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Abstract

The distinguishing chromatic number of a graph G is the least
integer, xp(G), for which G has a colouring of its vertices so that
adjacent vertices receive different colours, and the identity is the only
automorphism of G that preserves vertex colours. QOur focus is on
determining distinguishing chromatic numbers of wreath products of
graphs, extending the work of Tang. We prove that if C,, is a cycle
with n vertices and P, is a path with n vertices, then xp(Cn[G])
and xp(Pn[G]) can be found for any connected graph G. We also
obtain an upper bound on xp(T[G]) when T is a tree and G is
any connected graph. Some of our results depend on the notion of
inequivalent colourings. Cheng introduces inequivalent colourings,
and provides a formula for computing the number of inequivalent
distinguishing k-colourings of a rooted tree. We add to this work by
obtaining an expression for computing the number of inequivalent
distinguishing k-colourings of a cycle.

1 Introduction

A colouring of a graph G is an assignment of colours (labels) to the ver-
tices of G so that adjacent vertices receive different colours. Although some
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authors refer to such a labelling as a proper colouring, we use the simpler
term colouring. A colouring of G is a distinguishing colouring if the only
automorphism of G that preserves the colours of the vertices is the iden-
tity, and the distinguishing chromatic number of G, denoted xp(G), is the
minimum number of colours required to produce a distinguishing colouring
of G. Collins and Trenk [5] introduce the notion of the distinguishing chro-
matic number, compute xp(G) for various classes of graphs, and provide
xp(G) analogues of Brooks’ Theorem for trees and for connected graphs.
Their work has led numerous researchers to investigate the distinguishing
chromatic number (see [2, 3, 4, 7, 8, 9, 10, 12, 13]), often for particular
classes of graphs.

Unless otherwise specified, we use the notation and terminology of [1].
The wreath product of graph H with G, denoted H[G], has vertex set
V(H) x V(G); two vertices (u,v) and (u',v’) are adjacent in H([G] if and
only if either uu’ € E(H), or u = u’ and vv’ € E(G). In essence, u € V(H)
corresponds to a copy Gy of G, and an edge uv € E(H) corresponds to a
complete bipartite graph between V(G,) and V(G,).

Let G be a graph and c a colouring of G. An automorphism g € Aut(G)
is called colour preserving if, for every u € V(G), c(g(u)) = c(u), and
we say c fizes a vertex u € V(G) if and only if any colour preserving
automorphism g € Aut(G) has the property that g(u) = u More generally,
¢ fixes an induced subgraph G’ of G if and only if any colour preserving
automorphism g € Aut(G) has the property that g(G') = G'.

In this paper, we are concerned with computing xp(H|[G]) when H is
a path, cycle or tree, and G is an arbitrary connected graph. We obtain
exact values, in terms of xp(G), when H is a path or a cycle, and an upper
bound when H is a tree. The values depend on the number of inequivalent
distinguishing k-colouring of G, a concept introduced by Cheng [2]. The
last section of this paper focuses on obtaining expressions for computing
the number of inequivalent distinguishing k-colourings of trees and cycles.

Two colourings of a graph G, ¢; and cp are eguivalent if for some g €
Aut(G),c;(u) = ca(g(u)) for each v € V(G). Otherwise, the colourings
¢, and ¢; are inequivalent. Denote by ¥ (G, k) the set of all k-colourings
of G using colours from a set S with |S| = k, and let xp(G, k) be the
number of equivalence classes of ¥(G, k) that contain only distinguishing k-
colourings of G. Then xp(G, k) is the number of inequivalent distinguishing
k-colourings of G. There are situations in which it is easy to see that two
colourings of a graph G are inequivalent.

Remark 1. Let c; and ¢c3 be colourings of a graph G, and suppose that there
exrists a colour f and a vertez u € V(G) so that ¢c;(u) = f and co(z) # f
for any z € V(G). Then ¢, and c; are inequivalent colourings of G.

The more interesting inequivalent colouring are those in which the image
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of ¢; is equal to the image of c;.

Let G be a graph and c a vertex colouring of G. We write (G, ¢) for the
graph G along with the colouring ¢, and say that (G,c¢) is a colouring of
G. If F is a subgraph of G, then (F,c¢) is the subgraph F along with the
colouring c restricted to F.

Lemma 1. If ¢ is a distinguishing colouring of H[G], and u € V(H), then
(Gu,c) is a distinguishing colouring of Gy.

Proof. Let u € V(H) and let g € Aut(G) be a nontrivial colour preserving
automorphism of G, i.e., (9(Gy),¢) is isomorphic to (G,,c) as a coloured
graph. Define g* € Aut(H|[G]) as the automorphism of H[G] that maintains
the automorphism g on V(G,,), and acts as the identity on all other ver-
tices of H[G]. Then (g*(H|G]),c¢) is isomorphic to (H[G],¢c) as a coloured
graph, so ¢g* is a nontrivial automorphism of H[G] that preserves colours,
contradicting the fact that c is a distinguishing colouring of H|[G]. O

Remark 2. Suppose that H is a graph with at least one edge, and let
uwv € E(H). For any graph G, uv corresponds to a complete bipartite graph
between the copies G, and G, of G in H[G]. Thus, in a distinguishing
colouring of H|G|, Gy, and G, must be coloured by disjoint sets of colours.

A lower bound for xp(H|G]) follows immediately from Remark 2 and
Lemma 1.

