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Abstract

The induced path number p(G) of a graph G is defined as the
minimum number of subsets into which the vertex set of G can be
partitioned so that each subset induces a path. A Nordhaus-Gaddum
type result is a (tight) lower or upper bound on the sum (or product)
of a parameter of a graph and its complement. If G is a subgraph
of H, then the graph H — E(G) is the complement of G relative to
H. In this paper, we consider Nordhaus-Gaddum type results for the
parameter p when the relative complement is taken with respect to
the complete bipartite graph Km n.

1 Introduction

In this paper, we follow the notation of [3]. Nordhaus and Gaddum present
best possible bounds on the sum and the product of the chromatic number
of a graph and its complement in [11]: for a graph G of order n, 2\/n <
X(G) + x(@) < n+1, while n < x(G)x(G) < (2§)2.
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Since then such results have been given for several parameters, see, for
example, [4]. They include the following best possible bounds on the dom-
ination number, (G), due to Jaeger and Payan [9] and Payan and Xuong
[12): if G is a graph of order n, then ¥(G)+7(G) < n+1 and v(G)y(G) < n.
The upper bound on the sum of the domination numbers of a graph and
its complement given before can be improved if we restrict our attention to
those graphs G for which G and G both have no isolated vertices, see [10]:
if G is a graph of order n > 2 such that G and G have no isolated vertices,
then Y(G) +v(G) < (n+ 4)/2.

For a graph G, the induced path number p(G), is defined by Chartrand,
Hashmi, Hossain, McCanna and Sherwani [2] as the minimum number of
subsets into which the vertex set V(G) of G can be partitioned such that
each subset induces a path. In [1], Broere, Domke, Jonck and Markus,
investigate best possible bounds on the sum of the induced path number of
a graph and its complement. Specifically, the authors prove the following

Theorem 1 If G is a graph of order n, then \/n < p(G) + p(G) < [32].

As noted in [1], the upper bound in Theorem 1 is achieved when either G
" or G is the complete graph K,,. In (8], Hattingh, Saleh, Van der Merwe
and Walters characterized graphs G attaining the upper bound, improved
the lower bound by one when 7 is the square of an odd integer, and showed
that the improved lower bound on p(G) + p(G) is best possible for every
positive integer n > 4. Moreover, p(G) + p(G) is bounded from above when
neither G nor G has isolated vertices. We will use %(G) for p(G) + p(G).

Another direction was pursued by Plesnik [13] who extended Nordhaus and
Gaddum’s results to the case when the complete graph is factored into
several factors.

If G is a subgraph of H, then the graph H — E(G) is the complement of
G relative to H. If H = K,,, and G is a subgraph of H, then the graph
K, — E(G), the complement of G relative to K, is the classical complement
G of the graph G. The concept of relative complement is due to Cockayne
[5]. In [6], Goddard, Henning and Swart examine sums and products of
m(G1) and 7(G2) where G ® G2 = K(n,n) with 7 being the independence,
domination or independent domination number, respectively. Thus, the au-
thors derive Nordhaus-Gaddum results for independence, domination and
independent domination, but now considering the relative complement with
respect to the complete bipartite graph K, ». In [7], Hattingh, Saleh, Van
der Merwe and Walters derive Nordhaus Gaddum results for the induced
path number by considering the relative complement with respect to the
complete bipartite graph K, ..
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A bipartite graph G with bipartition (T, B) such that |T| = m > 1 and
|B| = n > 1 will be called an (m, n)-bipartite graph. Throughout, G will
denote the relative complement of an (m,n)-bipartite graph with respect
to Km,n. In this paper, we determine best possible lower and upper bounds
for 1(G) where G is an (m, n)-bipartite graph, thus extending the results
of 7).

2 Lower bounds on ¢(G)

In this section, we determine best possible lower bounds for ¥(G) where G
is an (m, n)-bipartite graph. Throughout, let Uy,...,Us, where s = p(G),
be a partition of V(G) such that each U; induces a pathin G. Let V3,...,V;,
where ¢t = p(G), be a partition of V(G) such that each V; induces a path

inG.

We begin with the following lemmas. Throughout G will be an (m, n)-graph
where n > m.

Lemma 2 If U;nV;NT # 0, then |U; nV; N B| < 4. Moreover, if
UinV;NB #0, then |U;nV; NT| < 4.

