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Abstract

A Roman dominating function on a graph G = (V, E) is a
function f : V — {0,1,2} satisfying the condition that every
vertex u € V for which f(u) = 0 is adjacent to a vertex v
for which f(v) = 2. The weight of a Roman dominating func-
tion is the value f(V) =3, cy f(v). The Roman domination
number, Yr(G), of G is the minimum weight of a Roman dom-
inating function on G. In this paper we study those graphs for
which the removal of any pair of vertices decreases the Roman
domination number. A graph G is said to be Roman domina-
tion bicritical or just yg-bicritical, if Yyr(G — {v,x}) < Yr(G)
for any pair of vertices v,u € V. We study properties of yz-
bicritical graphs, and we characterize yg-bicritical trees and
unicyclic graphs.
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1 INTRODUCTION

For notation and graph theory terminology we follow [9]. Let G =
(V,E) be a graph with vertex set V and edge set E. The open
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neighborhood of a vertex v € V is the set N(v) = {u € V|uv € E},
while the closed neighborhood is the set N[v] = N(v) U {v}. The
open neighborhood of a set S C V is N(S) = UyegN(v) and the
closed neighborhood of a set S is N[S) = N(S)U S. For a set S, the
subgraph induced by S is the graph G[S] = (S, E N (S x §)).

A set S is a dominating set if N[S] = V, while a total dominating
set is a set S for which N(S) = V. For sets A,B C V, we say that
A dominates B if B C N[A]. The domination number of a graph G,
denoted v(G), equals the minimum cardinality of a dominating set
in G.

The degree of a vertex v is deg(v) = |N(v)|. The minimum and
maximum degree of a vertex in a graph G are denoted 6(G) and
A(G), respectively. A leaf is a vertex v € V with deg(v) = 1, while
a support verter is a vertex that is adjacent to a leaf.

For a graph G = (V,E), let f : V — {0,1,2} be a function, and
let (Vo; V1;V2) be the ordered partition of V induced by f, where
V;={v e V(G): f(v) =i} and |V;| = n; for i = 0,1,2. There is a
1—1 correspondence between the functions f : V — {0, 1,2} and the
ordered partitions (Vp; V1;V2) of V, so we will write f = (Vp; V1; Vo).

A function f : V — {0, 1,2} is a Roman dominating function (or just
RDF) on G if every vertex u of G for which f(u) = 0 is adjacent to
a vertex v of G for which f(v) = 2. The weight of an RDF f on G is
the value f(V) = Y, cv f(u). The Roman domination number of a
graph G, denoted by vr(G), is the minimum weight of an RDF on G.
A function f = (Vp; V1; Va) is called a yr(G)-function or yg-function
if it is an RDF on G and f(V) = vr(G), [6, 10, 11].

We recall that the corona H o K of a graph H is the graph obtained
from H by adding a pendant edge to each vertex of H. In the rest of
the paper we shall use cor(H) instead of H o K}, since we use some
results of our previous works (7, 8].

For many graph parameters, criticality is a fundamental question.
Much has been written about graph parameters, such as connected-
ness or chromatic number, whose values increase or decrease when-
ever a vertex or edge is deleted or added. A graph G = (V,E)
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is called vertex domination critical, or «-critical if for every vertex
v €V, (G - v) < 4(G), where G — v denotes the graph obtained
from G by deleting vertex v and all incident edges uv € E. Among
the earliest research on domination critical graphs are the papers
of Walikar and Acharya in 1979 [14], Bauer, Harary, Nieminen and
Suffel in 1983 (1], Blitch [2], Sumner and Blitch in 1983 [12] and
Brigham, Chinn and Dutton in 1984 [3, 4]. A comprehensive chap-
ter on domination critical graphs has been written by Sumner and
Wojcicka in [13].

Hansberg, Jafari Rad and Volkmann in 20609 and 2010 (7, 8] studied
Roman domination critical graphs. A graph G is said to be Roman
domination critical, or just «ygr-critical, if Yyr(G — v) < Yr(G) for
every vertex v € V. Similarly, we say that G is Roman domination
edge critical, or just yr-edge critical, if yr(G + €) < yr(G) for any
e € E(G), where G denotes the complement of G.