Lemma 2. For any graph H with at least one edge and for any graph G,
xp(H[G]) 2 2xp(G).

2 Wreath Products with Cycles

We denote by C,, a cycle of length n, and write C, = vov1...vn_17 to
indicate that V(C,) = {vo,v1,...,Un-1} and E(Cy) = {vivsi4; | 0< i <
n — 1} (subscripts modulo n). Let I, denote an independent set of size
m, i.e., a set of m vertices, no two joined by an edge. Tang [11] finds
exact values for xp(Cr[l)) for all n > 3 and m > 1. In this section
we extend Tang’s work and find the distinguishing chromatic numbers of
wreath products of cycles with arbitrary connected graphs. Before doing
so, we first establish an important lemma.

Lemma 3. Let G and H be connected graphs, and suppose that for all
p,q € V(H) with pg € E(G), Nu(p)\{a} # Nu(a)\{p}. If g € Aut(H[G)),
then for any u € V(H), g maps G, to Gy, for some w € V(H).
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Proof. Suppose to the contrary that for some u € V(H), and z,y € V(G,)
with xy € E(G,), that there is a g € Aut(H|[G]) such that g(z) € V(G,)
and g(y) € V(Gy) for some a,b € V(H), a # b. Since zy € E(G.), g(z)g(y)
is an edge of H|[G], and thus ab € E(H). The condition on H guarantees
that there exists a vertex ¢ € V(H) such that c is adjacent to exactly one
of a and b; without loss of generality, we may assume that ca € E(H) and
cb & E(H). Therefore, in H[G], the {V(G)| vertices in V(G.) are adjacent
to g(z), but not adjacent to g(y). However, in H[G], the only vertices
adjacent to z and not y are in V(G,)\{z,y}, since all vertices in V(G.),
z € Ny (u), are adjacent to both z and y. Thus there are at most |V(G)|—-2
vertices of G adjacent to z but not y, and hence there is no bijective map
between vertices adjacent to z but not y and vertices adjacent to g(z) but
not g(y), a contradiction.

Therefore any pair of adjacent vertices in G, must be mapped to the
same copy of G in H[G] under g, i.c., g maps G, to G, for some w €
V(H). O

Remark 3. If there exists pg € E(H) with Ny (p)\{q} = Nu(q)\{p}, then
if G has |V(G)| 2 2 and has either a dominating vertex or is a complete
bipartite graph, then Lemma 8 does not hold.

Lemma. 3 implies that if G is connected and n > 4, then any automor-
phism of C,[G] permutes copies of G using an automorphism of C, (i.e., a
rotation or a reflection). We rely on this to prove our results about the dis-
tinguishing chromatic number of C,[G] for n > 3 and G connected. Results
for n even and n odd are stated separately.

Theorem 4. For all even n > 4 and any connected graph G,

2xp(G) if xp(G,xp(G)) > 2,
xp(Cn[G)) = ¢ 2xp(G)+1 ifxp(G,xp(G)) =1 andn > 6,
2xp(G)+2 ifxp(G,xp(G)) =1 andn =4.

Proof. Let n be even, n > 4, and suppose C, = vV} +-*VUn—1Vp. Fur-
thermore, suppose G is a connected graph with xp(G,xp(G)) = 2. Let
So and S; be disjoint sets (of colours), each containing xp(G) elements.
Since xp(G,xp(G)) 2 2, there exist inequivalent distinguishing xp(G)-
colourings ¢g and ¢; of G that have image Sp. There also exist inequivalent
distinguishing xp(G)-colourings dyp and d; of G that have image 5;. We
obtain a distinguishing colouring ¢ of C,,[G] by defining the colouring on
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the copies of G in C,[G] as follows. Set

(Guos€) = (G, co);
(le,c) = (G,do);
(Gy;y¢) =(G,c1), foreveni, 2<i<n-—2;
(Gy;ye) = (G,dy), forodd i,3<i<n-1.

Since the set of colours used to colour Gy,,Gy,,...,Gy,_, is disjoint
from the set used to colour G,,, Gy, ... Gy, _,, the result is a colouring. Let
g € Aut(Cr[G]) be a colour preserving automorphism of Cn[G]. Then g
permutes copies of G using an automorphism of C,, and since Gy, and G,
are the only copies of G having colourings ¢y and dy respectively, g must
fix both G, and G,,. The only automorphism of C,, that fixes vo and v,
is the identity, implying that g is the identity on C,[G], and thus c is a
distinguishing colouring of C,[G]. Therefore xp(Cn[G),c) < 2xp(G). By
Lemma 2, xp(Cn[G], ¢) = 2xp(G).

For the second part of the theorem, suppose that xp(G,xp(G)) =1
and n > 6. To obtain a distinguishing colouring of Cy, [G] using 2xp(G) +1
colours, we use four colourings of G, defined on four different colour sets.
Let

So = {01 I,... 1XD(G) - 1},

S = {1)2!'- . $XD(G)}’

S2={0,1,...,xp(G) —2,xp(G)},

S3 = {xp(G) +1,xp(G) +2,...,2xp(G) — 1,2xp(G)}.

Consider the colourings of G, (G,¢), (G, 1), (G, ¢2), (G, c3) with images
So, 81,52, S3, respectively. We define a distinguishing colouring ¢ of C,[G],
as follows.

(vac) = (G, CO);
(Go,50) = (G, c3);
(sz’c) = (G’ c);
(Guiye) =(G,c3) foriodd,3<i<n-—1;
(Guirc) = (G,cp) forieven, 4 <i<n-—2.

