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Abstract

In the frame work of P systems introduced by Paun (1998), gen-
eration of rectangular arrays and hexagonal arrays have been studied
in the literature. In this paper, we introduce a new P system gener-
ating a family of hexagonal array languages. We compare this new
family with the existing families of hexagonal array languages.
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1 Introduction

Splicing system is one of the models based on biological phenomena in-
troduced by Tom Head [4, 6] which enriched both formal language theory
and life science with major developments. The splicing systems make use
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of a new operation, called splicing on strings of symbols. This operation
was extended to rectangular arrays by Helen Chandra et al. (7] and a new
splicing system called H array splicing system is introduced.

On the other hand, a new class of distributed and parallel comput-
ing device inspired by biochemical considerations was introduced by Paun
(1998), and is called P system. This system consists of four basic features
namely, membrane structure, objects, evolution rules and communication.
The membrane structure consists of several membranes arranged in a hi-
erarchical structure inside a main membrane called skin membrane and
delimiting regions. With each region of a membrane, a set of objects which
can be symbol or strings or arrays over a given alphabet and a set of evo-
lution rules are associated. The objects evolve according to the evolution
rules which can produce new objects and can be sent out of a particular
membrane or to any inner membrane using target indicators. The evolution
rules are applied in a maximally parallel manner at each step. All objects
which can evolve should evolve. Many variants of P system have been in-
troduced and extensively studied by various researchers which can be seen
in [9, 10). In particular P systems generating hexagonal picture languages
have been initiated in [1, 2].

Siromoney et al. (1976) introduced hexagonal arrays which have several
applications, especially in picture processing and image analysis. A new
method of splicing on hexagonal arrays was introduced by Hemalatha et al.
[5] to generate hexagonal arrays.

In this paper, we introduce a new P system with hexagonal arrays as
objects and arrow head splicing operation on hexagonal arrays as evolution
rules. We compare the family of hexagonal picture languages generated
by the proposed system with the existing families of hexagonal picture
languages like hexagonal array languages, local and recognizable hexagonal
picture languages.

2 Preliminaries

We review here the notions of hexagonal pictures, hexagonal picture lan-
guages and splicing operation on hexagonal arrays [3, 5, 11, 12]. For the
basic definition and generation about P system, we refer to (8, 9].

Definition 2.1. A hexagonal picture p over an alphabet V is a hexagonal
array of symbols of V. The set of all hexagonal arrays over V is denoted
by V**4,

A hexagonal picture p over the alphabet {a,b, ¢} is given in Fig. 1.

114



Figure 1: Hexagonal array

Definition 2.2. If p € V**#, then p* is the hexagonal array obtained by
surrounding p with a special boundary symbol # ¢ V.

Instead of a regular hexagon, here we also consider some arrowhead
hexagonal arrays namely East (E), North West (NW) and South West
(SW) arrow heads as shown in Fig. 2.

‘a—a a—a a
\ /
>a Na a’ a—a & a—a
a—a’ Na Na—a”’
)] (if) (iii)

Figure 2: (i) East, (ii) North West and (iii) South West arrow head

Definition 2.3. We consider hexagons of the type :

upper left vertex upper right vertex
left most vertex right most vertex
lower left vertex lower right vertex

Definition 2.4. Given a picture p € V**H let I;(p) denote the number of
elements in the border of p from upper left vertex to left most vertex in the
direction ./ called = direction, l2(p) denote the number of elements in the
border of p from upper right vertex to right most vertex in the direction \,
called y direction and l3(p) denote the number of elements in the border of
p from upper left vertex to upper right vertex in the direction — called z
direction.

The directions are fixed with origin of reference as the upper left vertex,
having coordinates (1,1,1). The triple (l1(p), l2(p), la(p)) is called the size
of the picture p.

Given a hexagonal picture p of size (I, m,n), for g < ,h < m and
k < n, we denote by By r x(p) the set of all hexagonal subpictures (called
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hexagonal blocks) of p of size (g, h, k). Each member of Bz 2 2(p) is called
a hexagonal tile.

