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Abstract

A k-edge labeling of a graph G is a function f from the vertex set
E(G) to the set of integers {0,...,k — 1}. Such a labeling induces a
labeling f on the vertex set V(G) by defining f(v) = 3_ f(e), where
the summation is taken over all the edges incident on the vertex v
and the value is reduced modulo k. Cahit calls this labeling edge-k-
equitable if f assigns the labels {0,...,k—1} equitably to the vertices
as well as edges.

If G1,...,Gr is a family of graphs having a graph H as an induced
subgraph, then by H-union G of this family we mean the graph
obtained by identifying all the corresponding vertices as well as edges
of the copies of H in Gy,...,Gr.

In this paper we prove that X ,-union of gears is edge-3-equitable.

1 INTRODUCTION

All the graphs we consider are simple and without loops. For a graph
G, by V(G) and E(G), we mean the vertex set and the edge set of the
graph G.

Let G1,Ga,...,Gr be a family of graphs. Let H;,1 < i < T, be an
induced subgraph of G;,1 < i < T, such that each H; is isomorphic to a
fixed graph H. If v € V(H), the vertex corresponding to it in H; is denoted
by v*. Similarly if e € E(H), the edge corresponding to it in H; is denoted
by e*.

Definition 1: By the H-union G of the family G,, G,,...,Gr, we mean
the graph obtained by identifying v!,v?,...vT for every v € V(H) and
identifying e!,e2,...,e7 for every e € E(H).

If H = K, the H-union is called the one point union. Similarly, if
H = K, the H-union is called one edge union.

1This work was supported by a project sanctioned by the Department of Science and
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By a k-edge labeling of a graph G we mean a map f : E(G) —
{0,1,...,k—1}. A k-edge labeling f induces a labeling, also denoted by f,
on the vertex set V(G) of G by defining f(z) := Z f(e), where the sum-
mation is taken over all the edges incident on the vertex z and the value is
reduced modulo k. For a k-edge labeling f, by vs(j) ( respectively ef(j) ),
we mean the number of vertices (respectively edges ) which are assigned the
label j by the labeling f. These are called the vertex numbers, ( respectively
the edge numbers) of f. By v¢(0,1,...k—1) and ef(0,1,...,k—1) we mean
the k-tuples (v(0),v¢(1),...,vs(k — 1)) and (es(0),er(1),...,es(k —1)).

Definition 2: A k-edge labeling f is said to be edge-k-equitable if
lup(8) —vs (I < 1, ler(d) —es(f)| S1forall 1 <4,j < k-—1.

This concept was introduced in the year 2000, by Cahit and Yilmaz][1].
They chose to call such labelings Fy-cordial labelings. For a detailed history
of such labelings we refer to Gallian(3)].

Definition 3: The gear graph G,, is defined as follow:
V(Gyp) = {vo,v1,...,v2,} and
E(Gn) = {1)01)2.'-1 | 1 S 1 S n} U{‘U{'D.'.H l 1 S 7 S 2n — 1} U{‘vgﬂvl}.

The vertex vp is called the apex of the gear G,,. The edge vovg;—; is
denoted by ¢;,1 < i < n and is called a spoke. The edge v;v;4.1 is denoted
by e;,1 < i < 2n, where by v2n+1 we mean v;. These edges are referred to
as the cyclic edges. The vertices {vg,vy,...,va2n}, Which are not joined to
the apex are called the gear tips. We note that the subgraph induced by
the set of all the gear tips is K. A gear G, is said to be of type i,1 <1 < 3
ifn=3a+1i.

Definition 4: Let H;, Hy,..., Hr be k copies of the gear graph G,. The
vertices of H; are denoted by {vj0,%j1,---,%j2n}. A Kp-union G r is
obtained by identifying the gear tips of H;,1 < i < T in cyclic order. Ga 1
is refered to as the T-tuple gear.

If T = 2, then Gy, 7 is called a double gear, If T = 3, then G, T is called
a triple gear and so on. If f is an edge labeling of a T-tuple gear G, T, then
let 'u}(i) (respectively v}(i)) be the number of non-tip vertices (respectively
gear tips), which are assigned the label ¢ by f. By v}(O, 1,...,k—1) we
mean the k-tuple (v}(0),...v}(k —1)). Similarly, by v%(0,1,...,k — 1) we
mean the k-tuple (v%(0),...v}(k — 1)).
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In this paper we show that a T-tuple gear G, r is edge-3-equitable for
arbitrary natural numbers n, T

Methodology

Method 1: we first take triple gear G 3 involving three copies of a gear
Gn. If G is such a graph then |V(G)| = 4n + 3 and |E(G)| = 9n. The
number of non-identified vertices is 3n + 3. We then produce an edge-3-
equitable labeling f for G in such a way that v}(0,1,2) = (n+1,n+1,n+1).
The label number differences occur only in the identified vertices. These
vertices are called wsq, wy, ..., wan.

After that, we take 3t gears and form ¢ copies K, Ky, ..., K; of triple
gears. In K, the identified gear tips are called w§, w§,...,wg,. For some
value of r,wi,,wd,,...,wh, are identified. This value 2r is called the piv-
otal value. For K the vertices w}, wj,...,ws,,...wé, are identified with
their corresponding tip vertices wg, wﬁ, ceny wg,, ceey wgn in this order or in
the reverse order ...,w}, +4o Wiy +2,w£,.,w§,__2,w§,,_4, .... Same technique
is also applied to K, - union of some multiple gears with a set of other

gears.

Example 1: Suppose we have six triple gears K, Ky, ..., Ks. We decide
the pivotal value to be 2 and we decide that for K3 and K we are go-
ing to reverse the order of identification around the pivotal value. The
identification is done according to the following table:

w3 w} wh ... Wi,
w3 w? wd ... w2,
W | b | eh | |
wh wi wh ... wh,
wh w wd . ws,
wg wgn wgn—2 s wg

Method 2: While identifying gear tips of several gears, in some of them
we perform left (respectively right) shift.

Example Suppose we have two gears G;, Gy with some labelings 6, 8>
with the gear tips vi, v§,...,v4,,i = 1,2. For the left shift, we
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identify {‘U%,'Ug}, {'U,},’Ug}, {Ué’vg}a {vg,v%o}, ... For the right shift we
identify {v3,v3,}, {v}, v}, {vd, v2}, {v},¥¢},....

2 LABELINGS OF GEARS

In this section we define various labelings of the gears, some of which
are edge-3-equitable.