Brigham, Haynes, Henning, and Rall in 2005 [5] studied bicritical
domination in graphs. A graph G is domination bicritical, or just
~-bicritical, if the removal of any pair of vertices decreases the dom-
ination number.

In this paper we we consider a generalization of Roman domination
critical graphs. We define a graph G to be (g, k)-critical, if yp(G —
S) < vr(G) for any set S of k vertices. Obviously, the (g, 1)-critical
graphs are precisely the Roman domination critical graphs studied
in [7, 8]. In the special case of k = 2, we say that G is Roman
domination bicritical, or just yg-bicritical. We characterize all yp-
bicritical trees and unicyclic graphs. We also obtain several general
results and characterizations of yg-bicritical graphs.

2 KNOWN RESULTS

In this section we state some known results which are useful for the
main results.

Proposition 2.1. [6] Let f = (Vo; Vi; Vo) be any yg-function. Then
(a) G[V1], the subgraph induced by V1, has mazimum degree 1.
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(b) No edge of G joins Vi and V5.

Lemma 2.2. [6] For the classes of paths P, and cycles Cy,, yr(P,) =
’YR(Cn) = [’2_:?"]

Proposition 2.3. [6] For any graph G of order n, iTQE'%'G)' < yr(G).

A vertex v in a graph G is called a Roman domination critical vertez,
or just a 7yp-critical vertex, if yr(G — v) < vr(G). A graph G is
Roman domination critical, or just yg-critical, if any vertex of G is
a 7g-critical vertex. Hansberg, Jafari Rad and Volkmann in (7, 8]
showed that removing any vertex in a -yg-critical graph decreases
the Roman domination number by exactly one. They obtained the
following results.

Theorem 2.4. [7] A graph G is ygr-critical if and only if for any
vertex v there is a ygr-function f = (Vp; V1;V2) such that v € V1.

Theorem 2.5. [7] A tree T on n > 2 vertices is yg-critical if and
only if T is a path on two vertices.

Proposition 2.6. [8] If P, is a path of order n > 1 and C, a cycle
of order n > 3, then

n

yr(cor(Pr)) = vr(cor(Cy)) = |-.3_] +n.

Let £ be the class of all graphs G for which either G = cor(Cy),
where m = 1 (mod 3) or G = C,, where n # 0 (mod 3).

Theorem 2.7. [8] A connected unicyclic graph G is yr-critical if
and only if GEE.

3 GENERAL RESULTS

Proposition 3.1. For any two vertices u and v in a yr-bicritical
graph G, vr(G) — 2 < 7r(G — {v,v}) <r(G) - 1.
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Proof. Let G be a vyg-bicritical graph and u,v € V(G). The upper
bound is obvious. For the lower bound let f = (Vo; V4; V2) be a vg-
function for G — {u, v}. It follows that (Vp; Vi U {u, v}; V2) is an RDF
for G, and so yr(G — {u,v}) = yr(G) — 2. O

Theorem 3.2. For two vertices u and v in a yg-bicritical graph G,
Yr(G — {u,v}) = Yr(G) — 2 if and only if there is a Yr-function
[ = (Vo;V1; Vo) for G such that {u,v} C V).

Proof. Let u and v be two vertices in a yg-bicritical graph G. First
let Yr(G — {u,v}) = Yr(G) — 2, and let f = (Vo; V1;V2) be a yp-
function for G — {u,v}. Then fi = (Vo; V1 U {u,v};2) is an RDF
for G. Since w(f1) = vr(G), f1 is a yg-function for G, and so the
result follows.

For the converse, assume that there is a ygp-function f = (Vp; V1;V2)
for G such that {u,v} C V;. It follows that (Vp; V} \ {u,v}; V2) is an
RDF for G — {u,v}, and so vr(G — {u,v}) < yr(G) — 2. Now by
Proposition 3.1, yr(G — {u,v}) = 7r(G) - 2. O

Corollary 3.3. If u and v are two vertices in a yg-bicritical graph
G such that yr(G— {u, v}) = yr(G) —2, then u and v are yg-critical.

