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Abstract

For a connected graph G of order n > 2, a set S of vertices of G
is & geodetic set of G if each vertex v of G lies on a z-y geodesic for
some elements = and y in S. The geodetic number g(G) of G is the
minimum cardinality of a geodetic set of G. A geodetic set of cardi-
nality g(G) is called a g-set of G. A set S of vertices of a connected
graph G is an open geodetic set of G if for each vertex v in G, either
v is an extreme vertex of G and v € S; or v is an internal vertex of
an z-y geodesic for some z,y € S. An open geodetic set of minimum
cerdinality is a minimum open geodetic set and this cardinality is the
open geodetic number, 0g(G). A connected open geodetic set of G is
an open geodetic set S such that the subgraph < § > induced by §
is connected. The minimum cardinality of a connected open geodetic
set of G is the connected open geodetic number of G and is denoted
by 0g:(G). A total open geodetic set of a graph G is an open geode-
tic set S such that the subgraph < S > induced by S contains no
isolated vertices. The minimum cardinality of a total open geodetic
set of G is the total open geodetic number of G and is denoted by
0g:(G). A total open geodetic set of cardinality og,(G) is called og.-
set of G. Certain general properties satisfied by total open geodetic
sets are discussed. Graphs with total open geodetic number 2 are
characterized. The total open geodetic numbers of certain standard
graphs are determined. It is proved that for positive integers r,d and
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k > 4 with r < d < 2r, there exists a connected graph of radius r,
diameter d and total open geodetic number k. It is also proved that
for the positive integers a,b,n with 4 < a £ b < n, there exists a
connected graph G of order n such that 0g:(G) = a and o0g.(G) = b.

Keywords: Geodetic number, open geodetic number, connected
open geodetic number, total open geodetic number.
2010 Mathematics Subject Classification Number: 05C12.

1 Introduction

By a graph G = (V,E) we mean a finite, undirected connected graph
without loops or multiple edges. The order and size of G are denoted
by n and m, respectively. Throughout this paper, G denotes a connected
graph of order at least two. For basic graph theoretic terminology we refer
to Harary [6). The distance d(u,v) between two vertices » and v in a
connected graph G is the length of a shortest u-v path in G. An u-v path
of length d(u,v) is called an u-v geodesic. It is known that the distance
function d is a metric on the vertex set V(G). For any vertex v of G, the
eccentricity e(v) of v is the distance between v and a vertex farthest from v.
The minimum eccentricity among the vertices of G is the radius, rad G and
the maximum eccentricity is its diameter, diam G of G. The neighborhood
of a vertex v is the set N(v) consisting of all vertices which are adjacent
with v. A vertex v is an extreme verter of G if the subgraph induced by
its neighbors is complete. A vertex v of a connected graph G is called a
support vertez of G if it is adjacent to an end vertex of G. A geodetic set of
G is a set S C V(G) such that every vertex of G is contained in a geodesic
joining some pair of vertices in S. The geodetic number g(G) of G is the
minimum cardinality of a geodetic set of G. A vertex z is said to lie on
a u-v geodesic P if z is a vertex of P and x is called an internal vertez of
P if z is not a member of {u,v}. A set S of vertices of a connected graph
G is an open geodetic set if for each vertex v in G, either v is an extreme
vertex of G and v € S; or v is an internal vertex of a z-y geodesic for
some z,y € S. An open geodetic set of minimum cardinality is a minimum
open geodetic set and this cardinality is the open geodetic number, 0g(G).
Certainly, every open geodetic set is a geodetic set and so g(G) < og(G).
The geodetic number of a graph was introduced in (1, 5, 7] and further
studied in [2, 3]. The open geodetic number of a graph was introduced in
[4, 8] and further studied in {10, 11]. A connected open geodetic set of G is an
open geodetic set S such that the subgraph induced by S is connected. The
minimum cardinality of a connected open geodetic set of G is the connected
open geodetic number of G and is denoted by 0gc(G). The connected open
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geodetic number was introduced and studied in [12]. In this paper, the
total open geodetic number of a graph is introduced and studied.
The following theorems are used in the sequel.

Theorem 1.1. [10] Every open geodetic set of a connected graph G contains
its extreme vertices. Also, if the set of all extreme vertices of G is an open
geodetic set, then S is the unique minimum open geodetic set of G.

Theorem 1.2. (12] Each cut-vertez of a connected graph G belongs to every
connected open geodetic set of G.

