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ABSTRACT. Recently Ozbal and Firat [22] introduced the notion of
symmetric f bi-derivation of a lattice. They give illustrative exam-
ples and they also characterized the distributive lattice by symmetric
f bi-derivation. In this paper we define the isotone symmetric f bi-
derivation and get some interesting results about isotoneness. We
also give the relations between the distributive, modular and isotone
lattices by symmetric f bi-derivation.

1. INTRODUCTION

The symmetric bi derivation was introduced by Maksa in [20]. It was
shown in [21] and [28] that symmetric bi derivations are related to general
solutions of some functional equations. Vukman in [26] and [27] studied the
symmetric bi derivation and commutativity properties of rings. In [25] the
author introduced the notion of lattice derivation and gave interesting re-
sults. Also in [13] the author studied this lattice derivation. Xin and et al.
[29) improved derivation for a lattice and discussed some related properties.
They gave some equivalent conditions under which a derivation is isotone
for lattices with a greatest element, modular lattices and distributive lat-
tices. Ceven and Ozturk (8] gave a generalization of derivation on a lattice
which was defined in [29]. In the paper they gave the notion of f—derivation
for a lattice and got some properties about f—derivation of lattices. Also
Ceven [9] introduced the symmetric bi derivations on lattices. The author
investigated some related properties. He characterized the distributive and
modular lattices by the trace of symmetric bi derivations. For the impor-
tant role and applications of lattices one can see [1, 2, 6, 7, 14, 18, 23, 24, 30].
Asci and Ceran [4] defined the symmetric bi-(o,7) derivations on prime and
semi prime Gamma rings and proved some results concerning symmetric
bi-(c,7) derivations on prime and semi prime Gamma rings. In [3] and (5]
they generalized the notion of symmetric bi-(o, 7) derivations.
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In this paper we define the isotone symmetric f bi-derivation and get
some interesting results about isotoneness. We also give the relations be-
tween the distributive and isotone lattices by symmetric f bi-derivation.

2. PRELIMINARIES

Definition 1. [15) Let L be a nonempty set endowed with operations A and
V. If (L, A, V) satisfies the following conditions for all z,y,z € L
(I)zAz=z,zVz=2
(2)zAhNy=yAz,cVy=yVvVz
(8) (zAyY)Az=zA[YA2),(zVy)Vz=2z2V(yV2)
(4) (zAy)Vz =1z, (zVy)Az =2
then L is called a lattice.

Definition 2. [15] A lattice L is distributive if the identity (5) or (6) holds.
(5)zA(yVvz)=(xAy)V(zAz)
(6)zV(ynz)=(xVy)A(zV2)

Definition 3. [23] A lattice L is called modular if it satisfies the following

conditions for all z,y,z € L
(7 Ife<z thenzV(yAz)=(zVy)Az

Definition 4. [15] Let (L, A, V) be a lattice. A binary relation < i3 defined
byz<yifandonlyifxAy=z endzVy=y.
Definition 5. 15| Let L and M be two lattices. The functiong:L — M
is called the lattice homomorphism if it satisfies the following conditions for
all z,y € L.

(8) 9(z Ay) = g(z) Ag(y)

(9) 9(z vV y) = g(z) vV g(v).
Lemma 1. Let (L,A,V) be a lattice. Define the binary relation < as in
the Definition 4. Then (L,<) is a poset and for any z,y € L, x Ay is the
g.l.b. of {z,y} and z Vy is the Lu.b. of {z,y}.
Definition 6. [11] Let Py, Pa,..., P, be ordered sets. The Cartesian prod-
uct P, X Py X ... X P, can be made into an ordered set by imposing the
coordinatewise order defined by

(21132) eeey xn) < (ylyy2,'")yn) A (Vi) T < Yi in ;.

Let L and K be lattices. Define V and A coordinatewise on L x K, as
follows:
(k) V(2 k) = (LVig,k1Vke) (2.1)
(L, k1) A(la k2) = (i Ala,ka Aks) (2.2)
L x K satisfies the identities (1)-(4) so L x K is a lattice.



Definition 7. (29] A function D : L — L on a lattice L is called a deriva-
tion on L if D satisfies the following condition

D(zAy)=(DzAy)V(zADy)
The abbreviation Dz is used for D(z) in above definition.