Since G,, and G,, are the only copies of G to have the colourings ¢
and ¢; respectively, any colour preserving g € Aut(C,[G]) that permutes
the copies of G and preserves colours must fix both G,, and G,,, However
the only g € Aut(C,[G]) that fixes Gy, and G,, is the one that fixes
all copies of G, i.e., the identity. Thus c is a distinguishing colouring of
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C[G] with 2xp(G) + 1 colours. Combining this with Lemma 2 yields
xp(Ca[G]) = 2xp(G) or xp(G) = 2xp(G) + 1.

To prove that 2xp(G) colours are not sufficient for a distinguishing
colouring of C,[G], suppose Cr[G] has a distinguishing colouring with
2xp(G) colours. By Remark 2, we may assume that G, is coloured by
a set Sp of xp(G) colours, Gy, is coloured with a set S of xp(G) colours,
and that SoN Sy = @. For ¢ € {0,1}, let ¢; be a distinguishing colouring
of Gy, having image S;. Since xp(G,xp(G)) = 1, co and ¢, are uniquely
determined. It follows from Remark 2 that there is a unique colouring, c,
of Cy[G) with the 2xp(G) colours of Sp U Sy, and that ¢ satisfies

(Gy,,¢) = (G, ¢o) for i even;
(Gy;»¢) = (G, 1) for 7 odd.

However this colouring is not distinguishing. Consider the automorphism
g € Aut(Cr[G]) defined by

g(Goi ) = GW+2 ’

where the subscripts are taken modulo n. Then g is a nontrivial colour
preserving automorphism of G, and thus xp(Cr[G]) = 2xp(G) + 1.

For the final part of the theorem, suppose xp(G,xp(G)) =1 and n = 4.
Define four colour sets as follows.

So ={0, 1,... ,XD(G) — 1},

S1 ={xp(G), xp(G) +1,...,2xp(G) — 1},

Sy ={0’ 1,... $XD(G) -2, 2XD(G)},

83 ={xp(G),xp(G) +1,...,2xp(G) — 2,2xp(G) + 1}.

Since |Si| = xp(G) for each i, 0 < i < 3, G has a distinguishing colour-

ing ¢; whose image is S;. Furthermore, (G, ), (G, 1), (G, ¢2), (G,c3) are

inequivalent because S; # S; for all 1,5 where ¢ # j and 4,5 € {0,1,2,3}.
Let C4 = vgu;v2v3vp, and colour the copies of G in Cy4[G] as follows.

(Guor0) = (G, c0);

(Guyy0) = (G, a1);

(Guz’c) = (G, c2);

(Gus,0) = (G, c3).
The sets So, 51,52 and S3 used to defined ¢g,c),c2 and c3, respectively,
have the property that each pair of sets {S;, Si+1},0 < i < 3 (subscripts

modulo 4) is disjoint, ensuring that c is a colouring of C4[G]. Since the four
colourings of the copies of G are inequivalent, there is no colour preserving
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g € Aut(C4[G]) that permutes copies of G. As a result ¢ is a distinguishing
colouring of C4[G]. This shows that xp(C4[G]) < 2xp(G)+2. By Lemma 2,
xp(C4[G]) = 2xp(G), xp(Ca[G]) = 2xp(G)+1, or xp(CaG]) = 2xp(G)+
2.

Consider C4[G] where Cy = wov1v2v3v, and let ¢ be a distinguishing
colouring of C4[G). Then (G,,,c) and (G,,, ¢) are inequivalent, and (G,,, ¢)
and (G,,,¢c) are also inequivalent. If not, then there is a colour preserving
automorphism of C4[G] that interchanges G,, and G,,, and fixes G,, and
G,,, or there is a colour preserving automorphism that interchanges G,,
and G,,, and fixes G,, and G, respectively.

Suppose (C4[G], ¢) has a distinguishing colouring with the 2xp(G) + 1
colours {0,1,...,2xp(G)}. Let So, 51,852,535 denote the images of c re-
stricted to Gy, Guyy Guyy Gus, Tespectively. Then for each i, 0 < ¢ < 3,
(subscripts taken modulo 4)

ISi| 2 xp(G), (1)
S;NSiy1 =0, (2)
Si # Siva. (3)

We conclude from this that |S;| = xp(G) for all 1, for if |S;| = xp(G) + 1
then there would be only one possible colour set disjoint from S;. This
would then imply that S;y; = Si—1, which violates (3). Without loss of

generality, we may assume that
S =1{0,1,...,xp(G) -1},
and 81 = {xp(G),xp(G) +1,...,2xp(G) - 1}.

Since S;NS; =0, 52 € {0,1,...,xp(G)—1,2xp(G)}. Also since Sz # So,
2xp(G) € S;. Similarly, S3 N So = @, implies that S3 C {xp(G), xp(G) +
1,...,2xp(G)-1,2xp(G)}. Since S5 # S1, 2xp(G) € S3, and so 2xp(G) €
S, N S3, a contradiction. Thus (C4[G], c) does not have a distinguishing
colouring with 2xp(G)+1, implying that x p(C4[G]) > 2xp(G)+1. There-
fore, xp(C4[G]) = 2xp(G) + 2. O

When C,, has odd length, the number of colours required to produce a
distinguishing colouring of C,[G] depends on n.

