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Abstract Let G(V, E) be a simple graph, and let f be an integer function
defined on V with 1 < f(v) < d(v) to each vertex v € V. An f-edge
covered colouring is an edge colouring C such that each colour appears at
each vertex v at least f(v) times. The maximum number of colours needed
to f-edge covered colour G is called the f-edge covered chromatic index
of G and denoted by x}c(G). Any simple graph G has an f-edge covered
chromatic index equal to d; or §; — 1, where §; = min {L%J 1v € V(G)}.
Let G be a connected and not complete graph with x;, = &y — 1. If for
each u,v € V and e = uwv € E, we have x}c(G +e) > x}c(G), then G
is called an f-edge covered critical graph. In this paper, some properties
on f-edge covered critical graph are discussed. It is proved that if G is an
f-edge covered critical graph, then for each u,v € V and e = uv ¢ E there
exists w € {u,v} with d(w) < 67(f(w) + 1) — 2 such that w is adjacent to
at least max {d(w)— &y f(w) +1, (f(w) +2)d(w) — 67 (f(w) +1)% + f(w) +3}
vertices which are all d;-vertices in G.
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1 Introduction

Our terminologies and notations will be standard. The reader is referred to
(1] for the undefined terms. Graphs in this paper are simple and connected,
unless otherwise stated, i.e., they have no loops or multiple edges. We
use V(G) and E(G) to denote the vertex set and the edge set of a graph
G, respectively. Let Ng(v) denote the neighborhood of v and let d(v) =
| Ng(v)] be the degree of v in G. Let f be a positive integer function defined
on V(G) such that 1 < f(v) < d(v) for any v € V. A k-edge coloring C of
a graph G is an assignment of k colours, {1,2,---,k}, to the edges of G.
The colouring C is proper if no two adjacent edges have the same colour.
Unless otherwise stated, the edge colouring of graphs in this paper are not
necessarily proper. An f-edge covered colouring is an edge colouring C
such that each colour appears at each vertex v at least f(v) times. The
maximum number of colours needed to f-edge covered colour G is called
the f-edge covered chromatic indez of G and denoted by xfc(G) In our
daily life many problems on optimization and network design, e.g., coding
design, building blocks, the file transfer problem on computer networks,
schedule problems and so on [6], are related to the f-edge cover colouring
which is firstly presented by Song and Liu [7].

Let
‘Sf = rmn{|_f( )J v E V(G)}v

in which [1&%] is the largest integer not greater than %% Since d(v) >

f(v)xfc(G), xfc(G) < 6f If G is a multigraph and u,v € V(G), let E(uv)
be the set of edges joining 4 and v in G. The multiplicity p(uv) of edge
uv is the size of E(uv). Set p(v) = max{u(wv) : u,v € V(G)}, u(G) =
max{u(v) : v € V(G)}, which are respectively called the multiplicity of a
vertex v and the multiplicity of graph G. Song and Liu studied the bound
of f-edge cover chromatic index of multigraphs and obtained the following
result (7). If there is no confusion, we use V, E, N(v) and &y instead of
V(G), E(G), Ng(v) and §¢(G).

Theorem 1.1. [7] Let G be a multigraph. Let f(v), d(v), and &; be defined
as earlier. Then

{I.d(vf(v) (U)J < Xfc(G) < 6f

ueV

When G is a simple graph, we have yu(v) =1 for each v € V. Therefore
the following corollary holds.



Corollary 1.2. Let G be a graph. Let f(v), d(v), and 6 be defined as
earlier. Then

5—1<mn{| %011 <y @) <6,

veV f(v)

Clearly, the f-edge cover colouring is trivial if 6 = 1. So, in the
following we can suppose that §; > 2. From the above corollary, we can
see that the f-edge cover chromatic index of any graph G 6; > 2 must be
equal to dy or s — 1. This immediately gives us a simple way of classifying
graphs into two types according to x}c(G). More precisely, we say that G
is of f.-class 1 if x;,(G) = &7, and that G is of fo-class 2 if X;,(G) = ;1.
In general, the problem of determining the f-edge cover chromatic index
of graphs is NP-hard because deciding edge covering chromatic index of
graphs is NP-complete [10], which is the special case of our general edge
covering problem.

