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Abstract

An (a, d)-edge-antimagic total labeling of a graph G with p ver-
tices and g edges is a bijection f from the set of all vertices and
edges to the set of positive integers {1,2,3,...,p + ¢} such that all
the edge-weights w(uv) = f(u) + f(v) + f(uwv);uv € E(G), form
an arithmetic progression starting from a and having common dif-
ference d. An (a,d)-edge-antimagic total labeling is called a su-
per (a,d)-edge-antimagic total labeling ((a,d)-SEAMT labeling) if
J(V(G)) = {1,2,3,..,p}. The graph F, consisting of n triangles
with a common vertex is called the friendship graph. The gener-
alized friendship graph Fin,,m,,...m, consists of n cycles of orders
m1 < mg £,...,$ ma having & common vertex. In this paper we
prove that the friendship graph Fie does not admit a (a, 2)-SEAMT
labeling. We also investigate the existence of (a,d)-SEAMT labeling
for several classes of generalized friendship graphs.
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1 Introduction

Throughout this paper G = (V, E) is a finite undirected graph with neither
loops nor multiple edges. The order and size of G are denoted by p and
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q respectively. For graph theoretic terminology we refer to Chartrand and
Lesniak [6].

A labeling of a graph G is a mapping that assigns integers to the vertices
or edges or both, subject to certain conditions. The labeling is called a
vertex labeling or an edge labeling or a total labeling according as the
domain of the mapping is V(G) or E(G) or V(G) U E(G). If f is a total
labeling then the weight of an edge uv is defined by w(uv) = f(u) + f(v) +
f(uv).

An (a, d)-edge-antimagic vertex labeling of a (p, g)-graph G ((a, d)-EAV
labeling) is a bijection f : V — {1,2,3,...,p} with the property that the
edge-weights w(uv) = f(u) + f(v),uv € E(G) form an arithmetic progres-
sion a,a +d, ....,a + (g — 1)d, where @ > 0 and d > 0 are two fixed integers.

An (a,d)-edge-antimagic total labeling of a (p, ¢)-graph G is a bijection
f:VUE — {1,2,3,..,p+q} with the property that the edge-weights form
an arithmetic progression a,a +d, ....,a+ (g — 1)d, wherea >0 andd > 0
are two fixed integers. If such a labeling exists then G is called an (a,d)-
edge-antimagic total graph. If further the vertex labels are the integers
{1,2,3,...,p}, then f is called a super (a,d)-edge-antimagic total labeling
of G ((a,d)-SEAMT labeling) and a graph which admits such a labeling
is called a super (a,d)-edge-antimagic total graph. This labeling was first
introduced by Simanjuntak et al. [8]. Baca et al. 2] have obtained the
following theorem which is useful in proving the existence of (a,d)-SEAMT

labeling.
Theorem 1.1. [2, 4] If G has an (a,d)-EAV labeling, then
(i) G has a (a +p+1,d +1)-SEAMT labeling and
(ii) G has a (a +p+ q,d — 1)-SEAMT labeling.
Sudarsana et al. [9] have obtained the following theorem.

Theorem 1.2. [9] Let G be a (a,d)-SEAMT graph with p vertices and g
edges. Let f be a (a,d)-SEAMT labeling of G. Then, the labeling f defined
by
Fw)=p+1-f(v),Yv€EV and
fle)=2p+q+1-f(e),Ve€E
isa (4p+q+3—a—(g—1)d,d)-SEAMT labeling of G.

Any graph G having exactly one cut vertex ¢ in which every block is a
cycle is called a generalized friendship graph. We denote by Frm, ms,...,mn»
the generalized friendship graph having n cycles of lengths m; < mg <
y ey < Mmp. If each m; = 3, then we have the friendship with n 3-cycles,
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which we simply denote by F,. An edge e of F, is called a spoke if e is
incident at ¢. Otherwise e is called a rim.