Theorem 5. For all odd n > 3 and any connected graph G,
n-1
x0(Cal0) = 210(@) + [xo@) (252 ]

Proof. Let Cp, = vouy - - - Un—1 00, and let

o= v/ (%3]
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Define the following 2 [xp(G)/q] +1 sets of colours, whose entries are taken
modulo (2xp(G) + gq). Let

Sk = {kxp(G), kxp(G) +1,...,(k+ 1)xp(G) — 1},
for 0 < k < 2[xp(G)/q]. We leave it to the reader to verify that Sx N
Sk41 =0 for 0 < k < 2[xp(G)/q] — 1, So N Sa(xp/q) = 9, and S; # Sy for
0<j<k<2[xp(G)/ql.

Since |Sk| = xp(G) for each k, 0 < k < 2[xp(G)/q], G has a distin-
guishing colouring whose image is Sk. Let (G, cx) denote a distinguishing
colouring of G whose image is Si. By Remark 1,

(G,0), (G, 1), - (GrCarxn(@)/a1)
are inequivalent distinguishing colourings of G. We obtain a distinguishing
colouring ¢ of C,[G] by defining colourings for the copies of G in C,[G].
Set
(G'vka c) = (G1 ck)
for 0 < k < 2[xp(G)/ql, and for[xp(G)/q] < j < (n—3)/2, let

(Guajs116) = (G Corxpn(G)/q1-1);

(Guzj42:¢) = (G, C2[xp(G)/a] ).
Since Gy, and G,, are the only copies of G to have the colourings ¢y and
c1, respectively, any colour preserving g € Aut(C,[G]) that permutes the
copies of G and preserves colours must fix both G,, and G,,. However the
only g € Aut(C,[G]) that fixes G, and G,, is the one that fixes all copies
of G, i.e., the identity. Thus c is a distinguishing colouring of C,[G].

To prove that C,[G] has no distinguishing colouring with fewer than

n—1

2x0(6)+ [x0@ (77|
colours, suppose the contrary, that
x0(CalG) < 2x0(€) + [x0(@) (252 ) |

Let ¢ be a distinguishing colouring of C,,[G] with xp(Cr[G]) colours. Since
xp(Cr[G]) and [xp(G)/ (n —1/2)] are both integers,

xp(CalG]) < 2x0(@) +x0(6)/ (25 ).
n-1_ (n—-1)-xp(G) xp(G)
2 xp(CalGl)  xb(CalG])’
n—1 n-xp(G)
7 < Xo(CalC)’
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Since n is odd, (n — 1)/2 = [n/2], so

.xp(G) _ |n
A [5):

Each of the n copies of G must be coloured with at least xp(G) colours from
a set of xp(Cr[G]) colours, so by the Pigeonhole Principle, there is some
colour that appears on at least n - xp(G)/xp(Cn[G]) copies of G. However,
n - xp(G)/xp(Cr[G]) > |n/2] implies that such a colour appears on more
then half of the copies of G. Thus, there exists some i such that (G,,,¢)
and (Gy,,,,c) have a colour in common, contradicting Remark 2. ]

3 Wreath Products with Paths and Trees

We denote by P, a path of length (n — 1), and write P, = vov; ...vp—1 to
indicate that V(P,) = {vo,v1,...,Un-1} and E(P,) = {vivi31 |0 < ¢ <
n—1}. If G is connected and n > 3, then by Lemma 3 any automorphism
of P,[G] permutes copies of G using an automorphism of P,. This is key
to proving the following theorem.

Theorem 6. For any connected graph G and any n > 2,

2xp(G) if n is even,
xp(PalG)) = { 2xp(G) if xp(G, xp(G)) > 2 and n is odd,
2xp(G)+1 if xp(G,xp(G)) =1 and n is odd.

Proof. Let n = 2k > 2, and let Por = vovy - vok—1, be a path with an
even number of vertices. By Lemma 2, it suffices to give a distinguishing
colouring of Py,[G] with 2xp(G) colours. Suppose (G, ¢) and (G, c,) are
distinguishing colourings of G with disjoint images So = {0,1,...,xp(G) —
- 1} and S; = {xp(G),xp(G) +1,...,2xp(G) — 1}, respectively.

Define the colouring ¢ on P;«[G] by colouring the copies of G in Py [G|
as follows, 0 <i<k-1:

(sznc) = (G, co);
(e c) =(G,a).

Then for all ¢, G,, and G,,,, are coloured with disjoint colour sets. Suppose
g € Aut(P2[G]) is a nontrivial colour preserving automorphism of Pa[G].
Since the only nontrivial automorphism of Py is the one that interchanges
v; with vor_;_1, it follows from Lemma 3 that g interchanges G,, with
Gu,i_._,+ In particular, when ¢ = k — 1, g interchanges G,,_, with G,,.
However the image c restricted to G,,_, is different from the image of ¢
restricted to G,,, so g cannot interchange G,,_, and G,,, a contradiction.
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Therefore, c is a distinguishing colouring of Py[G] with 2xp(G) colours,
showing that xp(P2«[G]) = 2xp(G).

Now suppose that Por_y = vov; ' :VUgk—2, £ 2 2, is a path with an
odd number of vertices and assume xp(G,xp(G)) = 2. Let (G, cp) and
(G,c1) be inequivalent distinguishing colourings of G having image So =
{0,1,...,xp(G) — 1}, and let (G,dp) be a distinguishing colouring of G
having image $1 = {xp(G),xp(G) +1,...,2xp(G) - 1}.

