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L. Introduction
An nby nmatrix H = H(h;;) with all its entries h;; = +1 or —1 is called a
Hadamard matrix of order n if

HHT =ul,

where HT is the transpose of H.
In [4] by showing Hadamard's inequality:

|det A” < ﬁi: layl®

=1 j=1

for a complex matrix A = A(a;;) of order n, Hadamard showed that if a;;| < 1
fori,j=1,2,...,n then
|detA] < #2 .

The bound s attained ifand only if AA* = nl with|a;;| = 1,ford,j =1,2,... ,n
In particular, when all the entries of A are real, the bound is attained by A if and
only if A is a Hadamard matrix. There have since been many different proofs of
Hadamard’s inequality; see, for example, [1], (2], [3], [5], and [6].

The purpose of this paper is to present a different, simple and elementary
proof of Hadamard's determinant theorem by showing a weaker inequality:

1 n n n
det A* < (;§;|aijlz) :

Note that Hadamard’s inequality is not used here although it implies our inequality
by the geometric arithmetic mean inequality.

I1. Hadamard’s determinant theorem

Let A be a complex matrix of order n and let A* be the conjugate transpose of A.
A is called unitary if A*A = AA*=1.
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Theorem. (Hadamard’s Determinant Theorem) For any complex matrix H =
H(h;;) of ordern with complex entries |h;;| < 1 fori,j=1,2,...,n,

|det H| < n¥?,

and the equality holds if and only if HH* = nl with |hij| = 1, fori,j =
1,2,...,n

Proof: From the well-known result of matrix theory, since H H* is nonnegative
definite, there exists a unitary matrix U, such that

HH* = Udiag(o?,03,...,02)U* 6))

where o,-z ’s are the eigenvalues of H H*, and the sum of all the eigenvalues of
H H* is equal to the sum of all the diagonal entries of H H*, we have

n n n
Yoot = kil @
$=1 i=1 j=1
Since a geometric average is not greater than an arithmetic average, we have
n l n n
[Io<(>302) o)
i=1 i=1
and the equality holds if and only if 07 = 03 = ... = o2.
Thus, by (1), (2) and (3),
1 n n

=Tl < (E30) = B XS h) <.

i=1 i=1 =1 j=1

So
[det H| < n¥?
and equality holds if and only if 0 = 02 = ... = o2 and |h;;| = 1, fori,j =
1,2,...,n
But this condition implies by (2) that 0? = 02 = ...= 02 =n(ie. HH* =
nl)and |h;;} = 1,ford,j=1,2,... \n [ |
In particular, we have

Hadamard’s real determinant theorem. For any real matrix H = H(h;;) of
orderw with real entries |h;;| < 1 fori,j=1,2,...,n,

|det H| < 2,
and equality holds if and only if H is a Hadamard matrix.
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