Definition 8. [29] Let L be a lattice and D be o derivation on L
(i) If x < y implies Dx < Dy then D is called an isotone derivation,
(i2) If D is one to one then D is called monomorphic derivation,
(#i2) If D is onto then D is called epimorphic derivation.

Definition 9. (8] Let L be a lattice. A function D : L — L is called an
f—derivation on L if there exists a function f : L — L such that

D(zAy) = (D(z) A f(¥) V (f(z) A D(v))

forallz,y e L.

Definition 10. (9] Let L be a lattice and D : L x L — L be a symmetric
mapping. Then D is called symmetric bi derivation on L if it satisfies the
following condition

D(zAy,z) = (D(z,z) Ay) V (z A D(y, 2))
forallz,y,2 € L.

Definition 11. [22] Let L be a lattice, a function D(.,.) : LX L — L is
called symmetric f bi-derivation of Lx L if there exists a function f : L — L
such that

D(z Ay, 2) = (D(z,2) A f(y)) V (f(z) A D(y, 2)) (2.3)
forallz,y,z € L.

Proposition 1. (22] Let L be a lattice and D(.,.) be a symmetric f bi-
derivation on L. Then the following identities hold for all z,y € L.

(i) D(z,y) < f(z) and D(z,y) < f(y)

(i) If L has a least element 0 then f(0) = 0 implies D (0, z) = 0.

3. MAIN REsuLTS

We begin giving a good example for the symmetric f bi-derivation on
Lattices.
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Example 1. Let L be the lattice 2 and L x L is also a lattice which is
given in Figure 1. and define the function D (.,.) on L by

(2, (z,9)=(0,0)

2, (z9)=(0,1)

2, (z,9)=(0,2)

2, (=, y) = (11 0)

D(ﬂ:, y) = 4 1, (.’B, y) = (1’1)
1, (xa y) = (la 2)

2, (z9)=(2,0)

1, (z9)=(2,1)

[ 1L, (z9)=(22)

2.0) ©2)

©.0

Fig. 1 The Lattice in Example 1.
Then D(.,.) is not symmetric bi derivation of L. Because
D(0A1,1) = D(0,1)
= 2
also
(D(0,1)A1)V(0AD(1,1)) = (2A1)V(0A1)

= 1v0

= 1
As a result from the definition of symmetric bi derivation it is seen that
D(.,.) is not a symmetric bi derivation. Now if we define a function f :

L — L such that
f(z)=2, z=0,1,2

then D (.,.) defined above is a symmetric f bi-derivation of L.
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Proposition 2. Let L be a lattice and D(.,.) be a symmetric f bi-derivation
on L. Then the following identities hold for all z,y,z € L.

(i) D(z,2) A D(y,z) < D(z Ay, z) < D(z,2) V D(y, 2)

(i6) D(z Ay, 2) < f(z) V f(y)-

Proof. (i) From the equation (2.3)
D(z,2) A f(y) < D(z Ay, 2)
and
f(z) A D(y,2) < D(z Ay, 2).
From Proposition 1(i) we have D(z, z) < f(z) then we obtain
D(z,2) AD(y,z) < f(z)AD(y,2)
< D(zAy,2).
We know that
D(z,z) A f(y) < D(z, z)
and
f(z) AD(y,z) < D(y, )
then it is obvious that

D(z Ay, z) < D(z,z) V D(y, 2).

It completes the proof.

(ii) Since
D(z,z) A f(y) < f(y)
and
f(z) AD(y,2) < f(=)
then

D(z Ay, 2) < f(z) V f(y).
O

Definition 12. Let L be a lattice and D (.,.) be a symmetric f bi-derivation
on Lx L, if z < y implies D(z, z) < D(y, z) then D(.,.) is called an isotone
symmetric f bi-derivation,

Proposition 3. Let L be a lattice with a greatest element 1 and D(.,.)
be a symmetric bi f—derivation on L and f(1) = 1. Then the following
identities hold;

(i) If f(z) < D(1,z) then D(z,z) = f(x)

(%) If f(z) 2 D(1, 2) then D(z,z) = D(1,2)
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Proof. (i) Since

D(z,z) D(zAl,2)

(D(z,2) A f(1)) V (f(z) AD(1,2))

D(z,2) V f(z)

we have f(z) < D(z, z). From Proposition 1 (i), we obtain D(z,2) = f(z).
(ii) Since

D(z,2) = D(zAl,2)
= (D(=z,2) A f(1) V (f(=) AD(1,2))
= D(z,z)VvD(1,z)
we have D(z,z) > D(1,z2). O

Proposition 4. Let L be a lattice and D (.,.) be a symmetric f bi-derivation
of L. If f is an increasing function, y < z and D(z,2) = f(z) then
D(y,2) = f(y).