Gears of Type 1: n =3z + 4.
Labeling f; : One defines the labeling f; as follows:

files) =1i=12 mod 6, fi(e;) =2,i=0 mod3,

=0,7= 3,4 mod 6, =0,i=1 mod 3,
=2,i=5,0 mod 6, =1,i=2 mod 3
for1 <i< 6z for1<i<3z

fi(esz+1) = 2, fi(esz+2) = 1, fi(eez+3) = 2, fi(€sz+4) = 0, fi(€ez+5) =
0, fi(esz+6) = 2, fi(eez+7) = 1, fi(esz+8) = 1, In addition, fi(caz41) =
0, fi(cazs+2) = 2, fi(caz+s) = 0, fi(caz+4) = 1. It can be checked that
e (0,1,2) = 3z + 4,3z + 4,3z + 4),v}, = (z+ L,z + 2,z +2),0} =
(z + 1,z,z + 3). This is not edge-3-equitable labeling though it labels
the edges equitably. The gear tip vertices vg,vs,...,V2, get the labels
2,0,1,2,0,1...,2,0,1,0,2,2,2.

Labeling g; : One defines the labeling g; as follows:

gi(e;) =0,i=1,2 mod6, gi(c;) =2,4=0 mod 3,

=1,i=3,4 mod 6, =1,i=1 mod 3,
=2,1=5,0 mod 6 =0,i=2 mod 3
for1<i< 6z for1<i<3z

g1(eez+1) = 2,01(€6z+2) = 1,91(€62+43) = 1,91(€sz+4) = 1,91(e62+5) =
0, g1(eez+8) = 0,91(€6z47) = 1,91(e6z48) = 2, In addition, gi(c3z+1) =
2,01(caz+2) = 0,91(c3z+3) = 0,01(caz+4) = 2. It can be checked that
€, (0,1,2) = 3z + 4,3z + 4,3z +4),0;, = (z+ 2,2+ 2,z2+1),93 =
(x + 3,z,z + 1). This is not edge-3-equitable labeling though it labels
the edges equitably. The gear tip vertices vg,vs,...,v2, get the labels
0,2,1,0,2,1...,0,2,1,0,2,0,0.
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Labeling h; : One defines the labeling h; as follows:

hi(es) =0,i=1,2 mod 6, hj(e;) =2,i=0 mod 3,

=1,i=3,4 mod 6, =1,i=1 mod 3,
=2,1=5,0 mod 6 =0,2=2 mod 3
for1 <i<6z for1 <i<3zx

hi(esz+1) = 1,hi1(e6z42) = 2,h1(e6243) = 1, hi(eszt+4) = 0,h1(€6z45) =
2, h1(€sz+6) = 0, h1(eez+7) = 2,h1(eez+8) = 2, In addition, hi(csz+1) =
1,h1(63,,-+2) = 0, h1(63¢+3) = 0, h1(03,;+4) = 1. It can be checked that
€r,(0,1,2) = Bz + 4,3z + 4,3z + 4),v}, = (2 + 2,2+ L,z 4+ 2),0f =
(z+ 1,z + 2,z + 1). This is an edge-3-equitable labeling. The gear tip
vertices vg, vy, ..., V2, get the labels 0,2,1,0,2,1...,0,2,1,0,1,2,1.

Labeling k; : One defines the labeling k; as follows:

ki(e;) =0,i=1,2 mod 6, ki(e;) =2,i=0 mod 3,

=1,i= 3,4 mod 6, =1,7=1 mod 3,
=2,i=5,0 mod 6 =0,i=2 mod 3
for1<i< 6z for1 <i<3z

ki(esz+1) = 2,k1(eez+2) = 1,k1(e6z+3) = 1,k1(e6z+4) = 2,k1(e6z45) =
1,k1(eez+8) = 0,k1(e6z+7) = 1,k1(esz48) = 0, In addition, ki(csz4+1) =
2, k1(03z+2) =0, k1(63z+3) = 0, k1(63;,;+4) = 2. It can be checked that
€, (0,1,2) = 3z + 4,32+ 4,32+ 4),0}, = (z+ 2,z +2,2+1),9} =
(z + 2,z + 2,z). This is not edge-3-equitable labeling though it labels
the edges equitably. The gear tip vertices vs,vy,...,v2n get the labels
0,2,1,0,2,1,...,0,2,1,0,0,1, 1.

Labeling 1; : One defines the labeling l; as follows:

lhies) =2,i=1,2 mod6, li(e)) =1,i=0 mod 3,

=1,i=3,4 mod 6, =2,i=1 mod 3,
=0,2=5,0 mod 6 =0,i=2 mod 3
forl1 <i<6z for1<i<3z

Liesz+1) = 1 l(esz42) = 1,11(e6z43) = 2,li(€6z44) = 0,l1(e6z45) =
2,l1(eez+6) = 0,l1(e6z+7) = 1,l1(e6z48) = 0, In addition, l1(csz41) =
0,21(c3z+2) = 2,l1(c3z+3) = 1,11(¢c3z+4) = 2. One can see that e;,(0,1,2) =
(3z+4,3z+4,3z+4),v] = (z+2,z4+1,24+2),v} = (z,z+1,z+3). Thisis
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not edge-3-equitable labeling though it labels the edges equitably. The gear
tip vertices vs, vy, ..., U2n get the labels 1,2,0,1,2,0,...,1,2,0,2,2,2,1.

Labeling p; : One defines the labeling p; as follows:

pi(es) =0,i=1,2 mod 6, pi(c;) =0,i=1 mod 3,

=1,7=3,4 mod 6, =2,i=2 mod 3,
=2,1=5,6 mod 6 =1,i=3 mod 3
for1<i<ébz for1<i<3z

pi(esz+1) = 1,P1(e6c+2) = 1,P1(€6z43) = 0,p1(€6z+4) = 0,p1(esz+5) =
2,p1(eez+6) = 1,p1(eex +7) = 1,p1(e6z+48) = 2. The remaining 4 spokes
are labeled as p1(csz+1) = P1(Caz+a) = 2,P1(Caz+2) = P1(csz+3) = 0. The
sequence of labels gear tips is p; : 0,2,1,0,2,1,...,0,2,1,2,0,0,0. One can
check that e,, (0,1,2) = (3z + 4,3z + 4,3z + 4),v},(0,1,2) = (z,z + 3,z +
2),v2,(0,1,2) = (z+3,z,2+1). Thus, v5,(0,1,2) = (22 +3,2z+3,22+3),
That is, p; is an edge-3-equitable labeling.

Gears of Type 2 n =3z +5.