If f(v) = 1 for any v € V(G), then the f-edge cover colouring prob-
lem reduces to the classical edge covering colouring of G which is an edge
colouring such that the edges assigned the same colour formed an edge
cover of G. The edge cover chromatic index x.(G) of G is the maximum
size of a partition of E{(G) into edge covers of G. By Corollary 1.2,

§-1<x:(G) <4,
which is also an important result of Gupta [2].

Let G be a connected and not complete graph with x'f,_.(G) =§;(G)-1.

If for any u,v € Vande=uw ¢ E, x}c(G+ e) = d;(G), then G is called
an f-edge covered critical graph. e = uv € E is called a critical edge of G.

We call v a d;-vertez if d(v) = d¢f(v). In [11], Wang, et. al. stud-
ied some properties on the f-edge covered critical graph and obtained the

following result.

Theorem 1.3. Let G be an f-edge covered critical graph. Then for each
u,v €V and e = uwv ¢ E, there exists w € {u,v} with d(w) < §¢(f(w) +
1) — 2 such that w is adjacent to at least d(w) — 6y f(w) + 1 vertices which
are all 67-vertez in G.

If f(v) = 1 for all v € V, then the ds-vertex is the vertex with minimum
degree §. Song and Liu [8] studied the properties of edge covered critical
graph and gave a result which can also be obtained by Theorem 1.3.



Corollary 1.4. Let G be an edge covered critical graph. Then for each
u,v €V and e = uv € E, there erists w € {u,v} with d(w) < 26 — 2 such
that w is adjacent to at least d(w) — & + 1 vertices of degree § in G.

In this paper, we also studied some properties on the f-edge covered
critical graph. The following theorem is our main result.

Theorem 1.5. Let G be an f-edge covered critical graph. Then for each
u,v € V ande =uv ¢ E, there existsw € {u,v} withd(w) < d7(f(w)+1)—
2 such that w is adjacent to at least (f(w)+2)d(w)—8;(f(w)+1)%+ f(w)+3
vertices which are all §¢-vertez in G.

The following result obtained by Song and Liu [8] can be easily obtained
by Theorem 1.5.

Corollary 1.6. Let G be an edge covered critical graph. Then for each
u,v €V and e = uwv € E, there ezists w € u,v with d(w) < 26 — 2 such
that w is adjacent to at least 3d(w) — 40 + 4 vertices of degree § in G.

By Theorem 1.3 and Theorem 1.5, we have the following corollary.

Corollary 1.7. Let G be an edge covered critical graph. Then for each
u,v €V and e = uwv € E, there ezxists w € u,v with d(w) < 26 — 2 such
that w is adjacent to at least mazr {d(w) — 0z f(w) + 1, (f(w) + 2)d(w) —
87 (f(w) + 1) + f(w) + 3} vertices of degree 6 in G.

2 Definitions and preliminary results

Given a k-edge colouring C of a graph G, we shall denote by c¢;(v) the
number of colour ¢ represented at v. For anyv € V and 1 <i <k, let

k
0i(v) = max{0, f(v) - i(v)}, o(v) = Y ou(v).
i=1

For any v € V and 1 < i < k, if ¢;(v) > f(v), ¢ is called an u-proper
colour of v, and each edge coloured i incident v is called an u-proper edge of
v. Correspondingly, f-proper colour of v and f-proper edge of v are defined
when c;(v) = f(v), l-proper colour of v and l-proper edge of v are defined
when ¢;(v) < f(v). Clearly, C is an f-edge cover colouring of G if and
only if g(v) = 0 for all vertex v € V. Let G be an f-edge covered critical
graph. Then for each u,v € V and e = uv ¢ E there exists an f-edge cover
colouring of G + e with &y colours. Restricting this colouring to G, we get
a §s-edge colouring C of G which satisfies:



(1) o(z) =0, for all z € V — {u, v}.
(2) o(w)=1loro(w) =1.