Slamin et al. [7] showed that the friendship graph F, has a (a,0)-
SEAMT labeling if and only if n € {1,3,4,5,7}. Baca et al. [3] showed
that for n € {1,3,4,5,7}, the friendship graph F, has a (a,0)-SEAMT
labeling and (a, 2)-SEAMT labeling. In {1], we have proved that the friend-
ship graph F, does not admit an (a,2)-SEAMT labeling, when 7 is even
and n # 4 (mod 12) and the generalized friendship graph of order p > 5
has a (2p 4 2,1)-SEAMT labeling if and only if p is odd.

In this paper we prove that Fyg does not admit an (a,2)-SEAMT label-
ing. We also investigate the existence of (a,2)-SEAMT labeling for several
classes of generalized friendship graphs.

2 Main Results

Theorem 2.1. The generalized friendship graph G = Fj ,,,, where my =
1 (mod 4), has a (3422, 2)-SEAMT labeling and o (2m2t13 0)-SEAMT

labeling.

Proof. Let Cy = (c,u1,uz,¢) and C; = (c,v1,v2,...,9m,-1,¢) be the two
cycles in G. The order and size of G are given by p = mz+2 and ¢ = mo+3.
In view of Theorem 1.1, it is enough to prove that G admits a (252, 1)-EAV
labeling. We define f : V(F3 m,) — {1,2,3,...,p} by

_p+1
fle) ==~
f(”?i)=&-:—1—iifl$i5p—;§,

f(vzi-1)=3p4_1—iif15i5p%.,

p+1 . . _p-3

f(vZ'tﬂ+2i_1)=—§——llf151$—4 ,
p-3

fwezs ) =p+1-iif1<i<

.

-1
f(u1)=p—4—a.nd
3p-1

flug) = ——+1

Then w(ev,) =p -1,

w(cvp-3) =p +2,
w(cu;) =p,

w(cug) =p+1,
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Ir-1
W(U1u2) = .._p_2_ + l,
w(vgi—1v2i) =p-2iif 1 <i < p-3

4
w(vgivgip1) =p—-20—1if1<i < ,

4
W(Vess 4201 Vess 42i) = ?2;-—3 -2iif1<i< 35_3’
3 -
w(vess yoi¥ez2 i) = —péﬁ ~2i-1if1<is B ? land

-3
w(vgigvgi_a“) = 1’_2- +2.

Clearly the set of all edge-weights W = {2, l‘;‘—z’-,..., %—'—1- +g—1}isan
arithmetic progression with first term ﬂ;—l and common difference 1. Thus
fisa (21,1)-EAV labeling.  ~ a

Example 2.2. An (8,1)-EAV labeling of F3,3 is given in Figure 1.
7 M/:’Q\Q?F\ 1

11 12

Figure 1

Theorem 2.3. The generalized friendship graph G = Fy r,, where mg =
0 (mod 4), has o (323£12 9).SEAMT labeling and a (22312 0)-SEAMT
labeling.

Proof. Let C; = (c,u1,u2,u3,c) and Cy = (¢,v1,v2, ..., Umy—1,€) be the
two cycles in G. The order and size of G are given by p = ma + 3 and
g = my + 4. In view of Theorem 1.1, it is enough to prove that G admits a
(2t1,1)-EAV labeling. We define f : V(Fam,) — {1,2,3,..,p} by

+1
£y =2,
f(vzi)=q—1—iiflsiggi_3.,
f(vz.-_1)=3p—5—iif15¢'5p_—;3,
. . _p-3
f(vq3+2.'_1)=13+1-21f1$1$-4—,
p—-1 . . _p-3
f(v’ié-ni): ) _7'|f1$1§—4-—1,
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3p-5

f(u1)= 1’
f(U2)= 3—p4:-5+2 and
3p-5

f(u3)=T+1~

Then w(cv,) =p -2,

w(cv,,_4) =p+2,

wcwy) =p -1,
W(C‘U«s) =p

3p—1
w(uiug) = —p2—,

3p-1
w(ugug) = -2—2-— +1,

w(vgi—1vi) =p—-1-2if 1 <i < ?%‘?,

w(vgiv2;+1)=p-2-2‘iif1$i5%3—1,
1 -
w(vg%:g_'_z,._lv%g“’.):ie-;———% if 152‘534—3— 1,
w(va;g,,_%v%_z‘,_z“l)=3PT-1-—2iif15i$p;3—land

w(vy_;_svai_aH) =p+1.