Labeling f; : One defines the labeling f; as follows:

fo(es) =1,4=1,2mod 6, fa(e;) =0,i=0mod 3,
=0,7= 3,4 mod 6, =1,i=1mod 3,
=2,2=5,0mod 6 =2,i=2mod 3
for1 <i<2(n—75) for1<i<n-5

Finally, f2(e2n-9) = 2, fo(€2n-8) = 2, fa(€2n-7 =0, f2(€2n-6) = 1, f2(€2n—s)
=0, fo(e2n—a) = 1, fa(e2n-3) = 2, f2(e2n—2) = 1, fo(€2n—-1) = 0, fa(e2n) =
0, falen—4) = 1, fa(en-3) = 2, fa(en-2) = 0, falen-1) = 1, fa(en) = 2.
It can be checked that v}(0,1,2) = (z+ 2,2+ 2,z + 2),v%,(0,1,2) =
(z+2,2+3,7),e5,(0,1,2) = (n,n,n). The gear tips get the labels
2,0,1,2,0,1,...,2,0,1,1,1,1,0,0.

Labeling g2 : One defines the labeling g as follows:

g2(es) =1,i=1,2 mod 6, g2(¢;) =0,i=0mod 3,
=0,i= 3,4 mod 6, =1,2=1 mod 3,
=2,1=5,0mod 6 =2,i=2mod 3
for1<i<2(n-25) for1<i<n-5
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Finally, g2(e2n—9) = 0, g2(e2n-8) = 1, g2(€2n—7) = 2, g2(€2n—-6) = 0, g2(€2n-5)
= 2,92(e2n—4) = 0, g2(e2n-3) = 2, g2(€2n-2) = 0, g2(e2n—1) = 1,92(€2n)
0,92(¢a-4) = 1,92(ca-3) = 1,92(ca-2) = 2,92(cn-1) = 2,02(cn) =
It can be checked that v},(0,1,2) = (z + 1,z + 3,z + 2),v%,(0,1,2)
(z,z+ 2,z + 3),€4,(0,1,2) = (n,n,n). The gear tips get the labels
2,0,1,2,0,1,...,2,0,1,1,2,2,2,1.

= u

Labeling h : One defines the labeling h; as follows:

ho(e;) =1,i=1,2 mod 6, ha(e;) =2,i=0 mod 3,
=0,i=3,4 mod 6, =0,i=1, mod 3,
=2,i=5,0 mod 6 =1,i=2 mod 3
for1<i<2n-10 fori<i<n-5

Finally, ho(ez2n—9) = 2, ho(e2n-8) = 1, ha(e2n—7) = 2, ha(e2n—6) = 0, h2(e2n—s)
=0, ha(e2n-4) = 2, ha(ean—3) = 1, ha(e2n—2) = 1, hao(e2n—1) = 0, ha(e2n) =

0, h2(cn—4) = 1Jh2(cn—3) =2, h2(c‘n—2) =0, h2(cn-1) =1, h2(c'n) = 2.
It can be checked that v},(0,1,2) = (z + 2,z + 2,z + 2),v%,(0,1,2) =
(z+2,z,x+3),e4,(0,1,2) = (n,n,n). The gear tips get the labels
2,0,1,2,0,1,...,2,0,1,0,2,2,2,0.

Labeling k; : One defines the labeling &, as follows:

ko(e;) =0,i=1,2 mod 6, ko(c;) =2,i=0mod 3,
=1,7= 3,4 mod 6, =1,i=1, mod 3,
=2,i=5,0 mod 6 =0,1=2 mod 3
for 1 <i<2(n-5) for1<i<n-5

Finally, kz(e2n—9) = 2, k2(e2n-38) = 1, k2(e2n-7) = 1, k2(e2n—6) = 1, k2(e2n—5)
= 0, k2(e2n—4) = 0,ko(ezn-3) = 1,ka(e2n-2) = 2,ka(e2n—1) = 1,ka(ez,) =
0,k2(cn-4) = 2,k2(ca-3) = 0,k2(cn—2) = 0,k2(cn—1) = 2,k2(ca) = 2.
It can be checked that v}, (0,1,2) = (z + 2,z + 2,7 + 2),v2,(0,1,2) =
(x+3,z+ 1,z 4+ 1),ex,(0,1,2) = (n,n,n). The gear tips get the labels
0,2,1,0,2,1,...,0,2,1,0,2,0,0, 1.

Labeling 1, : One defines the labeling 5 as follows:

lo(e;) =0,i=1,2 mod 6, l2(¢;) =2,i=0 mod 3,
=1,7= 3,4 mod 6, =1,i=1 mod 3,
=2,1=5,0 mod 6 =0,£=2 mod 3
for1<i<2n-10 for1<i<n-5
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Finally, la(e2n—9) = 2,la(e2n—8) = 2,l2(e2n-7) = 1,12(e2n-6) = 0, l2(€2n-5)
= 1,la(ean-4) = 0,l2(e2n-3) = 2,la(e2n—2) = 0,l2(e2n-1) = 1,l2(e2n) =
0,l2(en—4) = 1,la(en-3) = 2,l2(cn-2) = 0,l2(ca-1) = 1,l2(cn) = 2. One
can see that e}, (0, 1,2) = (n,n,n),4%(0,1,2) = (z,z+4,2+1),9},(0,1,2) =
(z +2,7 + 2,z + 2). The labels of gear tips are
0,2,1,0,2,1,...,0,2,1,1,1,1,2, 1.

Labeling p: : One defines the labeling p; as follows:

p2(e;) =0,2=1,2 mod 6, p2(c;) =0,i=0mod 3,
=1,i=3,4 mod 6, =2,7=1 mod 3,
=2,4=5,0 mod 6 =1,2=2mod 3
for1<i<2n-10 for1<i<n-5

Finally, p2(e2n—9) = 0, p2(€2n—8) = 0, p2(e2n-7) = 0, p2(€2n-6) = 1, P2(€2n-5)
= 1,pa(ean—a) = 1,p2(€2n—3) = 2,p2(€2n-2) = 2,p2(e2n-1) = 0,p2(e2n) =
2,p2(cn-4) = 2,p2(cn-3) = 1,pa(en—2) = 0,p2(cn-1) = 2,p2(cs) = 1.
It can be checked that v;,(0,1,2) = (z 4+ 2,7+ 2,z + 2),v2,(0,1,2) =
(x+1,z+2,2+2),65(0,1,2) = (n,n,n). This is an edge-3-equitable la-
beling. The gear tips get the labels 0,2,1,0,2,1,...,0,2,1,0,1,2,1,2.