Define the colouring ¢ on P,_;[G] by colouring the copies of G in
Pyi_1[G] as follows.

(Gvoa C) = (G’ cl);
(szi—nc) = (GadO)al S 1 S k - 1;
(G‘l’zivc) = (Gch))l S i S k-1.

Then for all j, 0 < j < 2k - 3, G,, and G,,,, are coloured with disjoint
colour sets. Suppose g € Aut(Px—1{G]) is a nontrivial colour preserving au-
tomorphism of Pzx—1[G]. Since the only nontrivial automorphism of Pox_;
is the one that interchanges v; with vox_;—2 (0 < i < k — 1), it follows
from Lemma 3 that g interchanges G, with G,,,_,_,. In particular, when
i = 0, g interchanges G,, with G,,,_,. However (G,,,¢) and (G,,,_,,c¢)
are inequivalent colourings of G, so g cannot interchange them, a contradic-
tion. Therefore, c is a distinguishing colouring of Pak_1[G], showing that
xp(P2x-1[G]) < 2xp(G). By Lemma 2, xp(Pax-1(G]) = 2xp(G).

Finally, suppose Par_1 = vo¥1 - - - U2k—2 is a path with an odd number
of vertices, and assume xp(G,xp(G)) = 1. Define three different colour
sets as follows.

So=1{0,1,...,xp(G) -1},
S1 = {xp(G), xp(G) +1,...,2xp(G) — 1},
Sy = {01 1,... ’XD(G) - 2)2XD(G)}
Let (G, o), (G, c1) and (G, c2) be distinguishing colourings of G with images

So, 51 and Sy, respectively. Define the colouring ¢ on Pyi_1[G] by colouring
the copies of G in Pa;_1[G] as follows:

(Guos ) = (G, @);
(sz.’_uc) = (Ga Cl),l <igk-1;
(Gusir€) = (Gye2),1 i<k -1,
Then for all j, 0 < j < 2k -3, Gy, and G,,,, are coloured with disjoint
colour sets. Suppose g € Aut(Pa—-1(G]) is a nontrivial colour preserving

automorphism of Ppr_1[G]. Since the only nontrivial automorphism of
Py, is the one that interchanges v; with var—;_2, it follows from Lemma 3
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that g interchanges G,, with G,,,_,. However, this mapping is not colour
preserving because the image of ¢ restricted to G,, is different from the
image of c restricted to G,,,_,. Therefore c is a distinguishing colouring of
Psy_1[G] and hence xp(Pak-1{G]) < 2xp(G) + 1. By Lemma 2, it follows
that xp(Pax—1[G]) = 2xp(G) or xp(Pax-1(G]) = 2xp(G) + 1.

Suppose that xp(Pak-1[G]) = 2xp(G). By Remark 2, G,, and G,,
must be coloured with disjoint sets of colours, Sy and S, respectively.
However, |So|,|S1] = xp(G), so |So U S1]| 2 2xp(G). Since the number of
colours allowed is exactly 2xp(G), it follows that |Sg| = |S;| = xp(G). For
it € {0,1}, define ¢; to be a distinguishing colouring of G having image S;.
Since xp(G, xp(G)) = 1, ¢; is unique, and by Remark 2, it follows that the
only colourings of Ppr_1[G] with these 2xp(G) colours are

(sznc) = (GaCO)sO <i<k-1;
(G"2i+1’c) =(G,c1),0<i< k-2

or
(Gugire) = (G,e1),0<i <k —1;
(Gv2i+l’c) = (G,CO)YO S i S k - 2-
In either case, there is a colour preserving automorphism g € Aut(Pax-1[G])
that interchanges G,, with G,,,_,_,, for 0 < ¢ £ k — 1. Therefore, ¢

is not a distinguishing colouring of Ppx_1[G], and thus xp(Pak—1[G]) =
2xp(G) +1.

The next result generalizes Theorem 6 to trees. In what follows, assume
that a rooted tree T is drawn in the plane in such a way that the ch11dren
of each vertex are ordered from left to right.

Theorem 7. Let T be a tree with [V(T)| > 3 and root vy. Define a
bipartition X = {vo,v1,...,Un1}, ¥ = {u1,u2,...,um—1} on V(T). Then
for any connected graph G, xp(T[G]) < 7+p, where r is the smallest integer
such that

xp(G,r) > max{d(v),d(v1) — 1,d(v2) — 1,...,,d(vn-1) — 1},
and p the smallest integer such that xp(G,p) > max{d(u:) |1 <i<m-1}.
Proof. Choose the smallest 7 and p such that

xp(G,7) > max{ d(vo),d(v1) — 1,d(v2) — 1,...,d(vn-1) — 1},

and
xp(G,p) = max{d(u;) |1<i<m-1}.
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Let
{(G, CO): (G’ cl)v sy (G’ CXD(GJ‘)-I)}

be pairwise inequivalent distinguishing colourings of G using colour set
So ={0,1,...,7 — 1}, and let

{(G! do), (G, dl)’ seny (G’ dxp(G.p)—l)}

be pairwise inequivalent distinguishing colourings of G using colour set
S = {r,r+1,...,7+ p—1}. In what follows, copies of G in T[G] that
correspond to vertices of X are coloured using (G, d;),0< i < xp(G,p)—1,
and those corresponding to vertices of Y are coloured with (G,¢;),0<j <
xp(G,7)—1. To obtain a distinguishing colouring ¢ of T'[G], begin by setting
(Guor€) = (G,dyp(G,p)-1)- We then discard the colouring (G, d,(G,p)-1)
ensuring that any colour preserving g € Aut(T[G]) fixes G,,. Next, colour
the copies of G corresponding to the children of vp, from left to right,
with colourings (G,¢;), 7 = 0,1,...,d(v) — 1. The choice of r insures
that xp(G,r) 2 d(vg), so the colourings of the children of vp are pairwise
inequivalent. We complete the distinguishing colouring of T'[G] by colouring
the remaining copies of G in T'[G] as follows.

