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Abstract

If an edge-disjoint decomposition of a complete graph of order n
into copies of a 3-star (i.e., the graph K 3 on 4 vertices) is taken,
and if these 3-stars can be paired up in three distinct ways to form a
graph on 6 vertices consisting of a 4-cycle with two opposite pendant
edges, such that: (1) in each of the three pairings, there exists a meta-
morphosis into a 4-cycle system; (2) taking precisely those 4-cycles
formed from the two pendant edges from each pair of 3-stars, in each
of the three metamorphoses, we again have a 4-cycle system of the
complete graph, then this is called a complete set of metamorphoses
from paired 3-stars into 4-cycles.

‘We show that such a complete set of metamorphoses from paired
3-gtars into 4-cycles exists if and only if the order of the complete
graph is 1 or 9 (mod 24), and greater than 9.
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1 Introduction

A lot of work has been done on so-called metamorphoses problems, so let
us begin with some definitions to explain such things.

First, a G-design of order n is an edge-disjoint decomposition of a com-
plete graph K, into copies of a graph G. We shall also use certain edge-
disjoint decompositions of graphs other than complete graphs, such as some
bipartite graphs. A A-fold G-design of order n is an edge-disjoint decompo-
sition of the graph AK, (which has each pair of vertices joined by precisely
A edges), into copies of the graph G. The copies of G in the edge-disjoint
decomposition are frequently called blocks, using design-theoretic terminol-
ogy. We also use E(G) to denote the edges of the graph G.

Next, suppose that H is a (usually connected) proper subgraph of G,
and suppose we have a G-design of order n. If we can take each copy of
G (each block), retain a copy of the subgraph H from each block, and
rearrange all the edges in the collection {E(G) \ E(H)} for all blocks G in
the design, into further copies of H, then this is called a metamorphosis of
a G-design of order n into an H-design of the same order n.

Metamorphoses problems have been considered in many papers; see for
instance [1, 3, 4, 5, 6, 7, 8, 9, 11, 12].

Very recently two papers [2, 10] have dealt with “complete sets” of
metamorphoses. These require the graph G, having a metamorphosis into
a graph H, to consist of some pair of smaller graphs, and then an addi-
tional property which we describe below. We warn the reader that the
terminology “complete” is used in a different sense from that in [11], where
“complete” means that simultaneous metamorphoses are found into all pos-
sible subgroups of the kite graph G under consideration in that paper.
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Figure 1. Three “complete” metamorphoses problems.
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In Figure 1, case (1) indicates how pairs of triangles from a twofold triple
system have been used to obtain a metamorphosis into 4-cycles ([6); also [10]
for complete set); case (2) indicates how the 4-cycles in a twofold 4-cycle
system have been paired to give a metamorphosis into a twofold 6-cycle
system ([12}; also [2] for complete set); and in case (3), which we consider
here, we pair 3-stars together to yield a 4-cycle system of the same order,
and we find a “complete” set of metamorphoses. So we now describe what
is meant by a complete set of metamorphoses, with reference to the three
problems illustrated in Figure 1.

In [10)], (see case (1) in Fig. 1) three metamorphoses were found, say
(A), (B) and (C), using the same fized twofold triple system each time,
but paired in different ways, in such a way that the removed double edges
from the three metamorphoses (A), (B) and (C) together covered 2K, and
so formed a single twofold 4-cycle system. In [2], (see case (2) in Fig. 1)
four metamorphoses were found, using a fixed twofold 4-cycle system, by
pairing the 4-cycles in four different ways, so that the collection of 6-cycles
formed from the removed double edges in each of the four metamorphoses
together formed a twofold 6-cycle system.

Here we deal with case (3) of Fig. 1. For relevant orders n (dealt with
below), we take a fixed 3-star decomposition of K,; we pair up these 3-stars
as indicated in Fig. 1 (3), and take three such pairings and metamorphoses,
so that the collection of 4-cycles formed from the pendant edges which are
removed from the paired 3-stars, for the three metamorphoses, precisely
form a 4-cycle system of order n.

