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Abstract. We prove that for every v = 4,8 (mod 12) with v > 16, there exists a
pair of (3,4, v)s having exactly k € {0, 1,..., [{-]} pairwise disjoint blocks in
common.

A Steiner quadruple system is a pair (V, B) where V is a finite set of size v
(called the order of the system) and B is a collection of 4-subsets of V' (called
blocks or quadruples) such that every 3-subset of V is contained in exactly one
block of B.

It is well-known [2] that an S(3,4, v) exists ifand only if v = 2,4 (mod 6).

The following intersection problem was posed by Micale [8]): Determine the set
Jo(v) of all integers k such that there exists a pair of S(3,4, v) s having exactly
k pairwise disjoint blocks in common.

Let Io(v) = {0,1,...,| 5]} (L] denotes the maximum integer < 7),v =
2,4 (mod 6). In [9] it is poved that Jo(v) = Iy(v) for every v = m- 2™ with
n>2andm=4,57;Jo(4) =1, Jo(8) = {0,2}, Jo(10) = {0} [4], and
{0,1,2} C Jo(14) c {0,1,2,3}.

The object of this note is to prove that Jo(v) = Ip(v) for every v = 4,8
(mod 12),v > 16.

The reader can see [9] for an up-to-date survey on Steiner systems intersecting
in a set with additional properties.

Let (V,B) be an S(3,4,v). We will denote by V' the finite set such that
z' € V'ifand only if z € V. Let B’ be the collection of blocks such that
{z',y',d',b'} € B’ ifand only if {z,y,6,b} € B. Let F = {R, F>,... ,F,1}
be a 1-factorization of the complete graph K, on the set V; also we will denote
by F' = {F|,F},... ,F._,} the 1-factorization on V' such that {z',y'} € F] if
and only if {z,y} € F,.

Let z be a fixed pointof V. Foreveryy € V,y # z, define F, = {{a,b}/{z, v,
a,b} € B} U{{z,y}}. Clearly F(V,B,z) = {Fy/y € V — {z}}isal-
factorization of V (called a Steiner 1-factorization [71).

We now describe two well-known constructions for quadruple systems.
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Construction A (e.g. see [6]). Let (X, A) and (X', B) be two 5(3,4,v)s. Let
F={R,R,...,F,_1}andG = {Gy,G,,... ,G,_, } beany two 1-factorizations
of X. Define a collection E of blocks on the set S = X U X', as follows:
(a1) Any block belonging to A or B belongs to E; and
(a2) ifz1,22 € X (71 # 22) and yy, 95 € X' (] 7 ¢5) then{z1,72,9],¥5)
€ Eif and only if {z1,z2} € F;and {y1,%5} € G;.
Obviously (S, F) isan S(3,4,2v). Wewilldenote (S, E) by [ XUX'1[ A, B,
F.G'1.
Construction B (see [1, 5]). Let (Q,C) be an §(3,4,v), and let & be a permu-
tation of Q. Define a collection D of blocks on the set P = Q U Q' as follows:
(b)) Foreveryblock {z,y,a,b} € C construct the following 8 blocks and place
them in the set D: {{z, y,a, (ba)'}, {z,y, (ac)’, b}, {z,(ya)’, a,b},
{(za)',y,0,b}, {',¢,d',ba"}, {z',¢, a0}, b}, {z', ya”, ', }'},
{za™!,¢,d',b'}}.
(b2) Foreveryz,y € Q,z # y,let{z,y,(za)’,(ya)'} € D. Denote (P, D)
(which is clearly an S(3,4,v)) by ((QU Q"),C,a).
Lemma 1. Foreveryu =2 or4 (mod 6) withu > 2, we have Ip(2u)\{u/2
-1} C Jo(2u).

Proof: Let (Q,C) be an S(3,4,u), let 1 be the identity permutation on Q, and
let i, be a permutation on @ with no fixed points and exactly n 2-cycles in its
disjoint cycle decomposition. The permutation is easily constructed for any

n€ {0,1,2,...,u/2}\{u/2 — 1}. Now the systems ((Q U Q'), C, 1), and
((QuUQ"), C,a,) intersect in precisely n mutually disjoint blocks, thus proving
the Lemma. |
Lemma 2. If there exists an S(3,4,v) with a subsystem of order u, and k €
Jo(2u) then{k,k+ (v—u)/2} C Jo(2v).

Proof: LetQ = {0,1,...,v—1}and P = {0,1,...,u — 1}. Consider the
two Steiner 1-factorizations F = F(Q,C,0) = {F,FA,...,F,1}and G =
F(P,A0) = {G1,G2,...,Gy-1}. Clearly G; C F;fori=1,2,...,u—1.
LetF; = Fop and G; = Gopp@= (12 ... u— 1D (vu+1 ... v=1).
Then (S, B1) = [QUQ'I[C,C',F,F]and (8, D) = ((QUQ"),S) contain
the sub-systems (R, F;) = [P U P'] [A,A",G,G'] and (R,D;) = ((P U
P"), A) respectively. If (R, B;) and (R, B) are two S(3,4,2u)s such that
k € Jo(2u), then (S,(Ey — Ez) U By) and (S,(D1 — Dy) U By) are two
8(3,4,2v) such that k € Jo(2v). To show that k + (v — u)/2 € Jo(2v), use
the permutationa=(23 ... u~D(vu+1 ... v-=1). [ |

Theorem. Jo(v) = Iy(v) forv=4,8 (mod 12),v > 16.

Proof: By Lemma 1 it only remains to show that v/4 — 1 € Jo(v) forallv =
4 or 8 (mod 12) with v > 16. Now, since there exists an $(3,4,v) with a
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subsystem of order 8 forall v = 2 or4 (mod 6) withv > 16 [3],and 3 €
Jo(16) [8] whave 3+ (v — 8)/2=2v/4 — 1 € Jo(2v) forallv = 2 or4
(mod 6) with v > 16. Micale’s results for v = 16, 20 and 28 complete the proof
of the theorem. [ ]
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