If for some u € Y, and some j, 0 < j < xp(G,p) = 1, (Gu,c) = (G, ¢;),
then the copies of G corresponding to the children of u are coloured, from
left to right, with colourings (G, d;), i =0,1,...,d(u) — 2. The choice of p
insures that xp(G,p) = d(u), and hence the only colourings that may be
required are (G,d;), 0 < j < xp(G,p) - 2.

If for some v € X, v # v, and some k, (Gy,¢) = (G,di),0 < k <
xp(G,r) — 2, then the copies of G corresponding to the children of v are
coloured, from left to right, with colourings (G,¢;j), § =0,1,...,d(v) — 2.
The choice of r insures that xp(G,r) > d(v) — 1.

This colouring ¢ of T[G] has the following properties:

1. If zy € E(T) and z is the parent of y, then G is coloured before G,.

2. If y1,v2,- ..,y are the children of = in T', then
(Gy1:6):(Gyzs€)s- -+ (G €)

are pairwise inequivalent distinguishing colourings of G. The fact
that Sp NS} = 0, and because copies of G corresponding to vertices
in X are coloured using Sp, while vertices in Y are coloured using 5,
insures that c is, in fact, a colouring of T'[G].

As a consequence of these properties, if y1,¥2,...,y: are the children of
z € T, and if a colour preserving automorphism g € Aut(T[G]) fixes G,
then g also fixes (Gy,,¢), (Gy;,¢),...,(Gy,,c). It now follows by induction
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on the number of levels in the tree that, once G,,, has been coloured so that
any colour preserving g € Aut(T[G]) fixes G,,, the resulting colouring ¢ of
T[G) is distinguishing. 0

4 Inequivalent Distinguishing Colourings of
Trees and Cycles

Inequivalent colourings are introduced by Cheng (2], and an expression for
the number of inequivalent distinguishing k-colourings of a rooted tree is
obtained. Let T be a tree and r € V(T'). We denote by T(r) the tree T
rooted at r. The automorphism group of T'(r) is defined as

Aut(T(r)) = {g € Aut(T) | g(r) =r}.

A colouring ¢ of T(r) is distinguishing provided that the only colour pre-
serving automorphism g € Aut(T'(r)) is the identity.

Theorem 8. (2, Theorem 7] Let T(r) be a tree rooted at vertex r, and let T
be the collection of all subtrees of T(r) rooted at the children of r. Suppose
that T consists of ¢ isomorphism classes, and that the i* isomorphism class
contains m; copies of the rooted tree T;. Then for any k € N,

This result was obtained mdependently by Hodgins {6, Theorem 4.2.1],
who gives the following expressions for the number of inequivalent distin-
guishing k-colourings of an (unrooted) tree, based on the tree having one
centre or two centres.

Corollary 9. [6, Corollary 4.2.1] Let T be a tree with a single verter w
as its center, and let T be the collection of all subtrees of T rooted at the

children of w. Suppose that T consists of q isomorphism classes, and that
the ith isomorphism class contains m; copies of the rooted tree T;. Then

for any k € N,

=1
Corollary 10. [6, Theorem 4.2.2] Let T be a tree with adjacent centres u
and v, and let T'(u) and T'(v) denote the rooted subtrees of T\{uv} rooted
at u and v, respectz‘vely. Then for any k € N
%o (T, k) = 2 xo(T'(u), k) - xp(T'(v), k) if T'(u) # T'(v);
—k-xo(T'(u) k) - xp(T'(v), k) if T'(u) = T'(v).
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(Here, % and = mean not isomorphic and isomorphic, respectively, as
rooted trees.)

In the remainder of this section, we derive expressions for the number
of inequivalent distinguishing k-colourings of Cy, a cycle on n vertices. The
expressions depend on the parity of the cycle, and use chromatic polynomi-
als of cycle and paths. The chromatic polynomial of a graph G is denoted
P(G,z), and the value of P(G, z) at a positive integer k, denoted P(G, k),
is the number of k-colourings of G. The basic technique for expressing
xD(Ch, k) is to count the number of k-colourings of C;, that are not distin-
guishing, and subtracting this from P(Cy,k), the number of k-colourings

of Cp.

Suppose C,, = voV; ** - Un—1%, n 2> 3. If a colouring of C, is not dis-
tinguishing, then C,, has a nontrivial colour preserving automorphism, and
such an automorphism of C, is either a reflection or a rotation. First sup-
pose that a colouring ¢ of Cy, is preserved by a nontrivial rotation. Then
there exists an integer p, 1 < p < n, such that p|n and such that

(o) = cluir3)

for all 4, 0 < i < n—1. (Here and in what follows, subscripts are taken
modulo n.) By induction, it follows that for each 4,0 <i<n -1,

c(vi) = c(vigjz)

for all integers 5. Thus, such a colouring ¢ is completely defined by the
colours of the vertices of the path vovy + -+ vy p_1.

