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Abstract

The purpose of this note is to give two binomial sums with
generalized Fibonacci sequences. These results generalize two
binomial sums by Kilic and Ionascu in The Fibonacci Quar-
terly, 48.2(2010), 161-167.
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1 Introduction

Let p be a nonzero real number. The generalized Fibonacci and

Lucas numbers are defined by

Un+2 = pUn+l + Un7 UO = 0, Ul = 17 (1)
Vn+2 = p‘/n+l + Vm ‘/0 = 2, Ul =D (2)

JCMCC 81 (2012), pp. 121-127



respectively. If o = (p + \/m) /2 and B = (p - \/zm) /2,

then the Binet’s formulas are that

(@ -g%), Va=a"+p" @)

1
RET
Forp =1, {U,} and {V,,} are the well-known Fibonacci numbers

F, and Lucas numbers L, respectively.

In [1], the following sums were obtained.

£ (or)?

{ +4 BT (2r)22n—2 + Z 1( 1)1(n+1) (21-) V2") . if r even;
(p? +4)""E (=1, if ™ odd;
and
n
i—o\nt k

_ (%ﬂﬂ+?“€ﬂ+2”(UW%W% if  even;
= {2” ) 4 P + 4P (T (D CIURY s f 7 odd.

The purpose of this note is to extend these sums. We obtain that

Theorem 1.1 Let m, r and k be positive integers. Then
[ 2n )
Z U2rk
k=0 (n +k ™
f ipz-}-45r {(2:)22“_1 + Zf:& ( 1)1+1.mn (2T) (’I‘—t)}
if r even;

_ Gﬁf { 2r) 92n—1 4 ) —1( 1): (21') (r-z)}

if r odd and m even;

(3 + 4~ iA=L U
if r odd and m odd.

(4)
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Theorem 1.2 Let m, r and k be positive integers. Then

L 2n
V2r
2 (v
(P ()2 TV,

if r even;

|G T o e YV
if r odd and m even;

(22t + (0 + " T (-1 (U,
if v odd and m odd.

(5)
2 The proof of the results

Let m be a positive integer. From (3) we have

a™ = 5 , M= 5 . (6)

’

2

U =L {(Vm + \/mvm)"_ (Vm— \/;g?ﬂum)"}

(Vm+ \/mvm)" N (Vm - \/EfT-ZUm)”
2 2 '

Define the function f(n,a) of a € C\ {0} and n €N by

fma) =3 (,fj_" k) (@ +a7*), ™

k=0

Kilic and Ionascu [1] obtained that

Frn0) = (a+ 1"+ (2:) ®
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From

(-1 =23 -1y (i’") + (1) (2[)

i=0
r—-1
1+ =23 (27) + (2T),
i=0 t r
we have
r—1
(2 2
230 (F) + (¥ = ®
i=0
=1 /o 2r
> )+< )=22'. (10)
=\ r
Let
A _Vm+VP + 4Up, B _Vm"Vp +4Un,
m = 2 b] m = 2 .
Then
AL + Bl = Vi, (11)
A7, — By, = 1/p? + 4Upns, (12)
and
AmBp = (-1)™. (13)

The proof of Theorem 1.1: We have
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o \ntk

n
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O G [ ()

+Z( 1)z+1mn< ) (Ar-z+( l)mrBr_,) "}

i=0

Fraa { N2 + i (-1)iHmn (VI Y,

ifr even,

= ey {-(2:)22"'1 + iz (DI m(r—t)}
ifr odd and m even,;

(p2 + 4)n—r ::(}( 1)1.+m(27') m(r—z)’

\ if r odd and m odd,

¢

where (A) follows from (12), (B) from (13), (C) from(7), (D) from
(10). D

The proof of Theorem 1.2: We have
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- 2r 1 im 42(r—i) 2n (2"')]
+Z( ){( i gz (ST AR DT

=0

- (= 1;"'"1( )(( l)mr+1)2n+2( )( 1)1mn

i=0

et 2 [ E()
i=0

rmn r-1
(D) ( 1) ( )(( l)mr + 1)2n + z (z )(_l)imn

= 2 i=0

X(A:n—i + (_l)mrB;'n—i)2n + (2?’&) 22r—1

()Pt (2t 4 DA VIR
if r even;
Cznt + (214 T GOV,
) f T odd and m even;
(2")221'—1 + (p + 4)n 21—0( 1)"‘ (2r) (r—;)’
if r odd and m odd,

where (A) follows from (11), (B) from (13), (C) from(7), (D) from
(9). ]
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