Gears of Type 3 Let n = 3z.

Labeling f3 : One defines the labeling f3 as follows:

fale;) =0,i=1,2 mod 6, fa(e;) =1,i=0mod 3,
=1,i= 3,4 mod 6, =0,i=1 mod 3,
=2,i=5,0 mod 6 =2,1=2 mod 3
for1<i<?2n for1<i<n-3

Finally, fa(cn-2) = 2, fa(en—1) = 2, fa(en) = 1. It can be checked that
e5,(0,1,2) = (3z — 1,3z.3x + 1),v}, = (z,z + 1,z),v}, = (z,7,z). This is
not edge-3-equitable labeling. The gear tip vertices ve,vs,...,v2n get the
labels 0,2,1,0,2,1....

Labeling g3 : One defines the labeling g3 as follows:

gs(es) =0,i=1,5mod 6, g3(e;) =0,i=0mod 3,
=2,1=2,4 mod 6, =2,2=1mod 3,
=1,i=3,0 mod 6 =1,2=2mod 3
for1<i<2n-1 forl1<i<n-3
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Finally, gs(e2n) = 0, g3(ca-2) = 2, ga(ca-1) = 0, ga(ca) = 1. It can be
checked that eg,(0,1,2) = (3z+ 1,3z ~ 1,3z),v}, = (z+ 2,z — 1,z),v2 =
(z+1,z—1,z). This is not edge-3-equitable labeling. The gear tip vertices
v2,v4,..., V2, get the labels 2,0,1,2,0,1...2,0,1,2,0,0.

Labeling h3 : One defines the labeling h; as follows:

hs(e;) =0,i=1,5mod 6, ha(c;) =1,i=0mod 3,
=1,i=2,4 mod 6, =2,i=1mod 3,
=2,i=3,0mod 6 =0,i=2mod 3
forl1<i<2n-1 for1<i<n-3

Finally, hs(e2n) = 0, ha(cn-2) = 2, ha(ca-1) = 1, ha(cs) = L. It can
be checked that en,(0,1,2) = (3z,3z + 1,3z - 1),v}, = (z — L,z + L,z +
1), v, = (z +1,z,z — 1). This is not edge-3-equitable labeling though it
labels the vertices equitably. The gear tip vertices vy, vy,..., vz, get the
labels 1,0,2,1,0,2,...1,0,2,1,0,0.

Labeling k3 : One defines the labeling k3 as follows:

ki(e;) =0,i=1,2 mod 6, k3(e;) =0,i=1mod 3,

=1,i=3,4 mod 6, =2,1=2mod 3,
=2,i=5,0mod 6 =1,2=3mod 3
for1 <i<2n for1<i<n

One can see that k3(vo) = 0 and v} (0,1,2) = (z + 1,z,2),vZ,(0,1,2) =
(z,z,7),€r(0,1,2) = (3z,3z,3z). Hence K3 is an edge-3-equitable label-
ing. The gear tips get the labels 0,2,1,0,2,1,...,0,2,1.

Labeling 13 : One defines the labeling I3 as follows:

l3(e;) =0,i=1,2 mod 6, ls(ci) =0,i=0mod 3,

=1,1=3,4 mod 6, =2,i=1mod 3,
=2,£=15,0 mod 6 =1,i=2 mod 3
for1<i<2n for1<i<n-1

l3(cn) = 1. One can see that l3(v) = 0. Thus, v},(0,1,2) = (z — 1,z +
2,2),v%(0,1,2) = (z,z,x),e1,(0,1,2) = (8z — 1,3z +1,3z). Hence K3 is an
edge-3-equitable labeling. The gear tips get the labels 0,2,1,0,2,1,...,0,2, 1.
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Labeling p3 : One defines the labeling p; as follows:

p3(e;) =0,i=1,2 mod 6, p3(e) =1,9=0mod 3,

=1,1= 3,4 mod 6, =0,i=1mod 3,
=2,i=15,0mod 6 =2,i=2mod 3
for1<i<2n fori<i<n-1

Finally, p3(cn,) = 0. It can be checked that ey,(0,1,2) = (8z 4+ 1,3z —
1,3z),v}, = (z+1,z—1,z+1),v} = (2,7, 7). This is not edge-3-equitable
labeling though it labels the vertices equitably. The gear tip vertices
V2,v4,...,V2n get the labels 0,2,1,0,2,1....

3 Labelings of K, - union of gears

Through out this section we take copies H), -+ Hy of gear G, and take
G to be K, -union of them. The final labeling constructed is called fj;,
where ¢ indicates the type of the gears under consideration.

Proposition: G is edge-3-equitable for k = 1,2,3.
Proof: For k = 1 we have the edge-3-equitable labelings p;, ps, k3, for gears
of type 1, 2, 3 respectively.

Case 1: k = 2. The following table explains which labelings are assigned to
the individual gears. Since the |E(G)| is a multiple of three and the labelings
constructed are edge-3-equitable the edge numbers are not mentioned in this
table.

gear (type) | labeling | sequence of gear tips
H\(1) g 0,2,1,--+,0,2,0,0
Hy(1) " 0,21,---,2,0,0,0
G(1) faa 10,1,2,---,2,2,0,0
H,(2) f2 2,0,1,---,1,1,1,0,0
H2(2) g2 2’0317"’,1’2v2a211

THE | & 021,021 |

H,(3) P3 0,2,1,---,0,2,1
G(3) foz 10,1,2,---,0,1,2

When we add the entries of the last column we see that the vertex
numbers are as shown in the following table.
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gear (type) v1(0,1,2) v%(0,1,2)
Hy(1) (z+2,z+2,z+1) (z+3,z,z+1)
Hy(1) (z,z+3,z+2) (z+3,z,z+1)
G(1) (2z + 2,2z + 5,2z + 3) (z+2,z,z+2)
H,(2) (z+2,z+2,z+2) (z+2,z+3,z)
H,(2) (z+1,z+3,z+2) (z,z+2,z+3)
G(2) (2z+3,2c+5,2z4+4) [ (z+2,z+ 1,z +2)
H,(3) (z—-1,z+2,2) (z,z,x)
H,(3) (z+1,z-1,z+1) (z,2,2)
G(3) (2z,2z + 1,2z 4+ 1) (z,z,z)

The sums in the last two columns show that fs ; is edge-3-equitable for
eachi=1,2,3.