A graph G is strong «yg-bicritical if yr(G — {u,v}) = Yr(G) — 2
for any pair of vertices « and v in G, and is weak yg-bicritical if
Yr(G — {u,v}) = vr(G) — 1 for any pair of vertices u and v in G. If
G is a 7yg-bicritical graph and ygr(G) = k, then we call G, k — vg-
bicritical.

Corollary 3.4. If G is a strong ygr-bicritical graph then G cannot
have a vertez of degree 2.

Proof. Let G be a strong «yp-bicritical graph and let G have a vertex
v with deg(v) = 2, with neighbors u and w. Since G is a strong -
bicritical graph then G has a yg-function f = (Vp; V4;V2) such that
{u,w} C V1. But then it must be the case that f(v) > 1. If f(v) =1
then the subgraph induced by V; has maximum degree greater than
1, a contradiction. If f(v) = 2, then clearly f is not minimal, since
then f(u) = f(w) = 0 is possible. O
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Corollary 3.5. If G is strong «yr-bicritical then for any component
H of G either H = K}, H= K>, or §(H) > 3.

Proof. Let G be a strong yg-bicritical graph and let G have a compo-
nent H which H # K, K3. Assume that there is a vertex v € V(H)
such that deg(v) < 2. By Corollary 3.4, deg(v) = 1. Let u € N(v),
and let w € N(u) — {v}. Since G is a strong ~yg-bicritical graph,
G has a qg-function f = (Vp; V;; V2) such that {u,w} C V;. But
then f(v) > 1, and similar to the proof of Corollary 3.4 we obtain a
contradiction. O

Proposition 3.8. For any yr-function f = (Vp; V1; Vo) in a weak
yr-bicritical graph G, |V1| < 1.

Proof. Let G be a weak yg-bicritical graph. Suppose to the contrary
that there is a yr-function f = (Vp; V1; V2) for G such that |V > 2.
Let u,v € V5. Then (Vo; V1 \ {v,v};V2) is an RDF for G — {u,v},
giving that yr(G — {u,v}) = yr(G) — 2 by Proposition 3.1. This is
a contradiction. O

Recall that a graph G is called Roman if yr(G) = 2v(G). It is shown
in [6] that a graph G is Roman if and only if there is a yg-function
f = (Vo, V1, V2) such that V; = 0. As a consequence of Proposition
3.6, if G is a ygr-bicritical graph and G is not -yg-critical, then G is
Roman.

Observation 3.7. For any vertez v in a graph G, vr(G) £ vr(G —
v) + 1.

Lemma 3.8. If G is a ygr-bicritical graph, then yr(G) = vr(G —v)
for any vertez v.

Proof. Let G be a yg-bicritical graph. Suppose to the contrary, that
there is a vertex v such that yp(G — v) > Yr(G). Let w # v be
any other vertex of G, and let H = G — v. It follows that yg(G) <
YR(H) < 1+7R(H — w). But vr(H - w) = 7r(G — {v,w}). We
obtain Yg(G — {v,w}) > vr(G), a contradiction. a
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Proposition 3.9. If a graph G is «yg-bicritical, then either G is
YR-critical, or there is a vertezx z in G such that G — zx is ygr-critical.

Proof. Let G be a ~yg-bicritical graph. Suppose that G is not yg-
critical. So there is a vertex z such that ygr(G — z) > vr(G). By
Lemma 3.8, 7r(G — z) = yr(G). Let y be any vertex of H = G — z.
We notice that yr(H —y) = yr(G — {z,y}) < vr(G) = yr(H). This
means that H is yg-critical. O

Theorem 3.10. If G is a ygr-bicritical graph of order n, then

2n - 3+ A(G)
’VW‘I < 7r(G).

Proof. Let G be a yg-bicritical graph of order n, and let u,v € V(G).
By Proposition 3.1, yr(G—{u,v}) < 7r(G)—1. Let H = G- {u,v}.
By Proposition 2.3,
2(n—2) 2(n-2)
1+A(G) — 14+ A(H)

So the result follows. 0

<7vr(H) <vr(G) - 1.

In the following propositions we investigate which paths and cycles
are «yg-bicritical.

