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Abstract

Figueroa-centeno, Ichishima and Muntaner-Batle [3, 4] proved
some results on felicitous graph and raised the following conjectures:

(i) The one point union of m copies of C, is felicitous if and only
if mn = 2(mod 4).
(ii) mC, is felicitous if and only if mn # 2(mod 4).
In this paper, the conjectures are partially settled by proving the
following results.

1. For any odd positive integers m and n the one-point union of
m copies of C,, is felicitous if mn =1, 3.

2. For any positive integer m, the one-point union of m copies of
Cy is felicitous.

3. For any two odd positive integers m and n, mC,, is felicitous if
mn = 1,3(mod 4).

4. For any positive integer m, mCj is felicitous.
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1 Introduction

In 1967, Rosa [5] introduced the concept of labeling in graph theory. There-
after, many authors introduced families of graphs such as magic, graceful,
harmonious, felicitous etc. Labelled graphs serve as useful models for broad
range of applications such as coding theory, X-ray, crystallography, radar,
astronomy, circuit design and communication addressing refer [1, 2] for de-
tails.

By G(p, q), we mean a graph G having p vertices and q edges. Let V(G)
and E(G) denote respectively the vertex set and the edge set of G.

In this paper, aided by the use of certain number theoretic properties,
we have partially settled the conjecture raised by Figueroa-centeno et al.[5].
We need the following definition.

Definition 1.1. Lee, Schmeichel and Shee [6] An injective function f from
the vertices of a graph G with q edges to the set {0,1,2,...,q} is called
felicitous if the edge labels induced by (f(z) + f(y))(mod q) for each edge
xy, are distinct.

2 Main Results
In this section, we partially prove the conjecture raised by Figueroa-centeno
3, 4].

Result 2.1. For any odd positive integers m and n, the one point union
of m copies of C,, 1s felicitous if mn = 1,3(mod 4).

Proof. Let G be the one-point union of m copies of cycles of length n where
m and n are both odd. Let V(G) = (V) = V; for all j}u{V? :1 <
iSn-11<j< m} be the vertices of G and E(G) = {VOVI(’) 11<5<
mU{VOVY) i 2<i<n-21<i<m}u{VPV,:1<j<m} bethe
edges of G.
Define an injection f: V(G) — {0,1,2,3,...,mn} as follows:
F(Ve) =1 |
fV) =it+14n(G-1):1<i<n-1,1<j<m

F(Vo) + F(V?) =3+ n(j —1)(mod mn) : 1< j <m
FVO) + f(V) =2i+3+2n(j —1)(mod mn) : 1<i<n—-2,1<5<m

FVE) + F(Vo) = nj + 1(mod mn) : 1 < j < m.

We verify that the edge labels are distinct and (f(z)+f(y)) € {0,1,2,3,...,
(mn—1)} for every edge zy € E(G) and hence f is a felicitous labeling. O
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Result 2.2. For any positive integer m, the one point union of m copies
of Cy 1s felicitous.

Proof. Let G be the one point union of m copies of cycles of length 4. Let
V(G) = {V? : Vy : for all jJU{V® :1<i<3,1<j<m}bethe
vertices of G and let E(G) = {Von(j) :1<j<m}u {V;(’)V,Sfi 1<i<
2,1<35 sm}U{V;j)% :1 < j < m} be the edges of G.
Define an injection f: V(G) — {0,1,2,...,4m} as follows:
f(vo) =
fVi)=j:1<5<m
FVEY =3m+1-2j:1<j<m
fVP) =3m+j:1<i<m
fVo) +f(V) =j:1<j<m
FOA) + £(V7) = 8m +1 - j(mod 4m) : 1 < j < m
FOV) + £(V)) = 6m+1~ j(mod 4m) : 1< j S m
FVP) + £(Vo) = 3m + j(mod 4m) : 1 < j < m.

We verify that the edge labels are distinct and (f(z)+ f(y)) € {0,1,2,3...,
(4m+1)} for every edge zy € E(G) and hence f is a felicitous labeling. O

Remark 2.8. Result 2.2 proves a particular case of the conjecture given
in [3] by R. Figueroa-Centeno et al., for any value of m withn = 4.

Result 2.4. For any two odd positive integers m and n, mC,, is felicitous
if mn = 1,3(mod 4).
Proof. Let G = mC,, be the m disjoint copies of C;,.

Let V(G) = {v(j) 1 <i<n,1<j<m} be the vertices of G and let
EG) = {9 i1<i<n-1,1<i<m}u v :1<j<m)be
the edges of G Let G = mC,, where m and n are odd.