Proof. Let v € U;nV;NT, and suppose, to the contrary, that {w,...,ws} C
Ui nV; N B. We may assume, without loss of generality, that three of the
five edges vwy, . . ., vws of K, ,, are edges of G - suppose {vw;, vws,vws} C
E(G). But then U; does not induce a path in G, which is a contradiction.
Thus, U;NV;NB|<4. O

Corollary 3 Let m > 3. If ¢(G) =2, then n < 4.

Proof. Note that p(G) = p(G) = 1. Then Uy nViNT # @, and, by
Lemma 2, |U; NV N B| < 4. Thus n = [V(G) N B| = [V(C)nV(C) N B| =
U:NVinB|<4. O

Corollary 4 Let m > 2. If y(G) =3, thenn < 8.

Proof. Suppose, without loss of generality, that p(G) = 1 and p(G) = 2.
Then Ui NV;NT # @ for i = 1,2, and, by Lemma 2, |U; NV; N B| < 4 for
i=1,2. Thusn = |V(G)NB| = [V(G)NV(G)NB| = [Uyn(V;UVa)NB| =
[UGhnVinB|+|[U)NnVo,NB|<4+4=8.0 '
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Corollary 5 If U;nV; NT| > 5, then U;NV; N B = 0. Moreover, if
[U;nV;NB| 25, then U;NV; NT = 0.

Lemma 6 If |U;NV; NT| = 4, then |U; N V; N B| < 3. Moreover, if
{UiNnV;NB| =4, thenIU V;nT| <3.

Proof. Suppose {U; N V; NT| = 4. Then, by Lemma 2, |[U;NV; N B| < 4.
Suppose |U;NV;NB| = 4, and consider the (4, 4) bipartite graph H induced
by U;nV; in G’ Then the number of edges in the union of H and H is
16. On the other hand, since the 8 vertices of H are vertices in the induced
path (U;), the total number of edges in H is at most 7. Similarly, the
total number of edges in H is at most 7. Therefore the number of edges
in the union of H and H is at most 14, which is a contradiction. Thus,
U;nV;nB|<3. 0O

Lemma 7 p(G) 2 n—m.
Proof. Let t; = |[U;NT| and b; = |[U; N B| for i = 1,...,p(G). As

G is bipartite, |b; — ;] < 1, for ¢ = 1,...,p(G). Therefore n — m =
S b - T8t < 1T b - TED 1 < TED [bi - i < p(G). O

As an immediate consequence we have:
Corollary 8 ¥(G) > 2(n —m).
Casel: n=m

Theorem 9 (Hattingh, Saleh, Van der Merwe and Walters (8]) Let G be
an (n,n)-bipartite graph. Then

3 ifne{1,2,34,567}
‘/’(G)Z{ 4 ifn38

Moreover, these lower bounds are best possible.

Case 2: n=m+1

For m > 1, construct Gy, m+1 as follows: Let T and B be disjoint sets of
cardinality m and m + 1 respectively. Partition T into two sets T} and T,
where |T1| = | ] and |T2| = [%]. Partition B into two sets By and Bz
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where |By| = [2#1] and |By| = [Z}!]. Add edges between 7} and B,
(T2 and B, respectively) such that (T3 U B;) ((T2 U By), respectively) is a
path. Add edges between T; and B; (T2 and Bj, respectively) such that
(T} U By) ({T3 U By), respectively) is a path.

Theorem 10 Ifm > 6, then ¥(G) > 4. The graph G, m+1 shows that the
lower bound is best possible.

Proof. For m > 8, we have, by Corollaries 3 and 4, that ¥(G) > 4.

Suppose G is a (7,8)-graph. By Corollary 3, %(G) > 3. We show that
¥(G) > 4. Assume, to the contrary, that p(G) = 1 and that p(G) = 2.
Then UyNV;NT # @ for ¢ = 1,2, and, by Lemma 2, we have |[UiNV;NB| < 4
for i = 1,2. But then 8 = |B| = |[V(G)NV(G)NB| = |U; n (V1 UV2) N
Bl < |\UinWinB|+|U:NnVaNB| < 4+ 4 = 8, which implies that
[ty NnViNB|=|UyNVoanB|=4. By Lemma 6, Uy nViNT| <3 and
|UinVeNT| £ 3, whence 7 = |T| = |[V(G)NV(G)NT| = |U)n(VWUWVL)NT| <
[UinVinT|+|UsNVeNT| <3+ 3 =6, which is a contradiction.