Theorem 1.3. [10)If G is a connected graph with a cut-vertez v, then every
open geodetic set of G contains at least one vertez from each component of
G-

2 The total open geodetic number of a graph

Definition 2.1. Let G be a connected graph with at least two vertices.
A total open geodetic set of a graph G is an open geodetic set S such that
the subgraph induced by S contains no isolated vertices. The minimum
cardinality of a total open geodetic set of G is the total open geodetic number
of G and is denoted by 0g:(G). A total open geodetic set of cardinality
09:(G) is called og;-set of G.

Example 2.2. For the graph G in Figure 2.1, it is clear that S = {v1,vs,v9,
vio} is the unique open geodetic set of G so that og(G) = 4.

V3 Vs
1 5 K73 )
A G 10
Figure 2.1

It is easily verified that the set $; = {v, V2,7, Vs, Vg, V10} is the unique
total open geodetic set of G so that 0g:(G) = 6. Also,it is clear that
Sz = {v1, vq, va, vs, vg, V7, vs, Vg, v10} is & minimum connected open geodetic
set and so 0g.(G) = 9. Thus the open geodetic number, the total open
geodetic number, and the connected open geodetic number of a graph are
all different.
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Theorem 2.3. Each extreme vertex and each support vertez of a connected
graph G belong to every total open geodetic set of G. If the set of all extreme
vertices and support vertices form a total open geodetic set of G, then it is
the unique minimum total open geodetic set of G.

Proof. Since every total open geodetic set is an open geodetic set, by The-
orem 1.1, each extreme vertex belongs to every total open geodetic set.
Since the total open geodetic set contains no isolated vertices, it follows
that each support vertex of G also belongs to every total open geodetic set
of G. Let S be the set of all extreme vertices and support vertices of G.
Then by the first part of this theorem, every total open geodetic set of G
contains S. If S is a total open geodtic set of G, then it follows that S is
the unique minimum total open geodetic set of G. O

Corollary 2.4. For the complete graph Kn(n 2 2),09:(Kn) = n.

Theorem 2.5. For a connected graph G of order n > 2, 2 < 0g9(G) <
0gt(G) < 0g:(G) < n.

Proof. An open geodetic set needs at least two vertices and so og(G) > 2.
Since every total open geodetic set is an open geodetic set, it follows that
0g(G) < 0g:(G). Also, since every connected open geodetic set of G is a
total open geodetic set, 0g:(G) < 0gc(G). Since V(G) is a connected open
geodetic set of G, it is clear that 0g.(G) < n. Hence 2 < 09(G) < 0g:(G) £
09:(G) £ n. a

Corollary 2.6. Let G be a connected graph. If 0g:(G) = 2, then og(G) = 2.

Remark 2.7. For the complete graph Kb, 0g:(G) = 2 and for the complete
graph K,,09:(K») = n, so that the total open geodetic number of a graph
attains its least value 2 and largest value n. Also, all the inequalities in
Theorem 2.5 can be strict.

n Vs Yo

Figure 2.2

For the graph G given in Figure 2.2 of order 10, it is clear that the set
S = {v1,v2,v4, v} is a minimum open geodetic set of G so that 0g(G) = 4.
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It is easily verified that the set S; = {v1, vo, v4, vs, vg} is a minimum total
open geodetic set of G and so 0g(G) = 5. Also, it is clear that the set
Sg = {v1,v2,v4,%,v7,vs, 9} is & minimum connected open geodetic set of
G so that 0g.(G) = 7. Thus 2 < 0g(G) < 0g:(G) < 0g.(G) < n.

Also, we notice that for any path of order at least 4, the open geodetic
number is 2, whereas the total open geodetic number is 4. This shows that
the converse of Corollary 2.6 need not be true.

Theorem 2.8. For any non-trivial tree T, the set of all end vertices and
support vertices of T' is the unique minimum total open geodetic set of G.

Proof. Since the set of all end vertices and support vertices of T° forms a
total open geodtic set, the result follows from Theorem 2.3. a

Theorem 2.9. If a connected graph G contains no extreme vertices, then
0g:(G) 2 4.

Proof. First, we observe that if G is a connected graph having no extreme
vertices, then the order of G is at least 4. Let S be a total open geodetic
set of G. If u € S, then there exist vertices v and w such that u lies in &
v — w geodesic. Without loss of generality, assume that d(v,u) < d(u,w).
Then w does not lie in any u — v geodesic. Since, for some z,y € S, w lies
in an z — y geodesic, it follows that at least one of x and y is distinct from
all of u,v and w. Thus |S| > 4 and so 0g:(G) > 4. a

Theorem 2.10. Let G be a connected graph with cut-vertices and let S be a
total open geodetic set of G. If v is a cut-vertex of G, then every component
of G — v contains an element of S.

