f be the friendly labeling of Wan 41, n 2> 2, the minimum and
maximum value of es(1) are n + 2 and 3n respectively.

Proof. For friendly labeling W2, can be labeled with any permutation of either
of the following sequences:

1. n 0's followed by n 1’s on C2, and the central vertex labeled 0 or 1.

2. (n—1) 1'sfollowed by (n + 1) 0's on Canand the central vertex labeled 1.

3. (n —1) 0’s followed by (n + 1) 1’s on C2, and the central vertex labeled
0.

Using similar arguments as in Lemma 3 on above defined sequences results can
be easily obtained. O

Lemma 5. For Wa,,, n > 2, there exists no friendly labeling f such thates(1) €
{n+3,n+5,...,3n -3}
Proof. For friendly labeling of the wheel Wy,,, n > 2 vertices can be labeled in
any permutation of either of the following sequences:
1. (n—1) 0’'s followed by n 1’s on C2,— and the central vertex labeled 0.
2. n0's followed by (n — 1) 1’s on C2,—; and the central vertex labeled 1.

Clearly, for both sequences and their permutations the value of e, (1) for Kj 2n-1
is n, where h is the labeling restricted to the subgraph K 2,1 of Wa,.

By Lemma 2, ey4(1) on Can_) can have only even values, where g is the la-
beling restricted to the cycle Ca,—y of the wheel Wa,. Which shows e,(1) ¢
{3,5,7,...,2n—3}. Thus,ef(1) ¢ {n+3, n+5,n+7...,3n=-3}. O

Lemma 6. For Wy,41, . 2> 2, there exists no friendly labeling f such that
ef(1) € {n+3,n+5,...,3n-1}

Proof. For friendly labeling of the wheel Wa,11, n > 2 vertices can be labeled
in any permutation of either of the following sequences:



1. (n — 1) 0's followed by (n + 1) 1's on Cy,, and the central vertex labeled
0.

2. (n+ 1) 0's followed by (n — 1) 1’s on C,, and the central vertex labeled
1.

3. n 0's followed by n 1’s on Cs,, and the central vertex labeled O or 1.

results can be easily obtained by similar arguments as in Lemma S on above de-
fined sequences. O

Theorem 1. For n > 4 the full friendly index set of wheel W, is

_f{2i-2n+2:i=%4+2 %+4,...,3 -2} niseven.
FFI(Wn)"{ {2i—2n+2: i=ﬂ%‘—3, "25, ey ——3"2_§} n isodd.

Proof. Theorem can be proved by considering following two cases:

Case 1: Let number of vertices are even (say, 2k). By Lemma 1, we have
FFI(Wo) C {2 —4k+2: 0<i< 4k -2}
By Lemma 3, we get
FFI(Wo,) C{2i—4k+2: k+2<i<3k-2}.
By Lemma 5, we get
FFIWy)C{2i—4k+2: i=k+2, k+4,...,3k-2}. a)
For particular value of i = ef(1) € {k+2, k+4, ..., 3k—2}, define the labeling:

Label the central vertex by 0. Now, take the alternate sequence of 0's and 1's
of length ¢ — & and add remaining 0’s adjacent to any of the 0 of the sequence in
all or in parts and add remaining 1’s adjacent to any of the 1 of the sequence in
all or in parts to make it friendly. The resultant sequence when assigned on Wy

gives required ef(1). Thus,
{20 -4k +2: i=k+2 k+4, ..., 3k—2} C FFI(Wy). )
From (1) and (2), we get
FFEI(Wy)={21—4k+2: i=k+2,k+4, ..., 3k-2}.
Case 2: Let number of vertices are odd (say, 2k+1). By Lemma 1, we have
FFRI(Wagq1) C {26 —4k: 0 < < 4k}
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By Lemma 4, we get
FFI(Wagy1) C{2i—4k: k+2<i<3k}.
By Lemma 6, we get
FFI(Won41)C{2i—4n: i=n+2,n+4,..., 3n}. 3
For particular value of i = ef(1) € {n+2, n+4, ..., 3n}. Define the labeling:

Label the central vertex by 0. Now, take the alternate sequence of 0’s and 1’s
of length i-n and add remaining 0’s adjacent to any of the 0 of the sequence in all
or in parts and add remaining 1’s adjacent to any of the 1 of the sequence in all
or in parts to make it friendly. The resultant sequence when assigned on Way, 41
gives required eg(1). Thus,

{2i—4n: i=n+2,n+4, ..., 3n} C FFI(Wan4,). @
From (3) and (4), we get
FFIWap41)={2i—4n: i=n+2,n+4, ..., 3n}.
O

4 Full friendly index set of tensor product of P, and
Py

Let G, = (W}, E;) and G3 = (V,, E3) be two graphs. Then the tensor product
G = G; ® G of graphs G; and G is the graph with vertex set V; x V; such
that (uy, ug) is adjacent to (vy, v2) whenever {u;,v1} € Ey and {uz,v2} € Ea.
The construction was originally introduced by Weischel [20]. It is also called the
Kronecker product, weak product, direct product, categorical product and conjuc-
tion in the literature. The path P, is a tree with two vertices of degree 1 and other
n — 2 vertices of degree 2.

The addition of two full friendly index sets [18] A and B is defined as:
A+B={a+b:acA, beB}.
We require following Lemma’s for the proof of theorem.

Lemma 7. Let H be a (py, qu)-graph and K be a (pk, qx)-graph. Then,
FFI(H)+ FFI(K) C FFI(HUK).
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Proof. Let H be a (py, qu)-graph, K be a (px, gx)-graphand G = HU K.
There arises following cases:
Case 1: Both py and pk are even. Forevery a € FFE(H), b€ FFI(K) there

exists friendly labelings f, g of H, K respectively. Thus, |ug (1) — vg(0)] =0
and |vg,(1) — vy (0)| = 0. Define labeling h of G as follows:

f) VveV(H
"(")={ g((:) vzeVEK;

Clearly, vgn(1) = v (1) +vKg(l) and var(0) = vgy(0) +vky(0) = van(1)—
ver(0) = 0. Which shows that h is a friendly labeling of G. Also, egn(1) —
ecn(0) = a + borin(G) = if(H) + iy(K). So,

FFI(H) + FFI(K) C FFI(HUK).

Case 2: py is even and pk is odd. For every a € FFE(H), b € FFI(K) there
exists friendly labelings f, g of H, K respectively. Thus, |vgs(1) — vgs(0)] =0
and [vgg(1) — v g(0)| = 1. Define labeling k of G as follows:

fv) YveV(H
"(”)={ g((:;)) v:evgxg

Clearly, vgr (1) = v (1) +vkg(1) and ver(0) = va£(0)+vk,(0) = ven(1)—
ver(0) = 1. Which shows that h is a friendly labeling of G. Also, i4(G) =
is(H) +iq(K). So,

FFI(H) + FFI(K) C FFI(H U K).

Case 3: py is odd and pg is even. This case is similar as in Case 2.

Case 4: Both py and pk Foreverya € FFI(H) there exists friendly labeling f
and its inverse labeling f  such that v;(1) — v£(0) = 1 and vp (0) — vy (1)=1.
Similarly, for every b € FFI(K) there exists friendly labelings g, g’ s.t. vo(1) —
vg(0) =1 and v (0) — v, (1) = 1. Define labeling k of G as follows:

_f flv) VveV(H) _f f'lv) VveV(H)
h(v) = { Jw) Vvev(k) o) = { o) VveV(K)
Thus, & is a friendly labeling of G. Also, ir(G) = is(H) + iy(K). So,

FFI(H) + FFI(K) C FFI(HUK).
|

Lemma 8. If G is a disconnected graph with two components H = (py,qy)—
graph and K = (pk, qxc)—graph such that py = py (even or odd) then es(1) #
1 for any friendly labeling f of G.
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Proof. Let there exists a friendly labeling f of G such that e;(1) = 1 then two
adjacent vertices in in one of the component H or K (without loss of generality
say, H) must be labeled “0, 1”. Clearly, all the vertices of second component K
must be labeled O(or 1). Now, by friendliness the remaining vertices of first com-
ponent must be labeled 1(or 0). In this case, [vf(1) — v(0)| = 2, a contradiction
to f being friendly. O

Theorem 2. The full friendly index set of tensor product of two paths P, and P,,
P, ® P, is

FFI(P,®P,)={2i—(2n-2):2<i<2n -2}

Proof. We can easily observe that P, ® P,, will give two copies of P,,. By Lemma
1 and Lemma 8, we have

FFI(P,®Py) C {2i— (2n—2):2<i<2n—2}. )

We know that FFI(P,) = {2i — (n— 1) : 1 < i < n— 1} [16]. Using Lemma
T,weget{2i—(n—1):1<i<n-1}+{2%-(n-1):1<i<n-1}C
FFI(P, ® P,).