Proposition 3.11. A path P, is yg-bicritical if and only if n < 5

Proof. 1t is easy to see that P; is «yg-bicritical for i = 2,3,4,5. As-
sume therefore that n > 6. Let G = P,, and V(G) = {v1,v2,...,v,},
where v; is adjacent to v;4g for ¢ = 1,2,...,n - 1. For n = 6,
Yr(G — {vs,v4}) = yr(G). So n > 7. Now removing v3 and vg
results in two paths on two vertices, and a path on n— 6 vertices. By
Lemma 2.2, yr(G—{vs, vs}) > 4+ I'J-’—’_—Z'I = vr(G), a contradiction.
Thus, 2 < n < 5. a

It is obvious that Cj is yg-bicritical.

Proposition 3.12. Forn > 4, a cycle C, is yg-bicritical if and only
ifn#0 (mod 3).
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Proof. It is obvious that for 4 < n < 5, C,, is yg-bicritical. Assume
that n > 6 and G = C,. First suppose that G is yg-bicritical. Let «
and y be two vertices at distance 3, then G — {z, y} is the union of
a path P, and a path P,_4. By Lemma 2.2, yg(G — {z,y}) = 2+
[g'—'g——q] < [23'—‘]. This implies that n #Z 0 (mod 3). For the converse
suppose that n # 0 (mod 3). If n =1 (mod 3), then n = 3k + 1 for
some integer k. By Lemma 2.2, yp(G) = 2k + 1. Let u,v be two
vertices of G. If u and v are adjacent, then G — {u,v} is a path on
n — 2 vertices, and by Lemma 2.2, yg(G — {u,v}) = [351‘;'32] =2k <
vr(G). If v and v are not adjacent, then G — {u, v} is the union of
a two paths. This time vg(G — {u,v}) = YR(Pn,) + YR(Pn;), Where
n1 +ng = n — 2. In each possiblity for n; and ng, we observe that
Yr(G — {u,v}) < 2k. So G is yg-bicritical. The case n = 2 (mod 3)
is similarly verified. a

We next characrerize k-yg-bicritical graphs for k € {2,3}.

Theorem 3.13. A connected graph G is 2 — yr-bicritical if and only
if G € {P,, P3, Cs}.

Proof. First notice that Py, P3 and C3 are 2 —yg-bicritical. Suppose
that G is a 2—~yg-bicritical graph and G # P,. So yr(G—{u,v}) =1
for any two vertices u,v. This means that |V(G)| = 3. Now it is
obvious that G is a path or a cycle on three vertices. a

Theorem 3.14. A connected graph G is 3 —yg-bicritical if and only
if G € {Py, Cy}.

Proof. By Propositions 3.11 and 3.12 both P; and C4 are 3 — yg-
bicritical. Let G be a 3—g-bicritical graph. If there are two vertices
u and v in G such that yr(G — {u,v}) = yr(G) — 2 = 1, then
vr(G) = 2 since G is connected. This implies that G is weak yg-
bicritical. Also n > 1 + A(G), since vr(G) = 3. By Theorem
3.10, n € 3+ A(G). So either n = 2+ A(G) or n = 3 4+ A(G).
Since yr(G) = 3, we obtain n = 2 4+ A(G). Let z be a vertex
with deg(z) = A(G). It follows that |V(G) \ N(z]| = 1. We show
that deg(z) = 2. Suppose to the contrary, that deg(z) > 3. Let
y € V(G) \ N[z]. Since yr(G — {z,y}) = 2, and G — {z,y} has



at least three vertices, there is a vertex w € N(z) such that w is
adjacent to any other vertex of N(z). Clearly w is not adjacent to y.
Since Yr(G — {z, w}) = 2, and deg(z) = A(G), y is adjacent to every
vertex in N(z) \ {w}. Let w; be any vertex in N(y). By removing
z and w;, we obtain that there is a vertex wy € N(z) \ {w, w1} such
that wy is adjacent to all of the vertices of G except w;. Since w; has
been chosen arbitrarily, we deduce that for any vertex a € N{y) there
is a vertex b € N(y) such that N[b] = V(G) \ {a}. As a consequent,
we deduce that N(a) = N(b). Now let a; and b; be two non-adjacent
vertices in N(y). We remove a; and b; to obtain a graph H. Since
Yr(H) = 2, there is a vertex ¢ € N(y) such that ¢ is adjacent to all
of the vertices of H. But ¢ is also adjacent to both a; and b;. This
means that deg(c) = A(G) + 1, a contradiction. Thus, deg(z) = 2.
Now we can easily see that G € {Py,C;}. O