Definition 2.5. A hexagonal picture language L C V**# is called local
if there exists a finite set A of hexagonal tiles over V U {#} such that
L={peV*H/By,,(p) CA}. Lisdenoted by L(A).

The family of local hexagonal picture languages will be denoted by
HLOC.

Definition 2.8. Let V be an alphabet. #, and $ are three special
symbols not in V. The zyz dominoes of the hexagonal domino system (2]

are shown in Fig. 3.

or ““ or where a,beV

Figure 3: zyz dominoes

Definition 2.7. An East Arrow Head (EAH) domino splicing rule over V'
is R, consisting of domino rules of the form ry or r2, r1 = a1 ¢ 2803 g

with a;, ¢ = 1,2,3,4 of the form for some a,b € V U {#} and
ro = P B8B83 By with B;, ¢ = 1,2,3,4 of the form for some

a,be VU{#}
A North West Arrow Head (NWAH) domino splicing rule over V is
R, consisting of domino rules of the form r3 or 4, 3 = a1¢ az8a3¢ a4

with a;, i = 1,2,3,4 of the form for some a,b € V U {#} and
ra = b1 ba8b3@ by with b;, i = 1,2,3,4 of the form for some

a,be VU{#}.
A South West Arrow Head (SWAH) domino splicing rule over V is
R, consisting of domino rules of the form rs or 75, s = c1§ c28c3@ cy

with ¢;, i = 1,2,3,4 of the form for some a,b € V U {#} and
re = d1@ d28ds@ dg with d;, i = 1,2,3,4 of the form for some

a,be VU{#}
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Two hexagonal arrays can be spliced with the help of above domino
splicing rules. Two hexagonal arrays H; and H, are cut so that there
result a convex hexagonal array and an arrow head hexagonal array from
each of H; and H,. The cutting is guided by suitable dominoes. The
convex hexagonal array resulting from H; (H;) is pasted with the arrow
head hexagon resulting from H, (H;).

3 Hexagonal Array Splicing P System

In this section, we define a new splicing P system with hexagonal arrays
as objects and the arrow head domino splicing rules as evolution rules. We
compare the family of hexagonal array languages generated by this system
with the existing families of hexagonal picture languages.

Definition 3.1. A hexagonal array splicing P system is a construct
= (VU{#1$’¢}v”$L1,L2|-- -'LnleaRm. ..,Rn,io)

where
1. V is a finite alphabet; #, 8, are special symbols not in V.,

2. p is a membrane structure consisting of n membranes labeled with
L,2,...,n.

3. L; is a finite subset of (VU{#})**# are called axioms representing the
bordered hexagonal arrays initially present in the region i, 1 < i < n.

4. Ri, 1 < i < n are finite sets of evolution rules associated with the
regions 1,2,...,n of 4 in the following form: ({r},tar) where r €
R.U Ry, U R,,, as defined in Definition 2.7 and tar € {here, out} U

5. ip is the output membrane.

When an object is present in a region of our system, it is assumed to appear
in arbitrarily many copies.

Any n-tuple (Hl# , Hz# v~ Hf) of bordered hexagonal array languages
over V is called a configuration of II. For any two configurations (Hf , Hff ,
oo HE), (Y H?, .. H#) we write (HF HE, ..., H¥) = (H/¥ H?,
.., Hi#) if we can pass from (Hf ,H¥,..., H#) to (H* H¥, ... H'#)
by applying the arrow head domino splicing rules from each region of p
in parallel to all possible bordered hexagonal arrays of the corresponding
regions, and following the target indications associated with the rules. More
precisely, if X#,Y# € L; c (VU {#})*H and {{r = 1@ 098a3F 0y} €

117



Re U Rpw U Ryu, tar} € R;, such that we can have (X#,Y#) 7 W#,
then W# will go to the region indicated by tar. If tar = here, then the
generated bordered hexagonal array remains in it" membrane, if tar =
out, the generated array is moved to the region immediately outside the
membrane 4, if tar = in;, then the generated array is moved to membrane
4, provided that this is immediately below i** membrane; if not, the rule
cannot be applied.