Now, by the construction of Gy, m+1, one concludes that Y(Gm m+1) = 4.
O

For m € {4,5,6}, by Corollary 3, we have ¥(G) > 3. Clearly ¥(G) > 2
when m = 3. Suppose m € {1,2}. Assume 9%(G) < 3, and, without loss of
generality, suppose (U;) & G. Then G is either K3 or 2K, U K;, whence

p(G) = 3, and so ¥(G) = 4, which is a contradiction. Thus, ¥(G) > 4 when

m € {1,2}.

We now show that these lower bounds are best possible for 1 < m < 6.
Let T = {t1,...,tm}, let B = {by,...,bm+1}, and let G be the path with
consecutive vertices by, t1,...,tm,bm+1. In all cases, p(G) = 1. For 1 <
m < 2, it follows that p(G) = 3, whence ¥(G) = 4. For m = 3, G is the
path with consecutive vertices by, t3, b1, t2, bs, 1, b3, so p(G) = 2, whence
‘l,(l(G) = 2. For m = 4, the sets {tz,b1,t4,ba} and {bg,t3,b5,t1,b4} each
induces a path in G, whence p(G) = 2, and so ¥(G) = 3. For m = 5,
the sets {bg, 1, b3,t5,b1} and {t4,b2,t3,bs5,22,b4} each induces a path in G,
whence p(G) = 2, and so (G) = 3. For m = 6, the sets {bs, 26, b1, t2, b7, £1}
and {by, ts, b3, t4, bs, t3, b5} each induces a path in G, whence p(G) = 2, and
so ¥(G) = 3. These best possible lower bounds are summarized in Table 1.

Case 3.1: n > m + 2 and m is even

Construct the graph G, m42 by using the same steps in constructing G m+1
with the adjustment that the partition By and B; of B satisfy |B;| = 3 +1
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m
Best possible lower boundon%(G) |4 |4 ]2{3|3 (3

Table 1: G is an (m,m + 1)-graph

and |Bz| = 2 + 1. Then ¥(Gm,m+2) < 4. By Corollary 8, it follows that
1/’(Gm,m-{»2) =4

Theorem 11 ¥(G) > 2(n — m), and the bound is best possible.

Proof. Corollary 8 gives the lower bound. Construct an (m,n)-graph H in
the following way. Let V(H) = TUBUB; where |T| = m, |B| = m+2, and
|Ba| = n—m—2. Add edges between the sets T and BU B, such that TUB
induces a graph isomorphic to Gm,m2- Then p(H) < p(G)+n—m—2, while
p(F) < p(Crmyz) +n—m—2, whence $(H) < $(Gmms2) +2(n—m—2) =
4 +2(n —m — 2) = 2(n —m). By Corollary 8, ¥(H) > 2(n — m), and so
%(H) = 2(n — m), showing that the lower bound is best possible. O

Case 3.2: n > m+ 2 and m is odd

Lemma 12 If¢(G) =4, thenn=m+2 and m < 11.

Proof. Since n > m+2, by Lemma 7, p(G) > 2 and p(G) > 2. As %(G) =
4, 0(G)=p(G)=2. Asn—-m < p(G)=2,wehave m+2<n<m+2,
and so n = m + 2. Moreover, each of the two induced paths (U;) and (Us)
in G have their endpoints in B.

As m is odd, we assume, without loss of generality, that Uy NT| > |U,NT},
and that [V;NT| > |VaNT|. As |UyNT|+ |U; NT| = m, it follows that
[UyNT| > =, while [U; NT| < 5L, Similarly, Vi nT| > 2, while
V2nT| < =5 '"‘

Suppose Uy NV; NT = @. Then (U1 NT) C (VaNT), whence ZFt <
inT| < |VanT| < 252, which is a contradiction.

We may therefore assume that Uy N Vi NT # 0. By Lemma 2, we have
IUl nvin B[ < 4.

Suppose Uy NVoNT # @. By Lemma 2, [UyNV2NB| < 4. Thus, (U;NB| <
NhniuV)nBl=U1nViNnB|+|U1nVaNB|<4+4=8.