We now consider the necessary requirements on the order n for a com-
plete set of metamorphoses of paired 3-stars into 4-cycles to exist. The total
number of 3-stars must be divisible by 4 in order to have both a pairing of
the 3-stars and then an even number of these pairs, so that the pendant
edges number 0 (mod 4); thus these pendant edges have the potential to be
rearranged into 4-cycles. So we require the order n to satisfy n(n —1) =0
(mod 24). But for a 4-cycle system of order n to exist, we also require
n(n —1) = 0 (mod 8) and n odd. Therefore a necessary requirement for
our case (3) is that n = 1 or 9 (mod 24).

Although a metamorphosis of order 9 from paired 3-stars into a 4-cycle
system exists, exhaustive computer searches show that it is not possible to
find one 3-star decomposition of Ky which has three pairings giving three
metamorphoses into 4-cycle systems with the 4-cycles from the pendant
edges themselves forming a 4-cycle system of Ky. In other words, there is
no complete set of metamorphoses from a paired 3-star decomposition of
order 9 into a 4-cycle system of order 9.
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So in what follows we construct a complete set of three metamorphoses,
using one fixed 3-star decomposition of order n, from paired 3-stars into
4-cycle systems of order n, for all orders n =1 or 9 (mod 24), n > 9.

Henceforth we shall denote the 3-star with vertex set {a, b, ¢,d} and edge
set
{{a,b},{a,c},{a,d}} by (a : b,c,d). Moreover, the 4-cycle with vertex
set {a,b,c,d} and edge set {{a,b}, {b,¢},{c,d}, {a,d}} will be denoted by
(a,b,c,d) (or any cyclic shift of this).

In Section 2 we give some necessary examples; Section 3 gives the con-
structions for 1 and 9 (mod 24); we then conclude in Section 4 with the
main result and further questions.

2 Some necessary examples
‘We need the following four examples for the general construction.

Example 2.1 A complete set of metamorphoses of K.

We take the vertex set of Ky5 to be Zss. This example is illustrated in
Figure 2. The following four starter stars (mod 25) form a 3-star system of
order 25; this will be our fixed 3-star system.

(0:1,2,4), (0:3,5,6), (0:7,8,10), (0:9,11,12).

Using this 3-star system, we form three pairings, (A), (B) and (C), and for
each, we give a metamorphosis into a 4-cycle system, as follows.

Metamorphosis (A):
Pair {0 : 1,2,4) with (18 : 2,4, 5); also pair (0 : 3,5,6) with (20 : 3,5,2)
(mod 25). The pendant edges here are {0,1}, {18, 5}, {0, 6}, {20, 2}, using
differences 1, 12, 6, 7. These form a starter 4-cycle (0,1,13,6), giving
the metamorphosis with the remaining 4-cycles from the paired 3-stars,
(0,2,18,4) and (0, 3,20, 5) (mod 25).

Metamorphosis (B):
Pair (0 : 1,2,4) with (23 : 1,4, 3); also pair (0 : 8,7,10) with (23 : 7,10,9)
(mod 25). The pendant edges here are {0,2}, {23,3}, {0, 8}, {23, 9}, using
differences 2, 5, 8, 11. These form a starter 4-cycle (0,11, 3,5), giving
the metamorphosis with the remaining 4-cycles from the paired 3-stars,
(0,1,23,4) and (0,7,23,10) (mod 25).



2 pendant edges:
(A) 0 1
1 0 18 5 0 20 2

6 13
4 S

(B) ! 7 0 11

) 0 23 3 8 23 9
5 3
4 10

© N 7 )

4 0 21 24 10 0 21 5
2 ] M 1

Figure 2. A complete set of metamorphoses of order 25, working mod 25.

Metamorphosis (C):
Pair {0 : 4,1,2) with (21 : 1,2, 24); also pair (0 : 10,7,8) with (21 : 7,8, 5)
(mod 25). The pendant edges here are {0, 4}, {21, 24}, {0, 10}, {21, 5}, using
differences 3, 4, 9, 10. These form a starter 4-cycle (0,10, 1,4), giving
the metamorphosis with the remaining 4-cycles from the paired 3-stars,
(0,1,21,2) and (0,7,21,8) (mod 25).