Let C be a k-edge colouring of G and ¢ = Zyeyo(v). If we can recolour
the edges of G with k colours and get a new colouring C’ of G such that
o' < o, we say that C’ is an improved colouring of G. If C can not be
improved, we call C a good colouring of G. Clearly, for an f-edge covered
critical graph G and a critical edge e = uv ¢ E, there must be a good
colouring of G with &5 colours satisfies (1) and (2).

Let C be an edge colouring of a graph G, and let a and 8 be two of the
used colours. Let G(v; 8, &) be the component containing v of the subgraph
of G induced by the edges coloured a and 8. A (B, o) exchange chain L of
G is a sequence (vg,€1,v1, €2, ", Ur—1, €r, Ur) Of vertices and edges of G in
which

(a) For 1 < i < r, the vertices v;—; and »; are distinct and both incident
with the edge e;,

(b) The edges are all distinct and are coloured alternately by « and 3,

(¢) e is coloured by a and o(wvp) > B(vp). Similarly, let v denote the
colour of e. and 7 denote the other colour of {e, 3}. Then ¥(v,.) >
F(vr).

A (B,a) exchange chain L is called minimal if there does not exist
a.nother (B, @) exchange chain L’ which is starting at the same vertex as L
and L' c L.

A connected graph G is called Eulerian if each vertex of G has even
degree. Let E(i) = {e € E : C(e) = i}. A subgraph H of G is called
an obstruction (about C), if H = G(vo; §,a) is Eulerian, |E(H)| is odd,
a(z) = B(z) = f(x) for all z € V(H) — {v} and a(v) = B(v) +2 = f(v)+1.
We shall use the following lemma which can be found in {11].

Lemma 2.1. Let C be a given good colouring of an f-edge covered critical
graph G with §; colours, and a critical edge e = wv ¢ E. If w € {u,v},
o(w) =1, a(w) > f(w) and f(w) < f(w), then H = G(w;,fB) is an
obstruction and d(w) < 6¢(f(w)+1)-2.

3 The Proof of Theorem 1.5

In this section, we will prove Theorem 1.5. Let v € V(G) and Ny(w) =
{w}U{y € V(G) : yw € E(G), yw is coloured by an u-proper colour of w}.
Firstly, we give two important lemmas.



Lemma 3.1. Let C be a given good colouring of an f-edge covered critical
graph G with 6y colours, and a critical edge e = wv € E. If w € {u,v}
such that o(w) = 1, then for any two vertices uy,up € Ng(w), the u-proper
colours of uy and the u-proper colours of us are all different and all the
u-proper colours of each verter in Ng(w) — {w} are the f-proper colours of
w.

Proof. Since G is an f-edge covered critical graph, there is a good colouring
C of G with §¢ colours and for each e = uv € E there exists w € {u,v},
o(w) = 1. Without loss of generality, suppose that w = u, so we suppose
a(u) < f(u).

If z € N4(w) and a is an u-proper colour of z, then = # « and 8 = c(uz)
is an u-proper colour of u. Let H = G(u;, (). Then H contains z, and
a(r) > f(z), contradicting to Lemma 2.1. So all the u-proper colours of
each vertex in Ny(w) are the u-proper colours or f-proper colours of w.

Let u1,u2 € Ng(u), ui # ug, v is one of the common u-proper colours
of u; and uz. There are three cases.

Case 1. u € {u;,u}, Without loss of generality, we set u = u), 8 =
c(uug). If B = v, it is clearly that 8 is a common u-proper colour of u
and uz. Recolour uuy with «, then a(u) > f(u), B(u) > f(u) and for any
v € V — {u}, o(v) is not changed, a contradiction. If 8 # v, then S is a
l-proper colour of ua. In G — uuz, choose a minimal (8, v) exchange chain
L starting at us. L must be in one of the following three cases.

(1) L does not stop at uz or u.
(2) L stops at u.
(3) L stops at up with an edge coloured by 7.