Suppose |[U; N B] = 8. Then |UyNnViNB| = |U;NV,N B| =4, and, by
Lemma 6, [U;NViNT| < 3 and Uy NVoNnT| < 3, whence |U; NT| <
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N nVinT|+|UinVanT| < 6. As [UyNB| = 8 and (U}) is a path
in G with both endvertices in B, we must have that |U; N T| = 7, which
contradicts the fact that [U; NT| < 6.

Therefore [U1 N B] < 7, and so [U1 NT| < 6. As 2L < [U; NT| < 6, it
follows that m < 11.

IfEVinU;NT # 0, an analogous argument to the previous case again
establishes that m < 11.

We therefore assume that Uy N Vo NT =@ and Vi, NU, N T = @, which is
equivalent to Uy NT =ViNT and U, NT = Vo NT. Since (U;) induces
a path in G with both endpoints in B, we have Uy N B| = Uy NT| + 1.
Similarly, [VanB| = |VoNT|+1. But [UyNT| > [U,NT| = |VoNTY, and so
|[UinB| = |[U1NT}+1 > |VonT|+1 = |VoNB|, whence |U;NB| > |[VoNB].
IfU,nViNB =0, then U; N B C VN B, which is a contradiction.

Thus, Uy N V; N B = @, and by Lemma 2, we have [U; NV NT| < 4. As
UhNT=ViNnT,wehave 1 NV} NT =U; NT, and so mz;i-_l.s [UinT|=
Ui nViNT| <4, whencem < 7. O

The following lemma provides the lower bound when m is odd and n =
m+ 2.

Lemma 13 Let n=m+2. Then

[ 4 f3<m<11
¢(G)_{5 ifm=1orm>13.

These lower bounds are best possible.

Proof. Suppose m = 1. Clearly %(G) > 5. The (1,3)-graph K;2 U K,
(where it is understood that the isolated vertex belongs to the partitite set
of cardinality 3) shows that 5 is a best possible lower bound for ¥(G).

Corollary 8 gives ¥(G) > 4.

Let m > 13. By Lemma 12, ¥(G) > 5. We now construct an (m, m + 2)-
graph H such that ¥/(H) = 5. Let T and B be disjoint sets of cardinality
m and m + 2 respectively. Partition T' into two sets T} and T, where
ITy| = 252 and |T3| = =L, Let = € B, and partition B —{z} into two sets
B and B; where |B,| = |By| = l"-ztl- Add edges between T and B; (T3 and
By U {z}, respectively) such that (T} UB;) ({T2 U (B2 U {z})), respectively)
is a path. Add edges between T} and B, (T> and B, respectively) such
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that (T1 U Bz) ({(T> U B,), respectively) is a path. Thus the paths of H
induced by T} U By and T, U (B U {z}) of H and the paths of H induced
by T1 U By, T U B; and {z} show that ¢/(H) = 5, and so the lower bound
is best possible.

We now show that these lower bounds are best possible for m € {3,5,7,9,11}.
Let T = {tl, . ,tm}, let B= {bh N ,bm+2}.

For m = 3, let P; (Pa, respectively) be the induced path with consecutive
vertices by, t1, b2 (b3, t2, ba, ts, bs, respectively). Construct the (3,5)-graph
H from P, U P, by adding the edge bata. Then each of the sets {bs, t1, b4}
and {bs,t2,b1,%3,b2} induces a path in H, whence p(H) < 2. We conclude
that ¥(H) = 4, and so the lower bound is best possible.

For m = 5, let Py (Ps, respectively) be the induced path with consecutive
vertices by, t1, b2, t2,bs,t3,bs (bs,t4, bs,ts, by, respectively). Construct the
(5,7)-graph H from P, U P, by adding all edges between V(P,) N T and
V(P;) N B and all edges between V(P;) N T and V(P;) N B except for the
edges bity4, bits, bats, bata, bsta, tobg, tabg and t3b;. Then each of the sets
{ba,t1,b3,t4,b1,t5,b2} and {bs,t2,bs,t3,b7} induces a path in H, whence
p(H) < 2. We conclude that ¥(H) = 4, and so the lower bound is best
possible.