Proof. Suppose f is an increasing function and y < z, then y = zAy. Thus

D(y,z2) = D(zAy,2)

(D(zy2) A f(¥) V (£(=) A D(y, 2))
(f(=) A f(y) v D(y, 2)

f) Vv D(y, 2)

= f(y)

a

Proposition 5. Let L be a lattice and D (.,.) be a symmetric f bi-derivation
of L. Then for any z,y, z € L the followings hold:
(i) If D(.,.) is isotone then D(z,z) = D(z,2) V (f(z) A D(z V y, 2)).
(i) If f(zVy) = f(z)V f(y) then D(z,z) = D(z,2)V(f(z)AD(zVy, z)).
(i) If f is an increasing function then D(z, 2) = D(z,z)V(f(z)AD(zV
¥,2)).
Proof. (i) Since D(.,.) is an isotone symmetric f bi-derivation then we
have

D(z, z) D((zVy)Az,2)
(D(zVy,z) A f(z)) V(f (zVy) A D(z,2))

D(z,2) V (f(z) A D(z Vy,2))

completes the proof.



(ii) From Proposition 1 (i) D(z, 2) < f(z) < f(z) Vv f(y) we obtain

D(z,z) = D((xVy)Az,z2)
(D(zVy,2) Af(z) V(f(zVy)AD(z,2))
(D(zVy,z) A f(z) V(£ (2) V f(¥)) A D(z, 2))

= D(z,z)V (f(z) AD(z Vy,z))

completes the proof.

(iii) Since f is an increasing function and = < zVy then f(z) < f(zVy)
50;

D(z,z) = (D(zVy2)Af(@)V(f(zVy)AD(z,z)
D(z,2) V (f(z) AD(z V y,2))

O

Proposition 6. Let L be e lattice, D(.,.) be an isotone symmetric f bi-
derivation and f is a decreasing function (or f(xVy) = f(z)V f(¥) ). If
D (z,2) = f(x) and D (y,2) = f(y) then D (z Vy,2) = f(z) V f(y).

Proof. We have z < zVy and y < = Vy and since D(.,.) is isotone,
then D(z,z) < D(z Vy,2) and D(y,2) < D(z Vv, 2).As a result we have
f(x) Vv f(y) = D(z,2) V D(y,z) < D(z Vy,z). Since f is decreasing then
f(zVy) < f(z)V f(y). By using D(zVy,2) < f(zVy) < f(z)V f(y) we

get f(z) V f(y) = D(z Vy,2). O

Theorem 1. Let L be a lattice with greatest element 1 and D(.,.) be a
symmetric f bi-derivation of L and f(zAy) = f(z) A f(y). Then the
following conditions are equivalent;

(i) D(.,.) is an isotone symmetric f bi-derivation

(i) D(z,z) V D(y,2) < D(z V y, 2)

(i) D(z, z) = f(z) A D(1, 2)

() D(z Ay, 2) = D(z,2) A D(y, 2)
Proof. (i) = (ii) Suppose that D(.,.) is an isotone symmetric f bi-derivation.
We know that < zVy and y < zVy. Since D(,.) is an isotone
then D (z,2) < D(zVy,2) and D(y,z) < D(zVy,z) Finally we obtain
D(z,z)VD(y,z) < D(xVy,2)

(ii) = (i) Suppose that D(z,2) VD(y,z) < D(zVy,2) and z < y.
Then we have

D(z,z2) D(z,z) VD (y,z2)

D(zVy,z)

D (y,z)

I IA A

Then D (.,.) is isotone.
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(i) = (iii) Suppose that D(.,.) is an isotone symmetric f bi-derivation.
We have D (z,z) < D(1,2). It is known that D(z,z) < f(z) from Propo-
sition 1. Then we get D (x,z) < f(z) AD(1,2). From Proposition 5 (i) for
y =1 we have

D (z,2) D(z,2) V(f(=) AD(1,2))
f(z)AD(1,2)