Definition 1. Let C,, = vov; - - - Up—1vp, and suppose p is an integer such
that p|n and 1 < p < n. We define a set of k-colourings of Cy, as follows:
ceRP P x if and only if c(vi) = c(Viynyp) for alli, 0 <i < p—1. Then RE .
conszsts of all k-colourings of C,, that are preserved by a rotation through

n/p.
The following technical lemma is used to simplify the expression for
XD(CTHT)'

Lemma 11. Let RE x denote the set of all k-colourings of C, that are
preserved by rotatzan ‘through n/p for somel <p<n. If1 <p' <p and

?'|p, then RE , C Rﬁk

Proof. Let p=gqp’ where ¢ > 1,andletce R k Then

e(vi) = c(vis2)
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for i € Z (throughout subscripts are taken modulo n), and hence
c(vi) = c(vigjz)
for j € Z. In particular, for j = q, we have

e(v:) = e(Vitqz) = c(vir 3),

since p = gp’. Therefore, c € Rﬁik. O

Corollary 12. Let RE . denote the set of all k-colourings of Cp that are
preserved by rotation through n/p for some 1 < p < n. If p = pips for
1<p;<p,i€{1,2} then RE, NRE:Y =RE,.

Proof. By Lemma 11, R}, , C RP},. Similarly R , C RF?,. Therefore
Rk € R NRY,

Now suppose ¢ € REY N REY. Then for i,j,m € Z (throughout sub-
scripts are taken modulo n),

e(vi) = c(vitjn) = e(vitmz ).
This implies
e(vi) = c(Vitjz4mz)
= C('Ui+ mnp)+inpy )
P1P2

= Vit (mpr+5p2)2)-
Since (mp1 + jp2) € Z, ¢ € R}, , and thus RE}, NRE}, C RE . It follows
that RP, NRP, = RY,. 0

Remark 4. Notice that |R}, | = P(Cp/p,k). A colouring c € R}, is
determined by c(v;), 0 < i < n/p— 1. In addition, c(vn/p—1) = €(Un-1) #
¢(vg), so there is a one-to-one correspondence between elements of Rﬁ'k
and k-colourings of Cy/p.

not distinguishing. Then any nontrivial colour preserving automorphism
g € Aut(C,,) must be a rotation, since a reflection would require a pair of
adjacent vertices u,v € V(C,) to have g(u) = v and g(v) = u, which is
impossible since ¢(u) # c(v) and g preserves colours.

Suppose that n > 3 is odd and that ¢ is a colouring of C,, that is
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Theorem 13. Let n be odd, n = p{' p{;’ ... pg", for distinct primes p; > 2,
and j; €N, 1 <i<gq. Then

P(Cask) — UL, RE
xp(Cn, k) = o |
Proof. Let Cp, = vgv; - - - Un—1v9, and suppose c is a non-distinguishing k-

colouring of C,,. Then ¢ € Rﬁ'k for some p such that p|n and 1 < p < m.
Thus the set of non-distinguishing k-colourings of C,, can be described by

U RE ;.

pin
1<p<n

Suppose p = pi! x p x -+ xpg', 0<t; < jiand 1 <i < gq. Then,as a
consequence of Corollary 12,

q
U sz,k = Uth‘;k'
plk i=1
1<p<n
The number of k-colourings of C, is P(Ch, k), so the number of distinguish-
ing k-colourings of C, is
q

URz|-

=1

P(Cp, k) — (4)

To find the number of inequivalent distinguishing k-colourings of C;, we
divide by 2n, the order of the dihedral group D,. Therefore

P(Cn, k) = ULy RE|
2n ’

XD(Cna k) =
a

By using |RF, .| = P(Cp/k,7), and the Principle of Inclusion-Exclusion,
one can expand (4) and obtain an expression for xp(Cp, k) in terms of the
chromatic polynomials of cycles. This can be evaluated to give the exact
value of xp(Chn, k).

Before finding an expression for the number of inequivalent distinguish-
ing k-colourings for a cycle of even length, it is necessary to first characterize
non-distinguishing k-colourings of even length cycles that are preserved by
reflection through a line containing antipodal vertices of the cycle, in ad-
dition to being preserved by a nontrivial rotation. Note that for such a
k-colouring, we may assume, without loss of generality, that the vertices of
Cyn, are labelled so that there is a line of reflection through vy and v,,.
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Definition 2. Let Cy, = vov; - - v2n-1v0 and suppose p is an integer such
that pjn and 1 < p < n. We define f.fn,k as the set of all k-colourings of

Can for which
c(v;) = c(v-;) and
C('U;) = c(vi+2n/p)

(throughout, subscripts are taken modulo 2n). Then .7-'{,’",,: consists of all
k-colourings of Cy, that are preserved by rotation through 2n/p and by

reflection in the line containing vo and vy,.

A colouring ¢ in F}_, is determined by the colours of the vertices on
the path wovy...v,/p. The reasons for this are twofold. First suppose
o, V1,...,Vn/p have been coloured (i.e., labelled so that adjacent vertices
have different colours). Since there is a reflection in the line containing v

and v, it follows that

c(vzn-1) = c(v1)
c(’l)gn_z) = c(vg)

C(U(2n--g)+2) = C(Ug-—z)
c(v(an—2)+1) = c(vz_1)
e(v(an-2)) = c(vz).