For m = 7, let P, (P,, respectively) be the induced path with consecu-
tive vertices by, ), ba, ta, ba, t3, ba, t4, bs (b, ts, b7, e, bs, t7, by, respectively).
Construct the (7,9)-graph H from Py U P, by adding all edges between
V(P)NT and V(P;) N B and all edges between V(P,) N T and V(P;) N
B except for the edge t4b7. Then each of the sets {b;,t2,bs,¢,,b3} and
{bs, t, bz, ta, b7, t7, e, te, be, ts, bs} induces a path in H, whence p(H) < 2.
We conclude that ¥(H) = 4, and so the lower bound is best possible.

For m = 9, let P, (P,, respectively) be the induced path with consecu-
tive vertices b11t1’ b2y ta, b3’ t3, b4, L4, b5v ts, bG) te, b7 (b89 t7, b91 ts, blOv tg, bll’
respectively). Construct the (9,11)-graph H from P, U P, by adding all
edges between V(P)NT and V(P,) N B and all edges between V(P,) N T
and V(P,) N B except for the edges bgt7, tsbio and biotg. Then each of
the sets {b, 3, b1, t2, ba,t7,b11, 18, bs, to, bo} and {be,t4, b7, ts, b1o, s, bs} in-
duces a path in H, whence p(H) < 2. We conclude that ¥(H) = 4, and so
the lower bound is best possible.

For m = 11, let P, (P, respectively) be the induced path with consecutive
vertices by,t1,ba, ta,bs,ts, b, 14, bs, s, be, te, b7 (bs,t7, be,ts, b10,t9,b11,t10,
by2,t11, b13, respectively). Construct the (11,13)-graph H from P; U P,
by adding all edges between V(P;) N T and V(P;) N B and all edges
between V(P2) NT and V(P;) N B except for the edges bst7, bsto, teb11

372



and tsbyo. Then each of the sets {bg, %3, b1, t2, by, t1, b3, t7, bm,ta, bs, t10, b0}
and {bs,t4,b7,ts5,b10,%11,b11, ts,bs,t9,b13} induces a path in H, whence
p(H) < 2. We conclude that ¥(H) = 4, and so the lower bound is best
possible.

O

Lemma 14 Letn > m+3. Then (G) = 2(n—m), and this bound is best
possible.

Proof. Corollary 8 gives ¥(G) > 4.

When m = 1, the (1,n)-graph G := K12 UK,_; has (G) = 2(n—1) =
2(n — m), and so the bound is best possible.

So suppose m > 2. We now construct an (m, n)-graph I such that ¥(I) =
Let T and B be disjoint sets of cardinality m and n respectively. Partition
T into two sets Ty and T, where |T}| = 32‘—1 and |T3] = ﬂ.}—‘- Let z and y be
distinct vertices B, and let B; and Bj be two disjoint subsets of B — {z,y}
with |B;| = |Bs| = 2f!. Add edges between T} and B; (T and By U {z},
respectively) such that (T3 UB;) ((T2 U (B2 U{z})), respectively) is a path.
Add edges between T} and B, (T2 and B; U {y}, respectively) such that
(T1 U By) ({Tz U (B1 U {¥})), respectively) is a path. The paths induced by
TyU By, ToU(B2U{z}) and {2} (for z € B—(B;UByU{z})) of I and the
paths induced by TYUB,, ToU(B;U{y}) and {z} (for z € B—(B1UB2U{y}))
of T show that ¥(I) < 2(n — m), and so the lower bound is best possible.
a

In summary then we have the following result:

Theorem 3. Suppose n > m+2. Then we have the following best possible
lower bounds:

5 ifmisodd,n=m+2, where m=10orm > 13
¥G) 2 { 2(n —m) otherwise.

3 Upper bounds on ¢(G)

We next establish an upper bound on ¥(G). We first prove a few useful
lemmas. Throughout n > m > 1, while G, , (or just G when the context
is clear) will denote an (m, n)-bipartite graph with bipartition (T, B).
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Lemma 15 G % K n and G & K, if and only if there ezists a vertex
u in G such that degg(u) degg(u) # 0.

Proof. Clearly, if there exists a vertex u in G such that degg(u) degg(u) #
0, then G ¢ K., » and G Kmn.

For the converse, suppose degg(u) = 0 or degg(u) = 0 for every u € G.

Consider the case when there are distinct vertices u and v such that degs(u) =
0 and degg(v) = 0. Notice that  and v must either both be in T' or both
in B - without loss of generality, assume {u,v} C T. Let w € B. Thenw is
non-adjacent to u in G, and adjacent to v in G, and so degg(w) degs(w) #
0, which is a contradiction.