A sequence of transitions between configurations of a given P system I,
starting from the initial configuration (L, L, ..., L) is called a computa-
tion with respect to I1. The result of a computation consists of all hexagonal
arrays over V which are sent to the membrane ip (output membrane) at any
time during the computation. We denote by L(II), the language generated
by II.

The family of all hexagonal arrays generated by this system is denoted
by HAHSPL.

We now give an example of hexagonal array splicing P system generating
hexagonal chess patterns.

Example 3.2. A hexagonal chess pattern is shown in Figure 4 where w, g, b
stands for white, grey and black hexagons in the hexagonal chess pattern.

Figure 4: Hexagonal chess pattern

Let a,b and c¢ represents white, grey and black hexagons of the chess
pattern respectively. Then the corresponding hexagonal array is given in
Figure 5.

Figure 5: Array representing hexagonal chess pattern

Now we give a splicing P system generating the above patterns. Let
n = (V U {#’ $’ ¢}y My le L21 L3; L41 Rl) R’29 R3) R4|4) Where V= {av by C},
p = lalsleliil2lsls, Ly = {Hf, Hf , H} where
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# a b # # b c
# b c a # # c a b
# a b # # b c
# # # # # #
HY Hf

Ry = R, U Rpy U Ry, with Ry = R,y = ¢ and

R=1n ) (G s\ 0B\ 7 B B s B
ﬁtﬁ&anﬁv& ?%@w&wﬁ@
R RN~ R RTR
e 47 S ST T v T ST
i £ ST LT O mo: S 0T 8/ afd
pf) O ST AT v T AT ST S

{here, out}}

Ly =¢, Ra = R URpyy UR,, with Re = Ry, = ¢
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In membrane 1, the initial axiom arrays H{# , Hz# , Hf are present in mul-
tiple number of copies. Using the east arrow head splicing rules ps, pq, po
and pyo, the axiom hexagonal arrays Hf and Hff are spliced to give H}
which will be sent out to membrane 2.

Similarl¥ using the rules ps, ps, £11 and p;2, the axiom hexagonal arrays
HF and HY are spliced to give HY which will be sent out to membrane 2.

# # # #
# b c a
Hf:# c a b c #
# b c a #

#  # # #

Also using the rules py, p2,p7 and ps, the axiom hexagonal arrays Hf
spliced with Hl# to give Hg‘ﬁ . This will be sent out to membrane 2.

# # # #

# # # #

In membrane 2, using the north west arrow head splicing rules p;, p2, p7, ps
and po, HY and H¥ are spliced to give H¥. H¥ will be sent out to
membrane 3 using the target ‘out’. At the same time, using the rules
P3,P4,P8, P10 and pyy, the hexagonal arrays H¥ and Hf are spliced to
yield Hf . Again this will be sent out of the membrane.

In the same way, using the rules ps, ps, p7, P10 and pys, the hexagonal array
H¥ and H¥ are spliced to give HY which will be sent to membrane 3.

# # # #
b

# * b
# _ c a b
HY = # a b c a #
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In membrane 3, we have only south west arrow head splicing rules. Hf
is spliced with H—f using the rules pg, p2,p4, p7, P8, P10 to yield H}% which
is sent to the output membrane. Similarly H¥ and Hf are spliced using
the rules py,ps, P2, Pr, P8, P12 to give Hﬁ which is sent out to the output
membrane. Also H and H¥ are spliced to give HY, which is again sent

to the output membrane.