Proof. Since every total open geodetic set is an open geodetic set, the result
follows from Theorem 1.3. [}

The following theorem characterize graphs for which the total open
geodetic number is 2.

Proposition 2.11. For any connected graph G, 0g,(G) = 2 if and only if
G=K,.

Proof. If G = Ko, then 0g:(G) = 2. Conversely, let 0g,(G) = 2. Let
S = {u,v} be a minimum total open geodetic set of G. Then uv is an edge.
It is clear that a vertex different from u and v cannot lie on a u-v geodesic
and so G = K. O

4 ifn is even

Proposition 2.12. For the cycle G = Ca(n > 4), 00:(G) = { 5 ifn is odd
if n is odd.
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Proof. Since G has no extreme vertices, by Theorem 2.9, 0g:(G) 2 4.
Case 1. n is even.

Let n = 2k(k > 2). Let G be the cycle Cox : v1,v2,..., Uk, V41, . -, U2k,
vy. Then vg41 is the antipodal vertex of v1. Let S = {v1,v2, Vk41, Vit2}-
It is clear that S is an open geodetic set of G and the subgraph induced by
S has no isolated vertices so that og,(G) = 4.

Case 2. n is odd.

Let n = 2k+1 (k > 2). Let G be the cycle Caxt1 : v1,%2, ..., Uk, Vkt1, -+,
Uk, V2k+1,V1. 'Then vgyy and veyo are the antipodal vertices of vy. Let
S = {v1,v2, Vk+1, Vk+2, Vk+3}. It is clear that S is a minimum total open
geodetic set of G so that 0g:(G) = 5. ad

Proposition 2.13. For the wheel W, = K} + Cn—1 (n 2 5), 0g(W,) =
n-—1.

Proof. Let W, = K; + Cn_1 (n 2 5) with z, the vertex of K; and
V(Cn-1) = {v1,v2,...,vn-1}. It is clear that = does not belong to any
minimum total open geodetic set of G. If S is a subset of V(Cy-1) of car-
dinality at most n — 2, let v; (1 < ¢ < n — 1) be such that v; ¢ S and
v;31 € S. Then vy, is not an internal vertex of any geodesic joining a
pair of vertices in S. Hence S is not an open geodetic set of W,. Since
W = {v1,v2,...,Un-1} is an open geodetic set of Wy, it follows that W
is the unique minimum open geodetic set of Wy, and so og(W5) = n — 1.
Since the subgraph induced by W has no isolated vertices, it follows that
ogt(Wy)=n-1 O

Proposition 2.14. For the complete bipartite graph G = K, ,(2 <7 < 8),
ogi(Ky,5) = 4.

Proof. Let G = K, ,. Let X and Y be the partite sets of G with | X| = r and
|Y| = s. Since G contains no extreme vertices, by Theorem 2.9, 0g:(G) > 4.
Any open geodetic set S of G must contain at least two vertices from each
of X and Y. Since the subgraph induced by S has no isolated vertices, it
follows that og:(W,) = 4. a

Ostrand [9] showed that every two positive integersa and bwitha < b <
2a are realizable as the radius and diameter respectively of some connected
graph. Now, Ostrand’s theorem can be extended so that the total open
geodetic number can be prescribed, when a < b < 2a.

Theorem 2.15. For positive integers r,d and k > 4 withr < d < 2r, there
exists a connected graph G with rad G = r,diam G = d and 0g,(G) = k

Proof. If r=1,thend=1or 2. Ford =1, let G = Kj. Then 0g:(G) = k.
For d = 2, let G = K} k1. Then 0g:(G) = k. Now, let 7 > 2. We construct
a graph G with the desired properties as follows :
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Case 1. r =d.

Let Cap : up,ug,...,uzp, u; be a cycle of order 2r. Let G be the graph
in Figure 2.3, obtained from Cp, by adding the new vertices vy, vs, ... , Uk—3
and joining each v;(1 < ¢ < k — 3) with u; and 3 of Cq, and also join u,
and ur4+z. It is easily verified that the eccentricity of each vertex of G is r
so that rad G = diam G =r.

Up42 ... U2y
U1
C.
Uryo 2’ Vk-3
e, B . . -
Uy uz U
G
Figure 2.3

Let § = {v1,v2,..., V-3, ur4+1} be the set of all extreme vertices of G. By
Theorem 2.3, every total open geodetic set of G contains 5. It is clear that
for any z ¢ S, SU {z} is not a total open geodetic set of G. It is easily
verified that the set §) = SU {u;, ur42} is a minimum total open geodetic
set of G so that 0g:(G) = k.