{2i-(2n—2):2<i<2n-2} C FFI(P, Q@ P,). 6)
From (5) and (6), we get
FFI(P,®P)={2i-(2n-2):2<i<2n-2}.

5 Full friendly index set of double star D(m, n)

The double star D(m, n) is a tree of diameter three such that there are m appended
edges on one end of P, and n appended edges on the other end of P, (see Figure
1). Without loss of generality, we may assume m < 7.

Theorem 3. The full friendly index set of D(m,n) is given by
{2m—-4j+1: 0<j<m}uU{l}
where m +n = 2k

FRI(D(m,n)) =\ fom -2j+2: 0<j<2m+1}U{0,2}
wherem+n=2k+1

Proof. The theorem can be proved by considering following cases:
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Figure 1: D(m,n)

Case 1: Let m + n = 2k. Then there are 2k + 2 vertices. Without loss of gener-
ality, assume that the vertex u be labeled 0.

First label the vertex v by 0. Assume j of the vertices amongst u;, ua, ..., Um
be labeled by 0 and the remaining m — j vertices be labeled by 1. By friendli-
ness, (k — j — 1) of the vertices amongst v1, vz, ..., v, are labeled by 0 and
the remaining (n — k + j + 1) vertices are labeled by 1. Clearly, ef(0) = & and
es(1) =k + 1. Thus, eg(1) — ef(0) = 1.

Next we label the vertex v by 1. Assume j of the vertices amongst u;, ug, ...,
un, be labeled by 0 and the remaining (m — §) vertices be labeled by 1. By friend-
liness, (k — j) of the vertices amongst vy, vg, ..., v, are labeled by 0 and the
remaining (n — k + j) vertices are labeled by 1. Clearly, e;(0) = n — k + 2j
and ef(1) = m+k—25+1. Thus, es(1)—es(0) = 2m—4j5+1 where, 0 < j < m.

Case 2: Let m + n = 2k + 1. Then there are 2k + 3 vertices. Without loss of
generality, assume that the vertex v be labeled 0.

First label the vertex v by 0. Assume j of the vertices amongst u;, ua, ..., Uy, be
labeled by O and the remaining m — j vertices be labeled by 1. By friendliness, ei-
ther (k—j—1) (or (k—j)) of the vertices amongst vy, vs, ..., vy, are labeled by 0
and the remaining (n—k+j+1) (or (n— k7)) vertices are labeled by 1. Clearly,
ef(0) =k (ork+1) andes(1) = k+2 (or k+1). Thus, ef(1) —es(0) = 2 (or 0).

Next we label the vertex v by 1. Assume j of the vertices amongst w1, ug, ..., %m
be labeled by 0 and the remaining (m—j) vertices be labeled by 1. By friendliness,
either (k — j) (or (k — j + 1)) of the vertices amongst v;, vz, ..., v, are labeled
by 0 and the remaining (n — k + j) (or (n — k + 7 — 1)) vertices are labeled by
1. Clearly,e;(0) =n—k+2j(orn—k+2j—1)andes(1) =m+ k-2 +1
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(orm + k — 25 + 2). Thus, ef(1) — ef(0) = 2m — 45 (or 2m — 4j + 2) where,
0<j<m

{2m—-4j+1: 0<j<m}u{l}
When m + n = 2k

{2m—2j+2: 0<j <2m+1}U{0,2}
Whenm+n=2k+1

FFI(D(m,n)) =

6 Conclusion

In this paper, the author has gone through the friendly labeling of some special
graphs and hence calculated the full friendly index set of those graphs. Based on
the arguments used in this paper edge friendly labeling can be very well defined
and similar properties can be studied.
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