#
#
HE= # c

HE= # b

#

#

e 3 I

R
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Theorem 3.3. The class HAHSPL intersects the class HILOC.
Proof. Consider the hexagonal array splicing P system
II= (V U {#1 $’¢}1“7 Ll) L2: Rl) R2y 2)

where V = {a}
#=[af1h)

Li={ # a a a #
# a a #
R1=ReURanRaw

ge;e{{p1¢%$¢ pzﬂs
po L T ST OLF vifs] OfF 87 €[ ), there,om))
Row={lps /57 G/ 8/F CAT 7 7 0/ 5 /F ¢/

pr: [a]a] @[a]a] $ [#[# ¢[a]e]

pe: [al#] @[a#] 8 [Z[# Gla#] }, {here,out}}
Reo = {71 X\ OB\ 3 ) P\

R RBR

?ll :[a]a] @ [a]e] 8 [#]#] F[a]a]

pl” :[a]#] ¢[a]#] 8 [#]#] ¢la]#] }, {here,out}}
Ly =¢, Ry = ¢.
The system works as follows: Initially membrane 1 contains the axiom array
given by L;. This array is spliced with itself using one of the three type of
rules. Suppose if we apply the domino splicing east arrow head rules given
by Re = {p1,p2,p3,ps}, the left part of the hexagonal array in L, is pasted
with the right part of the hexagonal array as given in Figure 6.

The resultant hexagonal array can be sent out of the membrane by using
the target out. If it remains in the same membrane, we can again apply the
rule R.. By applying the rules R, iteratively, we can increase the growth
of the hexagonal arrays in z-direction.

On the other hand, we can apply the rules R,,, or R,., initially instead
of R, so that the hexagonal array can grow in z-direction or y-direction
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#\# #\# # # # # #
# a a\# # a\a # a a a #
#aaaa ## # aa a## —> ##a a a a##
a
a7 s 74 #2424

Figure 6: Spliced hexagonal array

respectively. By applying the rules Ry, or Ry iteratively we can generate
all sizes of hexagonal arrays. Hence the language generated by the system
is the set of all hexagonal arrays over {a} of size ({,m,n), £ > 2, m > 2,
n > 2, which is local. O

Theorem 3.4. The class of regular controlled table 0L hezagonal array
languages CTOLHAL and HAHSPL are incomparable but not disjoint.

Proof. Consider the language

a a a
a a a a a a
L=< a a a, a a a a a,
a a a a a a
a a a

The above language can be generated by a regular controlled table OL
hexagonal array grammar [11]. But this cannot be generated by a hexagonal
splicing P system, since the domino arrow head splicing rules cannot control
the equality in the values of (¢,m,n).

Consider the hexagonal splicing P system

II= (VU {#i¢s$}1ﬂ'1 Lly L21R11R2)2)

# # #
# a a #
whereV = {a}, L1 = # a a a # pp=[2llile,
# #

#
R1=ReURanRawWithRnw= w = @

e BRI, 7R R R
’q:ﬁ $I¢'Ip4 lGﬁ $l ’ }, {here, out}}

L2—’¢1R2— .
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e a aaa
It is clear that L(II) = { a a a, a a a a,... $ which is also in
e a aaa
CTOLHAL [11].
Consider the hexagonal splicing P system

II= (VU {#,¢':$}!u1 Ll, LZthR’I)2)
# # #

-
o]
—

SN

where V = {1,2,3}, L; = ¢ #

pL= [2[1]1]27
= R, U Rnw U R,y with Ry = Rsw =¢

Re= (e N\ 06 8 B\ O

"N Mo R

niA) qfﬁ 4 4/
peife) GAT 87 CLT ). (here,out))

L2=¢3R’2=¢'
11 111

We can easilyseethat L(I)=¢ 1 21,12 2 1,
33 333
This language cannot be generated by any controlled table OL hexagonal
array grammar, since, if we allow any of the rule 11 « 1 or 12 — 1 we get
a different language. Hence the proof. 0O

4 Conclusion

In this paper, a new P system on pictures with hexagonal arrays as objects
and arrow head splicing rules on hexagonal arrays as evolution rules has
been proposed. The new class of hexagonal array languages generated
by the proposed system has been compared with the existing families of
hexagonal array languages like local hexagonal array languages, etc.
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