Note that the pendant edges themselves, from all three metamorphoses,
form a 4-cycle system of order 25. ]

Example 2.2 A complete set of metamorphoses of K33.

Let the vertex set of K33 be {01,11,...,10;}U{02,12,...,10:}U{03, 13,
...,103}. Working modulo 11, we have sixteen starter 3-stars:

(03:01,92,13), (91:71,92,13), (22:01,31,72), (43:104,3;,72),
(101 :Oh 22173)) (32 :811 221 73)) (22 : 11:62153)$ (42 : 101, 627 53):
(73 : 01)811 02)’ (41 : 113813 02)7 (61 : 011 1027 13)1 (43 H 21) 1021 13):
(82:0,,02,83), (63:21,02,83), (93:01,43,53), (62 :8;,4s,53).

These are paired in three different ways, for three metamorphoses, as
follows:



Metamorphosis (A):

Take the above sixteen starters and pair them with respect to the last
pair of vertices in each 3-star. The sixteen pendant edges form four starter
4-cycles (mod 11) as follows:

(017 12:31: 52)’ (01: 62, 91) 03)’ (011 53: 117 21)7 (01, 733 91’ 31)'

Metamorphosis (B):
Take the sixteen starters below and pair them with respect to the last pair
of vertices in each 3-star.

(23 :33,21,02), (63:83,21,02), (21:22,01,53), (93:43,01,53),
(22:31,01,72), (52:63,01,72), (73:61,21,102), {(45:13,21,102),
(101 : 2,01,73), (92:83,01,73), (72:03,11,62), (22:853,11,62),
(73 :81,01,02), (82:83,01,02), (41:81,11,02), (71:23,1;,02).

The sixteen pendant edges form four starter 4-cycles (mod 11) as follows:

(01,441,32,63), (11,12, 53,03), (01, 32,43, 13), (02, 03, 93, 103).

Metamorphosis (C):
Take the sixteen starters below and pair them with respect to the last pair
of vertices in each 3-star.

(03 : 92,01,13), (61:105,01,13), (21:53,01,22), (101 :73,04,22),
(22 :72,01,31), (103:32,01,31), (43:72,101,31), (61:2;,104,3,),
(82 :72,21,13), {(43:102,21,13), (22:62,11,53), (103:63,1;,353),
(72:92,21,83), (63:02,21,83), (82:02,01,83), (92:73,0;,83).

The sixteen pendant edges form four starter 4-cycles (mod 11) as follows:

(01’423 021 83)’ (01, 727 821 33)7 (023 22) 03v 73)7 (02) 321 83, 62)-

Example 2.3 A complete set of metamorphoses of Ky 12.

We take the vertex set of K12,12 to be {01, 1,..., 111}U{02, 1o,..., 112}.
Working modulo 12, we have four starter 3-stars:

(01 : 02,12,32), (01 : 22,42, 52), {01 :62,72,92), (0 :82,102,115).
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These are paired in three different ways, for three metamorphoses, as fol-
lows:

Metamorphosis (A):
Pair (01 M 12,32,02) with (51 : 12,32,42); and pa.u' (01 : 22,42,52) with
{71 : 22,42,12). The four pendant edges form a starter 4-cycle (mod 12) as
follows: (01, 0z, 61, 112).

Metamorphosis (B):
Pair (01 : 02,32,12) with (101 : 00,32, 22); and pair (01 : 62,92,72) with
(10, : 62,92, 82). The four pendant edges form a starter 4-cycle (mod 12)
as follows: (01,12,61,42).

Metamorphosis (C):
Pair (01 : 02,12,32) with (81 : 0g, 12,102); and pair (01 : 62,72,92) with
(81 : 62,72,42). The four pendant edges form a starter 4-cycle (mod 12) as
follows: (01 N 32, 61 N 22).

Note that the 4-cycles from the pendant edges from all three metamor-
phoses themselves form a 4-cycle decomposition of Kz 12. O

Example 2.4 A complete set of metamorphoses of Kg 12.