We first exchange the two colours on L. If one of the cases (1) and (2)
happens, recolour uuy by a, so we can get an improved colouring, a con-
tradiction. When (3) happens, recolour vuz be <, then y(u) > f(u) + 2
and a(u) < f(u) — 1. Thus the new G(u;7,a) is not an obstruction, a
contradiction.

Case 2. u ¢ {u1,u2}, and e(uu;) = c(uuz) = B. By the analysis of Case
1, 4 is not one of the u-proper colours of u. Choose two minimal ()
exchange chain starting at u; and ug, respectively. If they both stop with
an edge coloured by v at u; and ug, respectively, then go on the choices
by the edges coloured by « incident with u; and uz. Since of(u) < f(u)
and y(u) = f(u), there exists a (a,7) exchange chain doesn’t stop at u.
Suppose that (a,v) exchange chain L; starting at u; doesn’t stop at u.



It is clearly that L, doesn’t stop at u; and doesn’t contain u. We first
exchange the two colours on Ly, so a is an u-proper colour of u; and uu;
is an u-proper edge of u in the new colouring. So the new colouring we
obtained is a good colouring. Let H = G(u;,). Then H contains u;
and a(u;) > f(u1) + 1. By Lemma 2.1, G(u; o, 8) is not an obstruction, a
contradiction.

Case 3. u & {u1,u2}, and By = c(uu;) # c(uuy) = B2. With the analysis
above, v # (1,02 and the minimal (f;,7) exchange chain L; must stop
at u; with an edge coloured by 4. Exchange the two colours of L; and
recolour uu,; by <, then + is one of the common u-proper colours of « and
ug, and uus is an u-proper edge of u, a contradiction.

From the analysis above, we prove that for any two vertices u;,us €
Ng(w), the u-proper colours of u; and the u-proper colours of uz are all
different and all the u-proper colours of each vertex in Ng(w) — {w} are
the f-proper colours of w. The proof is completed.

Lemma 3.2. Let C be a given good colouring of an f-edge covered critical
graph G with &5 colours, and a critical edge e = wv € E. If w € {u,v},
o(w) = 1, then w is adjacent to at least (f(w) + 2)d(w) — 87 (f(w) +1)2 +
f(w) + 3 vertices which are all §¢-vertez in G.

Proof. Set k be the number of the d;-vertex adjacent to w in G. Then
there is at most k &;-vertex in Nyg(w) — {w}. It is easy to prove that each
colour is represented at v at most f(v) + 1 times for any v € Ng(w). By
Lemma 3.1, for any two vertices u1, u2 € Ng(w), the u-proper colours of u;
and the u-proper colours of uy are all different and all the u-proper colours
of each vertex in Ny(w) — w are the f-proper colours of w. Then we have

dw) - @rflw)-1)+ > (dw) - df(¥) <8 —1
yENg(w)—{w}

and
|Na(w)| = (f(w) +1)(d(w) = 65 f(w) +1) + 1.

So we have
d(w) — (87 (w) — 1) + (f(w) + 1)(d(w) - 8¢ f(w) +1) —k < &5 — 1.

Thus
k> (f(w) + 2)d(w) — 6¢(f(w) +1)* + f(w) +3.

It is to say that w is adjacent to at least (f(w) + 2)d(w) — 87 (f(w) +1)2 +
f(w) + 3 vertices which are all §s-vertex in G. The proof is completed. l



Proof of Theorem 1.5. Since G is an f-edge covered critical graph, for
each u,v € V and e = uv ¢ E, G + e can be f-edge cover coloured by é;
colours. So there exists a good colouring of G with J; colours, and satisfies
w € {u,v}, o(w) = 1. By Lemma 3.1 and Lemma 3.2, d(w) < §7(f(w) +
1)—2 and w is adjacent to at least (f(w)+2)d(w)—&;(f(w)+1)%2+ f(w)+3
vertices which are all §¢-vertex in G. |

Other interesting results on the f-edge cover colouring and f-edge
colouring can be found in (3], [4], [5], [9] and [12]. Finally, we present
the following problems.

Problem 3.3. Can we find other properties of f-edge covered critical
graphs?

Problem 3.4. What kind of graphs have the property that x}c(G) =457
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