Case 2: k = 3. Again we give the assignment of labelings in the form of a
table.

gear (type) | labeling | sequence of gear tips
Hy(1) f 2,0,1,.--,0,2,2,2
H,(1) a 0,21,:-+,0,2,0,0
H; (1) hy 0,21,---,0,1,2,1
G (1) f(351) 2)1101""0,2»1,0
H (2) hs |2,0,1,---,0,2,2,2.0
H, (2) k2 |0,2,1,---,0,2,0,0,1
Hj (1) I 0,21,..-,1,1,1,2,1
G (2) f(3’2) 2a1101"':112’0a172
Hl (3) f3 0:2y1:"'a0,211
H2 (3) g3 2’0’1,"’;2$0a0
H; (3) hs 1,0,2,.--,1,0,0,
G (3) f3,8) [0,2,1,---,0,2,1

Again when we add the entries of the last column we see that the vertex
numbers are as shown in the following table.
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gear (type) v1(0,1,2) v%(0,1,2)
H, (1) (z+1,z4+2,2+2) (z+1,z,z+3)
H; (1) (z+2,z+2,z+1) (z+3,z,z+1)
H; (1) (z+2,z+1,z+2) |(z+1,z+2,z+1)
G(1) 3z +5,3z+5,3c+5) | (z+2,z+ 1,z +1)
H,(2) (z+2,z+2,z+2) (z+2,z,z+3)
H,(2) (z+2,z+2,z+2) |[(z+3,z+1,z+1)
H3(1) (z+2,z+2,2+2) (z,z+4,z+1)
G(2) (3¢ +6,3z+6,3x+6) | (z+1,2+2,z+2)
Hl (3) (371 T+ 1,1:) (:L', z, z)
H,(3) (z+2,z-1,z) (z+1,z-1,z)
H3(3) (x—15m+1’x+1) ($+1,$,$—1)
G(3) 3z+1,3z+1,3z+1) (z,z,7)

The sum of the respective last columns of bothe tables shows that f; ;
and f3; are edge-3-equitable for each i = 1,2, 3. .

Proposition: K, -union of 3t gears is edge-3-equitable for all ¢ > 1.
Proof: As before we will present the assignment of labelings in a table.
Since f3; labels non-tip vertices equitably, only labels of gear tips are me-
nioned in these tables. Let Hy, Ha,:- -, H3; be copies on the gear G,,. First
we form triple gears Ly,- -, L; using Hy,- -+, Hz;.

Case 1: The gears are all of type 1. Let.n = 3z+4. We assign the labeling
to Ly, Ly, ... according to the following table:

gear | labeling | sequence of gear tips v%(0,1,2)
L, f31 2,1,0,2,1,0,2,1,0,---,0,2,1,0 | (z+ 2,2+ 1,2+ 1)
Lo fan 2,1,0,2,1,0,2,1,0,---,0,2,1,0 | (z+ 2,z + 1,2+ 1)

Laj+ fan 2,0,1,2,0,0,1,2,0,---,1,2,0,1 | (z+2,z+ 1,z + 1)
reversed | pivotal 2
Lo; f3,1 2,1,0,2,1,0,2,1,0,---,0,2,1,0 | (z+ 2,2+ 1,z+ 1)

The last two rows represent the assignment for all j > 1 and j > 1
respectively. The resulting labeling is called f3; 1. One can check that after
identifying the gear tips we get the sequences of labels as shown in the
following table. Since
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Labels of gear tips in f3¢,1

t=1mod6 | 2,
t=2mod 6 | 1,2,0,1,2,0,1,2,0,...,1,2,0,0,1,2,0.
t=3mod6|0,21,02021,0,...,2,1,0,1,0,2,1.
t=4mod 6 | 2,0,1,2,0,0,1,2,0,...,1,2,0,1,2,0,1.
t=5mod 6 | 1,0,2,1,0,0,2,1,0,...,2,1,0,2,1,0,2.
t=6mod6 { 0,

1,0,2,1,0,2,1,0,...,2,1,0,0,2,1,0.

1,2,0,1,0,1,2,0,...,1,2,0,2,0,1,2.

Thus in all the cases, one has v, (0,1,2) = (z + 2,z + 1,z + 1), that
is, vf,,(0,1,2) = 3zt + 5t +z+ 2,3zt + 5t +z + 1,3zt + 5t + =z + 1).
and eg,, ,(0,1,2) = (nt,nt,nt). Thus, the combined gears of 3t gears is

edge-3-equitable.

Case 2: All the gears are of type 2. Let n = 3z +5. We assign the labeling
to Ly, L, ... according to the following table:

gear labeling sequence of gear tips

v%(0,1,2)

Ly Sf3,2
L, Sa,2

2)]-:0’2’ 11012i1$0:"'!1)2y0x1’2
2: l:0y2s1;0)2)1>0:'"r172)0:1)2

Laj41 | fa,2 reverse | 0,1,2,0,1,2,0,1,2,.--,2,1,0,2,1

L; fa2

reversed pivotal 2n — 4

2’1)0)2y1)0)2$1301""1v2r0’1’2

(z+1,z+2,z+2)
(z+1,z+2,2+2)
(z+1L,z+2,z+2)

(z+1,z24+2,2+2)

The resulting labeling is called f3;,2. Clearly, eg,, ,(0,1,2) = (3nt, 3nt, 3nt),
v}sm (0,1,2) = (9=t + 6¢, 9zt + 6,9zt + 6t). The sequence of the labels of
the identified gear tips is given in the following table:

t Labels of gear tips in fa; 2
t=1mod 6| 2,1,0,2,1,0,2,1,0,...,2,1,0,1,2,0,1,2
t=2mod 6| 1,2,0,1,2,0,1,2,0,...,1,2,0,2,1,0,2,1
t=3mod6 | 1,0,2,1,0,2,1,0,2,...,1,0,2,1,2,0,1, 2.
t=4mod 6 | 0,1,2,0,1,2,0,1,2,...,0,1,2,2,1,0,2,1.
t=5mod 6| 0,2,1,0,2,1,0,2,1,...,0,2,1,1,2,0,1, 2.
t=6mod 6 | 2,0,1,2,0,1,2,0,1,...,2,0,1,2,1,0,2,1.

In all the cases v}au (0,1,2) = (z+ 1,z + 2,z + 2). Thus fa:2 is edge-

3-equitable.