Thus the colours of Van_n/p) V2n—n/p+1,- - - »V2n—1 are forced by the refiec-
tion. Furthermore, since c is preserved by rotation through 2n/p, it follows

that
c(vz41) = e(Van—z)41) = c(va-1)
c(vz42) = c(ven-2)+2) = c(va-2)

c(vz43) = c(ven—2)+3) = c(vz_3)

c(v%_l) = ¢{van—1) = c(vy).

Now we have coloured vg,v1,...,V2n/p—-1. Since the colouring is pre-
served by rotation through 2n/p, it follows by induction that for each i,

0<i<2n-1,
c(vi) = C(’Uz'-l-j%),

for all j € Z, where subscripts are taken modulo 2n.
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Lemma 14. Let .7-';’“  denote the set of all k-colourings of Cy, that are
preserved by rotation through 2n/p for somel <p<mn, and a reﬁectzon in

the line through vo and vn. If 1 <p’' <p and p'|p, then F§_ , C .’Fz”n e

Proof. Let p=qp’ whereg>1,andletc€ .7-'5’,, & Then c(v;) = c(viyan/p)
for all i, 0 < i < 2n -1 and c(v;) = c(v—i) (throughout subscripts are
taken modulo 2n). This implies that ¢(v;) = c(v;yjon/p) for all j € Z. In
particular, for § = ¢, we have

e(vo) = c(vi-i-q%") = C("i-{-z;',‘»)-

Since ¢ € F3, ., ¢(vi) = ¢(v—) for all 4, 0 < i < 2n — 1, where subscripts
are taken modulo 2n. Therefore, ¢ € f;;,k. m]

A key point from the proof of Lemma 14 is that, independent of the
velue of p, any ¢ € F}, , has the property that c(v;) = c(v-;).

Corollary 15. Let 73, . denote the set of all k-colourings of Cop that are
preserved by rotation th.rough 2n/p for some 1 < p < n, and by reflection
in the line containing vo and v,. If p=p1ps for 1 < p; < p,i € {1,2} then
Fon NV Fomk = Fonk

Proof. By Lemma 11, F  C 73! ,. Similarly 3 , C 722 . Therefore
Fonge © Fone N Fone
Now suppose ¢ € FJ. , N F52 .. First note that
e(v;) = c(v=i).
Secondly,
e(v;) = C(”i+j%!1t) = c(”i-}-m%)v
for any m, j € Z (all subscripts are taken modulo 2n). This implies that
c(vi) = C(”i+j%+m§—;)
= C('Ui+ 2mnpy+2njpg )
P1P2
= (Vi (mpy+ip2) 22 )-

Since (mpy + jp2) € Z, ¢ € F}, 4, and thus FZ0, N FLR, C FL . We
conclude that }‘f,“,k N ffﬂ'k = fgn,k' -

316



Remark 5. Notice that |Ff, | = P(Pajpt1,k). A colouring c € FE, ,
is determined by c(v;),0 < i < n/p. As a result, there is a one-to-one
correspondence between elements of f;’n_k and k-colourings of P, /py1-

Theorem 16. Let 2n = pg"p{‘ p;" cen pg“, for distinct primes p; with po = 2,
and j; €N, 0<i<gq. Then,

P(Can, k) — U0 25;,1:] — P(Ppy1,k) + IU?:& Fonk
XD (C2n9 k) = P ’
n

where§=1ifjo=1, and § =0 if jo > 1.
Proof. Suppose Ca, = vgv; -..V2n—1v0 and that ¢ is a non-distinguishing
k-colouring of Cy,,. Then ¢ is preserved by a rotation, a reflection or both.
If ¢ is preserved by a rotation, thenc € R’z’n_ i for some p|2n and 1 < p < 2n.
If, in addition, c is preserved by reflection, then ¢ € F5 .. If c is preserved

by a reflection then, without loss of generality we may assume that there
is a line of reflection through vy and v, and that

e(v;) = c(v=;)

foralli,1<i<n-1landn+1<1<2n—1 (subscripts taken modulo
2n). This is equivalent to the number of ways to k-colour the path P, =
vgV1 ... Vn and reflect the colours in line through vy and v,,. The number of
k-colourings of P,.; is simply P(P,+1,k). Using inclusion-exclusion, the
number of k-colourings of C,, that are not distinguishing is

U Res|+PEsk) =] U Fou|- (5)
pl2n pln
1<p<2n 1<p<n

In the first and last terms of this expression, we know that if p|2n, then
p=pioptiplt -+ pit for some 0 < ¢; < j; and 0 < i < g. As a consequence
of Lemma 11,

q
p — Pi
U el = URE|
pl2n =0
1<p<2n

If jo = 1, then 2 jn, and Lemma 14 implies that

q
U Fue|= U Fiss
pin =1
1<p<n
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if jo > 1, then 2|n, and Lemma 14 implies that

U 7

pin
I<p<n

U Fhikl-

=0

To find the number of inequivalent distinguishing colourings of Ca,, we
divide by 4n, the order of the dihedral group Da,. It follows that

P(Can, k) — UL Roi k| — P(Pr1, k) + |Uiss Fon
XD(CZTUk) = I |4,n i ,! ( )

whered =1if jo=1,and § =0 if jo > 1. O

It follows from Remark 4 and Remark 5 that |R}, | and |5, ,] can be
computed using chromatic polynomials for cycles and paths, evaluated at
k:

|Rn.k] = P(Can/p, k)

and
|F3n k| = P(Pn/p: k)-

Therefore the expression (6) can be evaluated to give an exact value of
XD(Can, k).
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