Case 2. r < d.
Let Cor : uy,up,...,upr,u; be & cycle of order 2r and let Py_,y; :

V9, V1,V2, .. .,Vd-r be a path of order d—~r+1. Let H be the graph obtained
from Car and Py_,41 by identifying vp of Ps_.,; and u; of Cy-. Now
add the new vertices wy,ws, ..., wx—4 to the graph H and join each vertex
w;i(1 < ¢ < k—4) with the vertex va---1 and also, join u, and ur4+2 thereby
producing the graph G in Figure 2.4. Then rad G = r and diam G = d.

Ur42
.. o ld—g-1 Vd-r
" m
e T
r 1 W2 k—4

Figure 2.4

Let § = {wy,ws,...,Wkg,Vd—r, Ur+1,Vd—r—1} be the set of all extreme
vertices and support vertices of G. By Theorem 2.3, every total open
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geodetic set of G contains S. Since SU {u,} is a total open geodetic set of
G, it follows that 0g:(G) = k. a

Remark 2.16. For k = 2, by Proposition 2.11, 0g¢(G) = 2 if and only if
G = K. Hence for k = 2, a graph exists only when r=d = 1.

Theorem 2.17. For positive integers a,b and n with4 < a < b < n, there
erists a connected graph G of order n, with 0g,(G) = a and og.(G) = b.

Proof. We prove this theorem by considering four cases.
Case l.a=b=n.

Let G = K,.. Then 0g.(G) = 0g:(G) = n.
Case 2. a<b<mn.

Let Po—g4d & U1,Uu2,...,Ub—at+4 De & path of order b—a +4. Let G
be the graph of order n in Figure 2.5, obtained from Py_o4+4 by adding
the new vertices wy,ws,...,Wn—b;V1,Y2,...,Va—4 t0 Pp—a+4 and joining
Wy, Wa, ..., Wn—p With both ug and uy; and also joining each v;(1 < i < a—4)
With Up—a+3-

U U3 4 Us . Up— b—a+4

v U2 Va-4

n—>b I
Figure 2.5

Let S; = {u1,%b—a+4,1,V2,.-.,Va—4}, S2 = {U2,Up-qat3} and S3 =
{u2,u4,us, ..., Up—as3} denote the sets of all extreme vertices, support ver-
tices and cut-vertices, respectively. Since S;US; is a total open geodetic set
of G, it follows from Theorem 2.3 that 0g;(G) = a. Similarly, since 5 US3
is a connected open open geodetic set of G, it follows from Theorems 1.2
and 2.3 that og.(G) = b.

Case 3. a=b< n.
Let P : u1,ug, u3 be a path of order 3. Let G be the graph of order n

in Figure 2.6, obtained from P; by adding the new vertices v, v2,...,%a-4
and joining each v;(1 < ¢ < a—4) with ug; and also, adding the new vertices
wy, W2, . .., Wn-a+1 and joining each w;(1 < i < n—a+1) with u; and us.
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v V2 Va-4

e o o

N

Wn—atl

G
Figure 2.6

U3

First, let a > 4. Let § = {v1,vs,...,va—4,u2}. By Theorem 2.3, every
total open geodetic set of G contains S. It is easily verified that for any
vertex w; (1 <i <n—a+1),S; = SU{u1,u3, w;} is a minimum total open
geodetic set of G so that 0g:(G) = a. Since ; is also a minimum connected
open geodetic set of G, we have 0g.(G) = a. Thus 0g;(G) = 0g(G) = a =b.
Next, let @ = 4. Then it is clear that for any vertex w; (1 <i<n—a+ 1),
T; = {u;,ug,u3,w;} is & minimum total open geodetic set as well as a
minimum connected open geodetic set of G so that 0g;(G) = 0g.(G) =4 =
a=b.

Case 4. a<b=n.

Let Py—q44 : u1,u2,...,Up—q+4 be a path of order b — a + 4. Let G be
the graph of order 7 in Figure 2.7, obtained from P,_,4 by adding the new
vertices vy, vy, ..., Va—4 and joining each v;(1 < i < a — 4) with up-q43.

u ¥ ) . w_ﬁ Up—g+4
1 V2 " Va—g

G
Figure 2.7

Let S = {u3,up-a44,1,%,. -+yVa=4, U2, Up_q4+3} be the set of all ex-
treme vertices and support vertices of G, it follows from Theorem 2.3 that
09:(G) = a. Let §; = {u2,us,...,up—q+3} be the set of all cut-vertices
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of G. Since SU S} is a connected open geodetic set of G, it follows from
Theorems 1.2 and 2.3 that 09.(G) =b=n. O
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