Case 3: All the gears are of type 3. Let n = 3z. We assign the labeling to
Ly, La,... according to the following table:
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gear labeling sequence of gear tips v%(0,1,2)
Ll f3,3 072)1’0’2)1)”'70$2’1’ (.'L',:E,f)
L, fas 0,2,1,0,2,1,---,0,2,1, | (z,z,%)
L2j+1 f3,3 0, 1,2, 0,1,2,' -',0,1,2, (.’L‘,.’L‘, :z:44)
reversed, pivotal 2
L2j f3,3 0: 2,1307211:"'70’21 17 (x,z,:c)

Call the resulting labeling f3; 3. The sequence of labels of the identified
gear tips is ine the following table.

t | Labels of gear tips in fa.,1 | v%,,(0,1,2)
even | 0,1,2,0,1,2,...,0,1,2. (z,z,z)
odd 0,2,1,0,2,1,...,0,2,1. (z,z,z)

One can check that eg,,,(0,1,2) = (9zt,9xt,92t) and v}, (0,1,2) =
(3xt +t,3xt + t,37t + t). and v}, (0,1,2) = (z,7,12)

This shows that fs;; is edge-3-equitable for each 1 <7 < 3. °

Proposition: K, -union of 3t + 1 gears is edge-3-equitable for all ¢ > 1.

Proof: As before we divide the proof in three cases. We first take K, -
union of 3t copies of the gear G,, and assign it the labeling f3;; constructed
in the previous proposition. For the remaining copy of G, we assign the
labels according the tables given in each case. The labeling constructed is
called f3t41,i,1 <@ <3.Supposet=rmod 6,1 <r<6. Let A=¢t(n+1).

Case 1: All gears are of type 1. Let n = 3z + 4. For the last copy Hai41
we assign a different labeling depending on the value of . The sum of the
last columns in the following table show that fs;+1,1 is edge-3-equitable.

Case 2: All gears are of type 2. Let n = 3t+5. As before, for the last copy
of Hjeyy of G we assign a labeling as shown in the following table. The
resulting labeling is called fi;+1,2. Since the label numbers for f3;41,2 are
same for all the cases, they are given only at the end. Here A = 3zt + 6t.
Clearly, ef,,,,,(0,1,2) = (n(3t + 1),n(3t + 1),n(3t + 1)), v},,., ,(0,1,2) =
(3zt + 6t + = + 2,3zt + 6t + = + 2,3zt + 6t + = + 2),0%,,,,(0,1,2) =
(z+1,z+ 2,z +2), that is, G is edge-3-equitable.
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1341

Labeling | Sequence of gear tips v°(0,1,2) v%(0,1,2)
faen: | 2,1,0,2,1,0,2,1,0,...,2,1,0,0,2,1,0. (3t + 5, 3zt + 5t, 3zt + 5¢) (z+2,z+1,24+1)
k1:10,21,021,021,...,0,2,1,0,0,1,1. (z+2,z+2,z4+1) (z+2,z+2,2)
faewra: | 2,0,1,2,0,1,2,0,1,...,2,0,1,0,2,2,1. | (3zt+5t4+ 242,32t +5t4+ 242,32t +5t+z+1) | (z+1,2+1,242)
Faen: | 1,2,0,1,2,0,1,2,0,...,1,2,0,0,1,2,0. (3t + 5¢, 3zt + 5t, 3zt + 5¢) (z+2,z+1,z+1)
iL1:11,20,1,20,1,2,0,...,1,2,0,2,2,2,1. (z+2,2+1,z+2) (z,z+1,243)
fae41a: | 2,1,0,2,1,0,2,1,0,...,2,1,0,2,0,1,1. | 3zt +5t+2+2,32t +5t+2+1,3zt+5t+x+2) | (z+1,2+2,2+1)
fan:10,2,1,0,2,0,21,0,...,2,1,0,1,0,2,1. (3t + 5t, 3zt + 5t, 3zt + 5¢) (z+2,z24+1,z+1)
ki:|1,021,02102...,1,0,0,1,1,0,2 (z+2,z2+2,2+1) (z+2,z+2,7)
double | left shift
f3e412:11,2,0,4,2,2,0,1,2,...,0,1,0,2,1,2,0. | (3zt+5t+x+2,3zst+5t+2+2,32t +5t4+2z+1) | (z+1,z+1,2+2)
faen:} 2,0,1,2,0,0,1,2,0,...,1,2,0,1,2,0,1. (3t + 5,3zt + 5t, 3zt + 5t) (z+2,z+1,z+1)
k: : | 0,1,1,0,0,1,2,0,1,...,2,0,1,2,0,1,2. (z+2,z+2,z+1) (z+2,z+2,7)
reverse | pivotal 2
Jaer11: 1 2,1,2,2,0,1,0,2,1,...,0,2,1,0,2,1,0. | 3zt +5¢t+7+2,3zt+5t+2+2,3xt+5t+2+1) | (z+1,z+1,2+2)
faea: | 1,0,2,1,0,0,2,1,0,...,2,1,0,2,1,0,2.. (3=t + 5t, 3zt + 5t, 3zt + 5¢t) (z+2,z+1,z+1)
fi:]2,2220,1,02,1,...,0,2,1,0,2,1,0. (z+1,2+2,2+2) (z+1,z,z+3)
reverse | pivotal 2
faer12:10,2,1,0,0,1,2,0,1,...,2,0,1,2,0,1,2. | (3zt+5t+x+1,3xt4+5t+x+2,32t+5¢+2+2) | (z+2,z+1,z4+1)
faea:1{0,1,2,0,1,0,1,2,0,...,1,2,0,2,0,1,2. (3zt + 5t, 3zt + 5t, 3zt + 5¢) (z+2,z+1,z41)
i:121,1,201,20,1,...,2,0,1,2,0,2,2. (z+2,z+1,2+2) (z,z+1,2+3)
double | right shift
faera: | 2,2,0,2,1,1,0,2,1,...,0,2,1,1,0,0,1. | (3zt+5¢t+z+2,3zt+5t+2+1,3zt+5+2+2) | (z+1,2+2,2+1)