Let the vertex set of Kg 12 be {i; |0<¢<3, j=1,2}U{i;|0<i<3,
j = 3,4,5}. Working modulo 4, we have eight starter 3-stars:

(12:03,05,14), (22:04,05,14), (02:03,13,05), (32 :04,13,05),
{01 :13,35,24), (11:14,35,24), (31:13,23,35), (21:14,23,3s5).

These are paired in three different ways, for three metamorphoses, as
follows:

Metamorphosis (A):
Take the sixteen starters above and pair them with respect to the last pair
of vertices in each 3-star. The eight pendant edges form the following two

starter 4-cycles (mod 4).

(01: 13: 31734)1 (02’ 33: 32’ 14)'
Metamorphosis (B):

Take the sixteen starters below and pair them with respect to the last pair
of vertices in each 3-star.

(1‘2 : 143 03) 05)7 (02 : 131 03: 05)7 (22 : 14; 047 05)) (32 : 13704205>7
{01:24,13,35), (31:23,13,35), {l1:24,14,35), (21:23,14,3s).
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The eight pendant edges form the following two starter 4-cycles (mod 4).

(01’ 03: 117 24)) (02: 131 32’34)-

Metamorphosis (C):
Take the sixteen starters below and pair them with respect to the last pair
of vertices in each 3-star.

(22 :15,13,24), (01:35,13,24), (32:15,14,2¢), (11:35,14,24),
(12 : 15,13,23), (31 : 3s, 13,23), (02 : 15,14,23), (21 :35,14,23).

The eight pendant edges form the following two starter 4-cycles (mod 4).

(04,0s5,14, 25), (02, 05, 22, 15).

3 The construction

3.1 The case of order 1 (mod 24)

Let the vertex set of Kagz41 be {00} U{(4,7) |1 <i< 22, 1 <5 <12}

On each set {oo} U {(2i — 1,5),(24,5) | 1 < j < 12}, for each ¢ with
1 < ¢ € z, we place a copy of a complete set of metamorphoses of order 25
(see Example 2.1).

Then on each set {(41,7) | 1 < j € 12} U {(i2,4) | 1 € 7 < 12} (for
all 4(3) pairs i; # iz with {i1,32} # {2k — 1,2k} for any k) we place a
complete set of metamorphoses of K212 (see Example 2.3). This completes
the construction for order 1 (mod 24).

8.2 The case of order 9 (mod 24)
Now let the vertex set of Kayz49 be
{0} U{a1,az,...,88} U{(3,5) | 1 < i < 2z, 1< j <12}

On the set {0} U {a1,0a2,...,e3} U {(3,5) |1 = 1,2, 1 < j < 12}, we take
a complete set of metamorphoses of K33 (see Example 2.2).

Then on each set {oo}U{(2i —1,7),(2¢,7) | 1 € j < 12}, for each i with
2 < i € =, we place a copy of a complete set of metamorphoses of order 25
(see Example 2.1).



Next, we use copies of Example 2.3 for each set {(i1,7) | 1 < j €12} U
{(i2,3) | 1 < j < 12} (for all 4(5) pairs &1 # iz with {ir, iz} # {2k — 1,2k}
for any k).

Finally, we use copies of Example 2.4 on the vertex sets

{alaa2"":08}u{(i’j) I 1 <J g 12}

for each 7 with 3 €1 £ 2z.
This completes the case of order 9 (mod 24), greater than 9.

4 Concluding comments
We have now shown the following.

THEOREM 4.1 There exists a 3-star decomposition of K, such that
there are three different pairings of the stars yielding metamorphoses into
4-cycles, with the 4-cycles from the pendant edges in all of these three pair-
ings together forming a 4-cycle system of K, if and only if n =1 or 9
(mod 24), n > 9.

The reader may like to consider other ways of pairing two 3-stars to
form a graph containing a 4-cycle subgraph. There are two such graphs on
5 vertices, and one (with index 2, that is, repeated edges allowed) having 4
vertices. The problem of finding a complete set of metamorphoses in these
cases is currently being investigated.
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