(iii) = (iv) Assume that (iii) holds. Then

D(zNy,2) (f(zAy)) AD(1,2)

f(z) A fly) AD(1,2)
(f(x)AD(1,2)) A(f(y) AD(1,2))
D (z,z) AD(y,2)

(iv) = (i) Let D (z Ay,2) = D(z,2) AD(y,2) and z < y. Since D (z,2) =
D(zAy,z) =D (z,2) AD(y,2) we get D(z,2) < D(y,z). Thatis D(.,.)
is isotone. O

Theorem 2. Let L be a modular lattice and D(.,.) be a symmetric f bi-
derivation of L. Then;

(i) D(.,.) is isotone if and only if D(z Ay, 2) = D(z,2) A D(y, 2)

(i) If D(.,.) is isotone and f(z Vy) = f(z) V f(y) then D(x,z) = f(z)
implies D(z V y, 2) = D(z,2) V D(y, 2)

Proof. (i) Suppose that D(.,.) is an isotone symmetric f bi-derivation.
Since ztAy <z and zAy < yweget D(xAy,2z) <D(z,2)AD(y,2). Also
using Proposition 1 and the fact that D (z,2) A f(y) < D (x,2) < f(x), we
get

D(z,2) AD(y,2) (D (z,2) AD (y,2)) A (f(z) A f(¥))
(D(z,2) VD (y,2)) A f (z) A f(y)
(D (y,2) vV D (z,2)) A f(¥)) A f(=)
(D (y,2) V(D (z,2) A f(y)) A f(=)
(D (z,2) A () V D(y,2)) A f(z)
(D (z,2) A fF(¥N)) V (f(z) AD(y,2))
D(zAy,2)

I S | R | I VAN

Conversely let D(z Ay, 2) = D(z,z) A D(y, z) and z < y. Since D (z,2) =
D(z Ay,z) = D(z,z) AD(y,z) we have D(x,2) < D(y,z2).
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(ii) Suppose that D(.,.) is isotone and D (z,2) = f(z). Using Proposi-
tion 5 and since L is a modular lattice we have
D(y,2) D(y,2) V(f(y) AD(z Vy,2))
(D(y,2) V f(¥)) AD(zVy,2)
fW)AD(zVy,2)
Hence using hypothesis we obtain
D(z,2) VD (y,2)

D(z,2)V(f(y) AD(zVy,z))
(D(z,2)V f(y)) AD(zVy,z)
(f@) Vi) AD(zVy,z)
fzVy)AD(zVy,z2)
D(zVy,z)

O

Theorem 3. Let L be a distributive lattice and D(.,.) be a symmetric f
bi-derivation of L where f(z Vy) = f(x) V f(y). Then the followings hold;

(i) If D(.,.) is isotone then D(z Ay, z) = D(z, z) A D(y, z)

(i) D(.,.) is isotone if and only if D(zVy,z) = D(z, z) V D(y, 2)
Proof. (i) Since D(.,.) is isotone we know that D(zAy,z) < D(z,2) A
D (y,z). From the Proposition 1 we get

D(z,2)AD(y,2) = (D(z,2)Af(z)N(D(y,2)Afy))
= (D(z,2) A f(¥)) A(f(z) A D(y, 2))
< (D@2 Af@)V (f(z) A D(y,2)
D(zAy,2)
Hence D(z Ay,z) = D(z,z) AD (y,2)

(ii) Let D(.,.) be isotone, we have D (z Ay, 2) = D (z,2) AD (y,z) from

(i). Then from Proposition 1 and Proposition 5 we get

D(y, z) D(y,2) V(W) AD(zVy,2)
(D@ 2)V @) A(D(y,2) VD (zVy,2))
f(¥) AD(zVy,2)

Similarly
D(z,2) = f(z) AD(z V y, 2)

then we obtain
D(z,z) Vv D(y, 2)

(fz)AD(zVy,2)) Vv (f(y) AD(zVy,2))
(f(x)V f(¥)) AD(z Vy,2)

flevy) AD(zVy,z)

D(z Vvy,z).
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Conversely suppose that D(z V y,z) = D(z,2) V D(y,2) and z < y. Then
since D(y,2) = D(zVy,z) = D(z,2) V D(y,2), we have D(z,2) <
D(y,2) a
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