Table for the case 1




L4l

Labeling | Sequence of gear tips v'(0,1,2) v%(0,1,2)
fa2:121,0,21,0,...,1,2,0,1,2. (A,A,40) (z+1,z+2,z2+2)
p2:1]0,21,021,...,0,1,2,1,2. | (z+2,z+2,z+2) | (z+1,z+2,2+2)
f3¢+1,2: 2,0,1,2,0,1,...,1,0,2,2,1.
fae2: | 1,2,0,1,2,0,...,2,1,0,2,1. (A, AA) (z+1,z+2,z+2)
ho: | 2,0,1,2,0,1,...,0,2,2,2/0. | (z+2,z+2,z+2) (z+2,z,z +3)
fasr2: | 2,0,1,2,0,1,...,2,0,2,1,1.
faez: | 1,0,2,1,0,2,...,1,2,0,1,2. (A, 4, 4) z+1L,z+2,z+2)
hy:{1,0,2,1,0,2,...,0,2,2,2,0. | (z+2,2+2,z+2) (x+2,z,z+3)
reverse | pivotal 2n — 4
faesr,2: | 2,0,1,2,0,1,...,1,1,2,0,2.
fae2:10,1,2,0,1,2,...,2,1,0,2,1. (A,4,4A) (z+1,z+2,z+2)
f2:1201,201,...,1,1,1,0,0. | (z+2,z+2,2+2) (z+2,z+3,x)
fatsr,2: | 2,1,0,2,1,0,...,0,2,1,2,1.
fat2:1]0,2,1,0,2,1,...,1,2,0,1,2. (A,AA) (z+1,z+4+2,2+2)
p2:1021,021,...,01,2,1,2. | (z+2,2+2,2+2) | (z+1,z2+2,2+2)
faerr,2: 1 0,1,2,0,1,2,...,1,0,2,2,1.
fa2: | 2,0,1,2,0,1,...,2,1,0,2,1. (A,A,4) (z+1,z+2,2+2)
f2:120120,1,..,1,1,1,00 | (z+2,z+2,z+2) (z+2,z+3,z)
faer1,2: | 1,0,2,1,0,2,...,0,2,1,2,1.

Table for the case 2




Case 3: All the gears are of type 3 and n = 3z. For this case we consider
t odd and ¢ even separately and the last gear Hs;4, is labeled accordingly.
With A = 32t + t we have,

t | Labeling | Sequence of gear tips v1(0,1,2) v%(0,1,2)
odd fas:]0,21,021,...,0,2,1 (A A A) (z,z,x)
ks3:|0,2,1,0,2,1,...,0,2,1 (z+1,z,2) (z,z,x)
f3t+1,3 011)2’07]-,2)"-,0’1)2 (A+17A’A) (x9xaz)
+(z,z,x)

even fas:|0,1,20,1,2,...,0,1,2 (A, A, 4)) (z,z,z)
k3:10,1,2,0,1,2,...,0,1,2 (z+1,z,2) (z,z,z)

reverse | pivotal 2
faer13 | 0,2,1,0,2,1,...,0,2,1. | (A+1,A,4) | (z,z,z)

+(z, z,z,)

This finishes all the cases and shows that f3.;; ; is edge-3-equitable for
all1<i<3.

Proposition: K,, -union of 3t + 2 gears is edge-3-equitable for all ¢ > 1.

Proof: As before we divide the proof in three cases. We first take K, -
union of 3t copies of the gear G, and assign it the labeling f3; ; constructed
in the previous proposition. For the remaining copies of G,, we assign the
labels according the tables given in each case. The labeling constructed
is called fat42,4,1 < i < 3. Suppose t = r mod 6,1 < r < 6. As before

A =t(n+1).

7 | Labeling | Sequence of gear tips
1 fae1:1]2,1,0,2,1,0,2,1,0,...,2,1,0,0,2,1,0
ki1:10,21,0,2,1,0,2,1,...,0,2,1,0,0,1,1.
l:]1,2,0,1,2,0,1,2,0,...,1,2,0,2,2,2,1
fate2:]0,2,1,0,2,1,0,2,1,...,0,2,1,2,1,1,2.
2 f3t,1 : 1,2,0,1,2,0,1,2,0,...,1,2,0,0,1,2,0.
h:11,20,1,2,0,1,2,0,...,1,2,0,2,2,2,1.
g:1021021,02,1,...,0,2,1,0,2,0,0.
fae20: ] 2,0,1,2,0,1,2,0,1,...,2,0,1,2,2,1,1.
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t | Labeling | Sequence of gear tips
3 fata: ] 0,2,1,0,2,0,2,1,0,...,2,1,0,1,0,2,1.
ki :{1,02,1,0,2,1,0,2,...,1,0,0,1,1,0,2.
double | left shift
fil201,2,0,1,20,1,...,2,0,1,0,2,2,2.
fat+2,1: | 0,2,1,0,2,0,2,1,0,...,2,1,1,2, 0,1,2
4 fx1:]201,200,1,2,0,...,1,2,0,1,2,0,1.
ky:]0,1,1,0,0,1,2,0,1,...,2,0,1,2,0,1,2.
reverse | pivotal 2
L1,1,22,20,21,0,...,2,1,0,2,1,0,2.
reverse | pivotal 2
.f3t+2,l . 0, 27 11 1,2a 1’ 2? 0! 11 s ,2’01 1’ 2! 0) la 2
5 fx1:]1,0,21,0,0,21,0,...,2,1,0,2,1,0,2..
fi: ] 2,2,2201,0,2,1,...,0,2,1,0,2,1,0.
reverse | pivotal 2
a | 0,0,0,2,0,1,2,0,1,...,2,0,1,2,0,1,2.
reverse | pivotal 2
far22:10,2,1,2,0,2,1,0,2,...,1,0,2,1,0,2,1.
6 fatn:]0,1,2,0,1,0,1,2,0,...,1,2,0,2,0,1,2.
l:1]21,1,201,20,1,...,2,0,1,2,0,2,2.
Double | right shift
h | 2,1,0,2,1,0,2,1,0,...,2,1,0,1,2,1,0.
left shift
fat42,1: ] 1,0,0,1,2,1,2,0,1,...,2,0,1,2,2,1,1.

For each case when we add the entries of the respective labelings we see

that the vertex numbers are as shown in the following table.

r | Labeling v1(0,1,2) v%(0,1,2)

1 fata: (A A, A) (z+2,z+1,z+1)
ky: (z+2,z+2,z+1) (z+2,z+2,7)
ly: (z+2,z+1,z+2) (z,z+1,z+3)

fat42,1 ¢ (A,4,8)+ (z,z+2,z+2)
(2z + 4,2z + 3,2z + 3)