4 TREES AND UNICYCLIC GRAPHS

In this section we characterize yg-bicritical trees as well as yg-bicritical
unicyclic graphs.

Theorem 4.1. A tree T is ygp-bicritical if and only if
T € {P,, P3Py, Ps}.

Proof. First by Proposition 3.11, P, is yg-bicritical for 2 < n < 5.
Let T be a ~g-bicritical tree of order n. By Proposition 3.9, either
T is «yg-critical, or there is a vertex z in T such that T — z is yg-
critical. If T is ygr-vertex critical, then T = P, by Theorem 2.5.
Suppose that T is not yg-critical, and T # P,. There is a vertex
z in T such that T — z is yg-critical. But T — z is a forest. So T
is a tree obtained from K ,,, for some integer m, by subdividing at
most m edges. Since K, is not yg-bicritical for m > 3, T is a tree
obtained from K, by subdividing at least one edge. Let V(T') =
{z, 21,22, ., Tmy Y1, Y2, -, ¥k} and E(T) = {zz; : i = 1,2,...,m} U
{ziyi :1=1,2,..,k}. Then yp(T) = k+ 2. If k > 3, then yp(T -
{z1,2z2}) =2 vr(T), a contradiction. So k < 2.

41



We show that deg(z) < 2. Suppose to the contrary, that deg(z) > 3.
If m # k, then yr(T — {z1,zk+1}) = Yr(T), a contradiction. So
m = k. This means that any vertex of N(z) is a support vertex. This
time yr(T — {z1,z2}) 2 vr(T), a contradiction. Thus, deg(z) < 2.
Now it is easy to see that T is a path on 3, 4, or 5 vertices. O

To characterize yg-bicritical unicyclic graphs we need some lemmas.

Lemma 4.2. Let G be a graph obtained by identifying a leaf of K1 m
with a leaf of cor(C,) for some integers m > 2, n > 4, withn =1
(mod 3), then vr(G) = [§]+n+1.

Proof. Let m > 2, n > 4 be two integers with n = 1 (mod 3), and
let G be a graph obtained by identifying a leaf of K, with a leaf of
cor(Cr). Let = be the central vertex of K, and y be the identified
vertex. So y is obtained by identifying a vertex y; of cor(Cy) with
a vertex 1 of Kj . Then deg(y) = 2. Let N(y) \ {z} = {2}. Let
f be a yp-function for G, and let H be the component of G — 2
which does not contain y. So H is a copy of cor(P,-1). If f(2) =0,
then w(f) > vr(cor(Pa-1)) +2 2 [3] +n+ 1. If f(2) = 1, then
w(f) = vYr(cor(Pn-1)) + 3 > [3] + n+ 1. Lastly, if f(2) = 2, then
w(f) > Yr(cor(Cn)) +2 > [§] + n + 1. We deduce that vg(G) =
[3]+n+1

On the other hand there is a yg-function g = (Vo; V1; V2) for cor(C,,)
such that y; € W3, since cor(Cy,,) is yg-critical. Then (VoUN(z); V1 \
{y1}; VaU {z}) is an RDF for G with weight [5]+n+ 1. Hence, the
result follows. [}

Lemma 4.3. Let H be a graph obtained by identifying a leaf of K1 m
(with center z) with a leaf of cor(Cy,) for some integersm 2> 2, n > 4,
withn =1 (mod 3). Let G be a graph obtained from H by subdividing
k pendant edges of H that are incident to z, wherem > k > 1. Then
Yr(G)=[3]+n+k+1.