Clearly the set of all edge-weights W = {241,243 2t 41} is an
arithmetic progression with first term 2! and common difference 1. Thus
fis a (Bf2,1)-EAV labeling. O

Example 2.4. An (8,1)-EAV labeling of Fy ;5 is given in Figure 2.

1528 14 74?\3 8 2 7~
10 12 11
Figure 2

Theorem 2.5. The generalized friendship graph G = F5 m,, where mp =
3 (mod 4), has o (23118, 2)_SEAMT labeling and o (5m2+23 0)-SEAMT

labeling.
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Proof. Let Cy = (¢, u1, u2,us, s, ¢) and Cz = (¢, v1, V2, ..., Um, -1, ) be the
two cycles in G. The order and size of G are given by p = mz + 4 and
g =mg +5. In view of Theorem 1.1, it is enough to prove that G admits a
(2£1,1)-EAV labeling. We define f : V(Fs,m,) — {1,2,3,...,p} by

+1
o =25~
f(vzi)=1-’—z—1—iif1$isp—_7-,
3p-9 .. . -3
f(vzi-1)=—%——uf1_<_zgp_4—,
f(vZE_’)=l’
f(v ’3)=P,
.. ., _p-3
f(v?-i-‘i+2i)=1’—“f1$1$—4———1,
p-3 .. . _p-11
f(v&;_aq.z.'.’.l):T—ilflszs Yo
3p—-9
flu) = F=,
3p-9
f(U2)=L4—+2,
3p—-9
f(us) ==+ 3 and
3p-9
flug) = 2= +1.
Then ’UI(C'Ul)=p—3,
W(C‘Up_s)=p+2,
‘UJ(C’UI)'—"-p—2,
W(C'l.t4)=p—1,
wlus) =3 (252) +2,
w(uzua)=3(£-;—§)+5,
p—3
w(uguq) =3 5 +4,
W(vze-lvz.-)=p—2—2iif15:’5’3—’;—3_1,
w(vziv2i+1)=p-3—2iif1_<_i57’—22_1,
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w(va"-i—lv&;i-pl) =D
w(vagavz_y) =p+1,
3p-3

= —

'w('uL;_l_l'vp_i_x_z 2 s
W(Vass 4 0Vp=3 4 2041) =3(’%1) -2if1<i< ”—;—3—2 and

p—1 . . _p-3
W(V252 42i41V253 19i42) =8 (T) —l-2ifl1Si<—— -2

Clearly the set of all edge-weights W = {2-"22,?“;—3,...,%'—1 +g—1} isan
arithmetic progression with first term 25! and common difference 1. Thus
f is a (2*,1)-EAV labeling. ]

Example 2.6. An (8,1)-EAV labeling of F; ;; is given in Figure 3.

Figure 3

3 Friendship graphs

Let f: VUE — {1,2,8,...,p+g} be an (a, d)-edge-antimagic total labeling
of a graph G = (V,E). Then W = {w(uv) : w(w) = f(u) + f(v) +
f(w),uwv € E(G)} = {a,a+4d,...,a+ (g~ 1)d}. In the computation of
the edge-weights of G each edge label is used once and each vertex label
v € V(G) is used deg v times. Thus the following equation holds.

Y deg)f)+ Y. fl= 3 w(e) (1)

veV(G) ecE(G) e€E(G)

This equation was first observed by Baca and Yousef (5], which we repeat-
edly use.

In (1] we have proved that the friendship graph F,, does not admit an
(a,2)-SEAMT labeling when 7 is even and n % 4 (mod 12). The problem
still remains open for n = 4 (mod 12). In the following theorem we prove
that Fi¢ has no (a,2)-SEAMT labeling.
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Theorem 3.1. The friendship graph Fis has no (a,2)-SEAMT labeling.

Proof. The order and size of Fig are given by p = 33 and ¢ = 48. Let ¢
denote the central vertex of Fig. Suppose there exists an (a,2)-SEAMT
labeling f : VUE — {1,2,3,...,81} for Fig and let f(c) = 4. Since
deg v; = 2, for every v; # c and deg ¢ = 32, from equation (1), we get

271+ 5¢
8

Now the minimum possible edge-weight is 37 and hence mg'ﬁ =q > 37
which gives i > 5. Thus 5 <i < 33. Let i = 5+k, where 0 < k < 28. Then
a=37+ %5 and hence it follows that k= 0,8,16 or 24. Thus i = 5,13,21
or 29.