2 faa: (A)AA) (z+2,z+1,z+1)
i (z+2,z4+1,z+2) (z,z+1,z+3)
g:] (+2,z+2,z+1) (z+3,z,z+1)

faer2,1: (A,4,8)+ (z,z+2,2+2)
2z +4,2z+ 3,2+ 3)
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t | Labeling v1(0,1,2) v%(0,1,2)
fae1: (A, A, A) (z+2,z+1,z+1)
ky: (z+2,z+2,z+1) (z+2,z+2,z)
double left shift
H|l (z+1,z24+2,24+2) (z+1,z,z+3)
Jat42,1 ¢ (A,A,0)+ (z+1l,z+1,z+2)
(2z + 3,2z + 4,2z + 3)
4 fae,1: (A,A,4) (z+2,z+1,z+1)
ki:| (z+2,z4+2,z+1) (z+2,z+2,z)
reverse pivotal 2
L] (z+2,z+1,2+2) (z,z4+1,243)
reverse pivotal 2
fatra,1: (A, A A)+ (z,z+2,2+2)
(2z + 4,2z + 3,2z + 3)
5 fatn: (A,4Q,A) (z+2,z+1,z+1)
H:] (+l,z4+2,242) (z+1,z,z+3)
reverse pivotal 2
al|l (E+2,z+2,z+1) (z+3,z,z+1)
reverse pivotal 2
fat+2,2 (A,4,A)+ (z+1,z+1,z+2)
(2z + 3,2z + 4,2z + 3)
6 fa (A,A,4) (z+2,z+1,z+1)
h:| (z+2,z+1,z+2) (z,z+1,z+3)
Double right shift
hy (z+2,z+1,z+2) |(z+1,z+2,z+1)
left shift
f3t+2,1 : (A, A, A)+ (x, T+ 3, T+ 1)
(2 +4,2z+ 2,2z +4)

Case 2: All the gears are type 2 and n = 3z + 5. The first 3¢ gears get the
labeling f3:2 and the last two gears are labeled as per the following table.

Here the value of A is 3zt + 6t.
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r | Labeling | Sequence of gear tips
1 faz:121,021,0,...,1,2,0,1,2.
fo:12,0,1,20,1,...,1,1,1,0,0.
»:1021021,...,0,1,2,1,2.
fae22: | 1,0,2,1,0,2,...,2,1,0,2,1.
2 fae2:11,20,1,2,0,...,2,1,0,2,1.
f2:120,1,20,1,...,1,1,1,0,0.
lb:]0,21,021,...,1,1,1,2,1.
fat+2,2 01201,2,...,1,0,2,1,2.
3 fae2: ] 1,0,2,1,0,2,...,1,2,0,1,2.
f2:1201,20,1,...,1,1,1,0,0.
p2:|021,021,...,0,1,2,1,2.
fat22:1]0,2,1,0,2,1,...,2,1,0,2,1.
4 fa2:1]0,1,2,0,1,2,...,2,1,0,2,1.
f2:1201,20,1,...,1,1,1,0,0.
»:10,21,02,1,...,1,1,1,2,1.
fas22: | 2,0,1,2,0,1,...,1,0,2,1,2.
5 fa2:1]0,21,021,...,1,2,0,1,2.
p2:|0,21,021,...,0,1,2,1,2.
k] 1,2,0,1,20,...,1,0,0,2,0.
f3t+2,2: 1)0’27110a2s"-7290:21171'
6 fa2:|2,01,2,0,1,...,2,1,0,2,1.
f2:1201,20,1,...,1,1,1,0,0.
:10,21021,...,1,1,1,2,1.
faer22: | 1,2,0,1,2,0,...,1,0,2,1,2.

After calculating the labels of the sequence for fat4+2; we see that the
vertex numbers of these labelings are as shown in the following table.
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Labeling v1(0,1,2) v2(0,1,2)
1 fat2 (A,A,4) (z+1,z+2,z2+2)
fa: (z+2,z+2,2+2) (z+2,z+3,2)
P2 (z+2,z4+2,2+2) (z,z+2,z+2)
faep22: | (A+22+4,A4+22+4,A+224+4) | (z+1,72+2,2+1)
2 fat2: (A,AA) (z+1,z+2,z+2)
fa: (z+2,2+2,2+2) (z+2,z+3,z)
ly: (z+2,z+2,z+2) (z,z+4,z+1)
fatp22: | (A+224+4,A4+22+4,A+22+4) | (z+1,z+2,2+2)
3 f3t,2 : (Ay A’ A) (Z-l' 1,:L‘+2,.’L'+2)
f2: (z+2,z+2,z4+2) (z+2,z+3,2)
P2 (z+2,z+2,2+2) (z+1,z+2,24+2)
farpa2: | (A+22+4,A+20+4,A422+4) | (z+1,2+2,2+2)
4 fat2: (A,AA) (z+1,z+2,z+2)
fa: (z+2,z+2,z+2) (z+2,z+3,z)—
Iy (z+2,z+2,2+2) (z,z+4,z+1)
farez2: | (A+22+4,A+224+4,A+22+4) | (z+1,7+2,z+2)
5 fat2: (A,A,A) (z+1,z+2,z+2)
P2 (z+2,z+2,2+2) (z+1,z+2,z+2)
ks : (z+2,z+2,z+2) (z+3,z+1,z+1)
farga,2: | (A+224+4, A4+ 224+ 4,A+22+4) | (z+ 1,2+ 2,2+ 2)
6 fata: (A A A) (z+1l,z+2,z+2)
fa: (z+2,z+2,z+2) (x+2,z+3,z)
ly: (x+2,z2+2,2+2) (z,z+4,z+1)
fatyo2: | (A+224+4,A+224+4,A+22+4) | (z+1,2+2,2+2)

Finally we come to the last case.

Case 3: All gears are of type 3 and n = 3z. For the first 3t gears we assign
the labeling fa; 3 and for the remaining two gears we assign the labelings
as per the following table. Here A = 3zt + ¢. For all the labelings in both
the cases v2(0,1,2) = (z, z,z).
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t | Labeling | Sequence of gear tips 21(0,1,2)
odd fats: | 0,2,1,0,2,1,...,0,2,1 (AAA)
l3:{0,2,1...,0,2,1 (z—1,z+2,1)
ps:|0,1,2...,0,1,2 (z+1l,z—1,z+1)
reverse | pivotal 2
fatsa,s | 0,2,1,...,0,2,1. (A+2x,A+2z+1,A+2z+1)
even faes: | 0,1,2,0,1,2,...,0,1,2 (A,A,4)
Is:]0,21...,0,2,1 (z—1,z+2,1)
ps: | 0,1,2...,0,1,2 (z+1l,z-1,z+1)
reverse | pivotal 2
faer2s | 0,1,2,...,0,1,2. (A+22,A+2+1,A+2z + 1)
This shows that fa;, ; is edge-3-equitable for all 1 <7 < 3. .

Some Questions:

1: Can one identify the gear tips in any order (not necessarily cyclic) and
still get edge-3-equitable labelings of K,-union of gears?

2: If Gy,,...,Gny are gears with ny < n3,< ..., < nr, can we take 'I_{",,,-
union of them and still find an edge-3-equitable labeling of them?
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