Define an injection f: V(G) — {0,1,2,3,...,mn} as follows.
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(j ifi=land1<j<m

Sm-j+2 ifi=2,n=3,1<j<mandjis odd.
6—'”-—‘iﬁ'—2 ifi=2,n=3,1<j<mand j is even.
dm—gil ifi=3,n=23,1<j<mandjis odd.
dm-gtl ifi=3,n=23,1<j<mand jis even.
1("—""}'-& if2<i<n-3,n>3,iiseven,

1< j<mandjisodd.
" mgn+i+212—j+2 if2<i<n-3,n>3,iiseven,
floi”) = o
1< j <mand j is even.
mgi+12)—j+1 if3<i<n-2,n>3,iisodd,
1< j<mandjis odd.
mi=j+1 if3<i<n-—2,n>3,iisodd,

1< j<mandj is even.

mi+j fi=n-1,n>3and1<j<m
mizj+2 ifi=n,n>3,1<j<mandjis odd.
\ ﬂf—"’—l%;& ifi=n,n>3,1<j<mand jiseven.
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FWI)+f(v

)
i1

)= 4

—m+j+2
2
it2
2
m(n+2)+i+2
2
m(n+3)+35+2
2

3m—2j43
2

m§n+2i+22—2j+3
2

m(—n+2i+2)—2543
2

m(i-1)+j+1
2

m(i—2)+j+1
2

ifi=1,n=3,m2=5,
1<j<m-—4
and j is odd

ifi=1,n=3m=1

and j=1
ifi=1,n=3,m?2>3,

m —2 < j <mand j is odd.

ifi=1l,n=3m23,1<j<m
and j is even.

ifi=1,n>3,1<j<m
and j is odd.

fi=1ln>31l<j<m
and j is even.
fi=2,n=3,1<7<m.
(if2<i<zz®, n29,j=1
andm=1

) if2<i<23%, n>3and
1<j< g

if2<i<zzl, n>3and

L ZE<j<m

((if 272 <i<n-3, n>5j=1
andm=1

4 if 5583 <i<n-3, n>5and
1<js s

z'f-"—;—l-<i5n—3, n>5 and
mb<js<m

\
fi=n—2,n>3,iis odd,
1< j <mand jis odd.

fi=n-2,n>3,iis odd,
1< j<mandjis even.

fi=n—-1,n>3,1<j<m
and j is odd.

fi=n—-1,n>3,1<j<m
and j is even.



( =2miitl  jfp=3m=1andj=1
il n g mAll<i<m
and j is odd.
f(vg))+f(v§j))=< 3—"‘—",;,-7i1- ifn=3,1<j<mand jis even.
'"—"'-*'511*'—2 ifn>3,1<j<mandjisodd.
| ﬂﬁﬁlz)""_'*'z ifn>3,1<j<mand jis even.

It is easy to verify that the edge labels are distinct and f(z) + f(y) €
{0,1,2,3,...,(mn—1)} for every edge zy € E(G) and hence f is a felicitous
labeling. ]

Result 2.5. For any positive integer m, mCy is felicitous.

Proof. Let G = mCy be the m disjoint copies of cycles of length 4.

Let V(G) = {vt(j) :1<1i<4,1< j<m} be the vertices of G and let
EG) = {v,(j)vg_)l :11<i<3,1Lj5<m}uU {vgj)vﬁj)} be the edges of G.
Let G = mC4 where m is any positive integer.

Define an injection f : V(G) — {0,1,2,...,4m} as follows.

Fd) = mi-1)4+j—-1 if1<i<3and1<j<m
TS 3m+j ifi=4and1<j<m.

[ m+25-2 ifl<j<mandi=1

( iflSjsﬂ;—l m is odd

and i =2

Im+25-2 {
if1<j<% m is even
andt =2

FP)+ f0E)) =4

(ifﬂéﬂ<j$m m is odd

and ¢t =2
—-m 425 —2 {
if3<ji<m m is even
| and i =2
L m+25-1 ifl<j<mandi=3
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' (if1<i<mt m>3
and m is odd.
3Im+2j-1 ) o
if1<j<% m22
\ and m is even.
) ) . .
FOP)+F) = ifm=1 j=1
if2l<j<m m>3
-m+2j—-1 9 and m is odd
ifR<j<m m>2
. and m is even

\
It is easy to verify that the edge labels are distinct and f(z) + f(y) €
{0,1,2,3, ...,(4m — 1)} for every edge zy € E(G), Hence f is a felicitous
labeling,. m|

Remark 2.8. Result 2.5 proves a particular case of the conjecture given
in [4] by R. Figueroa-Centeno et al., for any value of m with n = 4.
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