‘Case(i): i =5.

Then a = 37. Obviously any edge incident with the central vertex c
cannot have weight 37 or 39. Let e; = u;v; be the edge with w(e;) = 37.
Then f(e;) = 34, f(u1) =1 and f(v;) = 2. Clearly there is no edge with
weight 39, a contradiction.

Case(ii): i = 29.

Then a = 52. Now, if f is a (52,2)-SEAMT labeling of Fig, then by
Theorem 1.2, T is a (37, 2)-SEAMT labeling, which does not exist by case(i).
Case(iii): i =13 .

Then a = 42 and the minimum possible edge-weight for an edge incident
at c is 48. Hence the edges with weights 42,44 and 46 are rim edges. We
now consider two subcases.

Sub case(iii a): The edge e with w(e) = 48 is incident at c.

Let e = cu. Then f(e) = 34 and f(u) = 1. Since the rim edges are
mutually nonadjacent for the edge-weights 42, 44,46 on the rim, we need
three edge labels from the set A = {35,36,37,38, 39,40} and six vertex
labels from the set B = {1,2,3,...,9} such that the sum of these labels is
42 + 44 + 46 = 132. There exist ten possible such sets of nine elements,
which are given below.

Ai={1 2 3 4 5 6 35 36 40}
A;={1 2 3 4 5 6 35 37 39}
As={1 2 8 4 5 7 35 36 39}
A,={1 2 3 4 5 9 35 36 37}
As={1 2 3 4 5 6 36 37 38}
As={1 2 3 4 5 7 35 37 38}
A7={1 2 3 4 5 8 35 36 38}
As={1 2 3 4 6 7 35 36 38}
As={1 2 3 4 6 8 35 36 37}
Ap={1 2 3 5 6 7 35 36 37}
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If Ay, Az, A3 or Ay is used for getting the edge-weights 42, 44 and 46, then
there is no edge with weight 50. If Az is used for getting the edge-weights
42,44 and 46, then there is exactly one way for getting edge-weight 50,
namely, 7,8, 35 on the rim or 13, 2,35 on the spoke and in this case there is
no edge with weight 52 on the rim or spoke. A similar contradiction arises,
if A;, 6 <1< 10, is used for getting the edge-weights 42, 44 and 46.

Sub case(iii b): The edge e with w(e) = 48 is on the rim.

In this case for getting the edge-weights 42, 44, 46 and 48, we need four
edge labels from the set A = {34, 35, 36,37, 38, 39} and eight vertex la-
bels from the set B = {1,2,3,...,10} such that the sum of these labels is
42 + 44 + 46 + 48 = 180. There exist five possible such sets of twelve ele-
ments, which are given below.

Ar={12345678 3435 36 39)
Ay={123456709 3435 36 38)
As={1 23456710 34 35 36 37}
Ai={12345689 3435 36 37)
As={12345678 3435 37 38)

If A;,1 <7< 4is used for getting the edge-weights 42, 44, 46 and 48, then
there is no edge with weight 50. If As is used for getting the edge-weights
42,44, 46 and 48, then there is exactly one way for getting edge-weight 50,
namely, 13,1, 36 and in this case there is no edge with weight 52 on the rim
or spoke.
Case(iv): i = 21.

Then @ = 47. Now, if f is a (47,2)-SEAMT labeling of Fig, then
by Theorem 1.2, f is a (42,2)-SEAMT labeling, which does not exist by
case(iii). O

4 Conclusion and scope

We have proved that the generalized friendship graph Fo m2, whenm, =
3,4,5 and m; < m, admits a (a,2)-SEAMT and a (b,0)-SEAMT labeling.
The problem remains open for other values of m; and m; and for generalized
friendship graphs with more than two cycles. We have also proved that,
the friendship graph Fig does not admit a (a,2)-SEAMT labeling. The
problem remains open for other values of n with n = 4(mod 12).
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