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Abstract

A graph is (k, l)-colourable if its vertex set can be partitioned into
k independent sets and ! cliques. A graph is chordal if it does not
contain any induced cycle of length at least four. A theorem by Hell
et. al. states that a chordal graph is (k, [)-colourable if and only if it
does not contain (!+ 1)Ky as an induced subgraph. Presented here
is a short alternative proof of this result, using the characterization
of chordal graphs via perfect elimination orderings.

For integers k,! > 0, a graph is (k,1)-colourable if its vertex set can be
partitioned into k independent sets and [ cliques. Both independent sets
and cliques are allowed to be empty. Thus if a graph is (k,)-colourable
then it is also (k/,1’)-colourable for all &’ > k and I’ > 1.

The concept of (k, I)-colourings is a generalization of both colourings and
clique coverings, as a k-colouring can be interpreted as a (k, 0)-colouring,
whereas an [-clique-covering corresponds to a (0, {)-colouring. As well, split
graphs are precisely the (1,1)-colourable graphs. It has been shown that
determining the (k,)-colourability of perfect graphs for fixed ¥ and ! can
be achieved in polynomial time [8]. Further, a characterization of (k,1)-
colourable graphs via forbidden subgraphs has been found for two important
subclasses of perfect graphs, cographs [2, 3, 4] and chordal graphs [7].

Chordal graphs, defined as graphs without induced cycles of length four
or greater, were introduced by Hajnal and Surényi [6], albeit under a dif-
ferent name. Chordal graphs are perfect [1) and any induced subgraph of
a chordal graph is chordal again. An important characterization of chordal
graphs is the following one by Fulkerson and Gross [5). For a graph G, a
perfect elimination ordering is an ordering vy,vs,...,v, of the vertices of
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G such that the set of vertices
Ny (i) = {v;|j > i,viv; € E(G)}

forms a clique for each 7. The graphs admitting a perfect elimination or-
dering are precisely the chordal graphs.

The following characterization of (k,!)-colourable chordal graphs has
been proven by Hell, Klein, Nogueira and Protti [7] by two different meth-
ods. The first one relies on establishing properties of the adjacency graph of
all (k + 1)-cliques of a chordal graph. The second one is based on a greedy-
style algorithm applied to a perfect elimination ordering of a chordal graph.
Presented here is an alternative direct proof of the result, also based on per-
fect elimination orderings.

The notation ! K} is used for the disjoint union of ! complete graphs of
k vertices each.

Theorem 1. Let G be a chordal graph. Then G is (k,l)-colourable if and
only if G does not contain (I + 1)Ki41 as an induced subgraph.

Proof. Subsequently, it will be shown that if G is minimally not (k,{)-
colourable, then G has to be a disjoint union of Ki41's. As Ky is
(k,1)-colourable, while (! + 1) K4 is not, the result then follows.

Suppose that G is minimally not (k,)-colourable. Let 1,2,...,n be a
perfect elimination ordering of the vertices of G such that the vertices of
each component appear consecutively while the order of the components is
arbitrary (the concatenation of perfect elimination orderings of the compo-
nents yields a perfect elimination ordering of the whole graph). Let v be
the first vertex such that the set

§={weV(@G)|w<v}

contains a Kj4; (such a vertex exists, as G is perfect and not (k,0)-
colourable, thus contains Ki.;). Note that the graph induced by S is not
(k, 0)-colourable, while the graph induced by S — {v} can be (k, 0)-coloured
(since it contains no Ki41). Assume without loss of generality that the
graph induced by S is connected (otherwise reorder the perfect elimination
ordering by starting with the component of v in S, followed by the other
vertices of S, both in the same order as before). Using the perfect elimi-
nation ordering, it will be shown that N5 (v) is a clique cutset, separating
S from V(G) — S — N5 (v). Suppose z is the largest vertex in S having a
neighbour z’ in V(G) — S — N5 (v). If z has a larger neighbour in S then
by the perfect elimination ordering this neighbour is adjacent to =’ which
is a contradiction to the choice of z. Otherwise take the smallest vertex
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y on a shortest path from z to v. Both its neighbours on said path are
larger than y, thus have to be adjacent by the perfect elimination ordering,
contradicting that the path was a shortest path. Thus N5 (v) separates S
from V(G) — S — N5 (v).

Now suppose that either N5 (v) is not empty or S # Kj.1. Then there
exists a vertex u € N (v)U(S—{v}) such that the graph induced by §—{u}
is not (k, 0)-colourable. By the minimality of G, the graph G — u is (k, )-
colourable. Since the graph induced by S — {u} is not (k,0)-colourable, at
least one of its vertices must be covered by a clique in the (k, {)-colouring.
The clique can only contain vertices from S U N5 (v) — {u} since there are
no edges between S and V(G) — S — N5 (v). Thus the graph induced by
V(G)-S—N,(v) is (k,I—1)-colourable. But then it is possible to construct
a (k,l)-colouring of G by adding the clique {v} U N (v) and k-colouring
the vertices in S — v (none of those vertices being adjacent to any vertices
in V(G) — S — N5 (v)), contradicting the assumption. Therefore § = Ky41
and S is a component of G.

Hence each component of G that is not equal to K} ; does not contain a
Kj.1. However, such a component is (k, 0)-colourable and can be removed
without changing the property of the graph not being (k, {)-colourable and
can be removed without changing the property of the graph not being (k, {)-
colourable, contradicting the minimality of G. O
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