Proof. Let m > 2, n > 4 be two integers with n = 1 (mod 3), and
let H be a graph obtained by identifying a leaf of K », with a leaf of
cor(Cr). Let = be the central vertex of K1, and y be the identified
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vertex. So y is obtained by identifying a vertex y; of cor(C,) with
a vertex x; of Ki.,. Then deg(y) = 2. Let G be a graph obtained
from H by subdividing k£ > 1 pendant edge adjacent to z. Let f be
a yr-function for G. There are the following cases.

Case 1. If f(:z,‘) = 0, then
w(f) > 7r(cor(Crn))+2k+m—k

= [g] +n+2%+m—k

> [§]+n+k+1.

Case 2. If f(z) =1, then
w(f) 2 vr(cor(Cn))+2k+1+m-—k

= [g]+n+2k+1+m—k

> [ -;31 Fntk+2
Suppose that f(z) = 2. Since cor(Cy) is yg-vertex critical, yr(cor(Cp)—

y1) = yr(cor(Cy)) — 1. Let G; be the graph obtained from G—y. It
follows that

> f() = vr(cor(Ca) —y1) +k+2
'UGV(Gl)
n

> ’-3] +n-1+k+2.

We deduce that yr(G) > [§] + 7+ k + 1. On the other hand there
is a ygp-function g = (Vp; V1; V2) for cor(C,) such that y; € Vj, since
cor(Cy) is yg-critical. Let A be the set of all leaves of G which are
at distance 2 from z. Then

(VoUN(z);Vi\ {n} U4 V2 U {z})

is an RDF for G with weight [§] + n + k + 1. Hence, the result
follows. a
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Lemma 4.4. Let G be a graph obtained by identifying a leaf of Ky m
with a vertez of C,, for some integersm > 2, n > 4, withn # 0 (mod

3). Then yr(G) = [%@] +2.

Proof. Let m > 2, n > 4 be two integers with n #Z 0 (mod 3), and
let G be a graph obtained by identifying a leaf of K, with a vertex
of C,. Let z be the central vertex of K;,» and y be the identified
vertex. Since removing y results in a path on n — 1 vertices and a

complete bipartite graph K 1’(,;1_1), we obtain yg(G) < ’73("3—_11] +2.
Let f = (Vo;Vi;V2) be a yg-function for G. If f(z) = 2, then
(Viu¥e) N(V(Ca)\ {¥})| > [25"3—-111 If f(z) = 1, then deg(z) = 2,

and |(Vi UWL) NV (Cyp)| 2 [2:32-' > [Zﬁ"s_—ll] . In both cases above

vr(G) > [i"{—ll] + 2. So suppose that f(z) = 0. Then deg(z) €
{2,3}. For deg(z) = 3 there is a ~yr-function g with g(z) = 2,
and as before yr(G) 2> [%"3——12] + 2. Suppose that deg(z) = 2.

Then w(f) = Yr(G) 2 Yr(Cn) +1 2 [g%—ﬂ] + 2, and the proof is

complete.

Similarly the following is verified.

Lemma 4.5. Let H be a graph obtained by identifying a leaf of K1m
with a vertez of Cn for some integersm > 2, n > 4, withn # 0 (mod
3). Let G be a graph obtained from H by subdividing k > 1 pendant

edges of H. Then vp(G) = [gnTAl] +k+2.

Let F be the class of graphs G such that G = C3 or G is obtained
from a cycle C,,, where n # 0 (mod 3), by identifying a vertex of
C, with a leaf of a path Py. Let H = £ UF, where £ is the class
of all graphs G which either G = cor(Cp,), where m =1 (mod 3) or
G = Cy, and n # 0 (mod 3).

Theorem 4.8. A connected unicyclic graph G is yr-bicritical if and
only if G e H.



Proof. It is a routine matter so see that any graph in H is vyg-
bicritical. Let G be a «yg-bicritical connected unicyclic graph. By
Proposition 3.9, either G is «yg-critical, or there is a vertex r in G
such that G — z is yg-critical. If G is yg-critical, then G € H. Sup-
pose that there is a vertex z in G such that G — z is yg-critical. We
consider the following cases.

Case 1. G — z contains a cycle.
Let G; be the component of G — z which contains a cycle. Since Gy
is yp-critical, by Theorem 2.7, G; € €.

Subcase 1.1. G is acycle. So Gy = C3 or G = C,, where n # 0 (mod
3). Since all other components of G — z are tree, for each component
G; # G, of G — z, G; is either K; or K,. Let y € N(z) NV (Gy).
Thus, deg(y) = 3, and deg(v) < 2 for any vertex v € N(z) \ {y}.
We show that deg(z) = 2. Suppose to the contrary that deg(z) > 3.
Let k& be the number of support vertices adjacent to z. If & > 1,

then by Lemma 4.5, vr(G) = [3&2;—‘1] +k+1. Ifk > 2 then

Tr(G — {z,y}) > ﬂl'a—_ll-l + 4 > vr(G), a contradiction. If k =1
then we let z be a support vertex adjacent to z. It follows that
Yr(G — {y,2}) > 3 + [%"3_-1.2-' > vr(G), a contradiction. Thus,

k = 0. By Lemma 4.4, yr(G) = Ir-zﬁs——ll-, +2. Let w € N(y)NV(G,).

This time yr(G — {y,w}) > [ﬂns;ﬁ] + 2 > vr(G), a contradiction.

Hence, deg(z) = 2. As before, we can easily see that z is not a
support vertex. So G € F.

Subcase 1.2. G is not a cycle. So G; = cor(Cy,), where m =1 (mod
3). Since all other components of G — z are tree, for each component
G; # Gy of G-z, G; is either K] or K. Let y € N(z)NV(G;). We
observe that deg(y) = 2 and deg(v) < 2 for any vertex v € N(z)\{y}.
Let z # z be adjacent to y. If for any vertex v € N(z)\{y}, deg(v) =
1, then by Lemma 4.2, yg(G) = [§]+n+1. Let N(2)\ {y} = {a,b}.
Then
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r(G - {a’ b})

2 '7R(Pn—3) +24+3

[n;3
|

]+n+5

n

>
3

]+n+L

This is a contradiction. So there is a vertex ¢ € N(z) \ {y} such that
deg(c) = 2. By Lemma 4.3, yr(G) = [§] +n+k+ 1, where k is the
number of support vertices adjacent to z. If & > 2, then

'7R(G - {JI, Z}) >

2

v

v

a contradiction. So k = 1.
then

7R(G - {wa z})

v

v

v

A contradiction. So deg(z)
Yr(G—{a,b}) = yr(cor(Pn-3

Case 2. Any component of G
It follows that = is a vertex

Yr(cor(Pp-1)) + 1+ 2k
n—ll +n—-14+1+2k

ﬁ:—l] +n—1+1+k+2
%] +n+k+1.

Then yr(G) = [§] +n+2. If deg(z) > 3,

yr(cor(Pn-1)) + 1+ 2k
[ -I+n—1+1+2k+1

|

= 2. Let a,b € N(z)\ {y}. Then
))+2+4 > [2]+n+2, a contradiction.

n—1

3
n

3-' +n+2.

— z is a tree.
of a cycle C3. Also vr(G) = 2 + k,



where k is the number of support vertices adjacent to z. If k > 1,
then we remove = and a support vertex adjacent to z to obtain a
graph H with yg(H) > «r(G). This is a contradiction, since G is
yr-bicritical. We conclude that £ = 0. Now yg(G) = 2. If G # Cj,
then removing z and a leaf does not reduce the Roman domination

number, a contradiction. Hence G = Cj. O

5 Open problems

In this paper we studied properties of yg-bicritical graphs and char-
acterized «yg-bicritical trees and unicyclic graphs. However, there are
many remaining questions.

We close with some open questions and problems.
1-Characterize the 4 — yg-bicritical graphs.
2- Characterize the cubic yg-bicritical graphs.

3- Proposition 3.1 can be a good point to study graphs for which
removing any three vertices decreases the Roman domination num-
ber. A graph G is yg-tricritical if Yr(G — {u,v, w} < Yr(G) for any
u,v,w of G. What are the properties of yg-tricritical graphs? What
are the properties of (g, k)-critical graphs for k > 47

4- Are there any «ypg-bicritical grid graphs?
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