Thus, either degs(u) = 0 for every vertex u in G, in which case G = K, ,
or degz(u) = 0 for every vertex u in G, in which case G = Ky n. O

The following result was established in [2].

Lemma 16

_[ [m+n)/3] ifl<m<n<2m
p(Km,n) = { n—m otherwise

As a direct consequence, we have:

Lemma 17 Suppose either G or G is a complete bipartite graph. Then

¢(G)={ g:+n)+r(m+n)/3] gt;eﬁzesngm

Lemma 18 Let G = Ga,3. Then ¢(G) < 7, while ¥(G) = 7 if and only if
G or G is complete.

Proof. If either G or G is complete, then (cf. Lemma 17) %(G) = 7.
Assume neither G nor G is complete. If G contains an induced P;, P4 or
P, then it is easy to see that ¥(G) < 6. Otherwise, G either has exactly
one edge or two independent edges. In both cases, ¥(G) < 6. O

The following result [7] is due to Hattingh, Saleh, Van der Merwe and
Walters.
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Theorem 19 Let G = Gpmm. Then 9(G) < 2m + [22]. Moreover,
Y(G) =2m + [32] if and only if G or G is complete.

Theorem 20 Let m > 1 and let G = G my1. Then (G) < (2m +1) +
[(2m +1)/3]. Moreover, if m > 2, then ¥(G) = (2m +1) + [(2m + 1)/3]
if and only if G or G is complete.

Proof. We prove the assertion by induction on m. Note that ¥(G ) =
and so the assertion follows for m = 1. By Lemma 18, ¢(G23) < 7, wh11e
¥(Ga,3) = 7 if and only if Go 3 or G23 is complete. Thus, the assertion
is also true for m = 2. Now assume that the assertion is true for m > 2
and consider the graph G = Gm+1,m+2. If either G or G is complete,
then, by Lemma 17, we have ¢(G) < (2m + 3) + [(2m + 3)/3]. So assume
that neither G nor G is complete. By Lemma 15, there exists a vertex w;
in T (say) of G and two vertices wy and ws in B such that wjws is an
edge in G and wyws is an edge in G. Factor G into 0 Gyn,m ® G1,2, such
that {w;,wz,w3} C V(Gm,m). As neither Gy, m nor (e m,m 1S complete it
follows from the inductive hypothesis that ¢(G) < v/)(Gm m) + ¥(G1,2) <
2m + [22] +4 = (2m +3) + [(2m + 3)/3]. O

Lemma 21 Let i > 1, and let G = Giys,it2, for some s > 0. Then
(G) < (i +5) + (G + 23) + [((i + 8) + (i + 25))/3]. Moreover, %(G) =
(G4 8)+ (1 +28) + [(( + 5) + (1 +28))/3] if and only if G or G is complete.

Proof. We prove the assertion by induction on s. The assertion for s = 0 is
the statement of Theorem 19, while the assertion for s = 1 is the statement
of Theorem 20. Now assume that the assertion is true for s > 2 and
consider the graph G = Gi4441,i42(s+1)- If either G or G is complete, then,
by Lemma 17, we have ¥(G) < (¢ +s+ 1)+ (i +2(s+ 1))+ [(E + s+
1) + (¢ + 2(s + 1)))/3]. So assume that neither G nor G is complete. By
Lemma 15, there exists a vertex w in T (say) of G and two vertices wy and
w3 in B such that wyw, is an edge in G and wyws is an edge in G. Factor
G into Giys,i12s D Gi,2 such that {w;, w2, w3} C V(Giysit2s). As neither
Gits,it2s NOT Giysitas is complete, the inductive hypothesis implies that
Y(G) < Y(Girs,it20)+¥(G1,2) < (i48)+(i+28)+[((i+5)+(i+25)) /3] +4 =
E+s+1)+(E+2(s+1))+[((E+8)+(4+2s))/3]. D

Theorem 22 For 1 < m < n < 2m, let G = G n. Then $(G) <
(m +n) + [(m + n)/3]. Moreover, ¥(G) = (m + n) + [(m +n)/3] if and
only if G or G is complete.
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Proof. Let i =2m —nand s=n—-m. Then m =i+ s and n =i + 2s,
while (¢ + s) + (¢ + 2s) = m + n, and so the result follows directly from
Lemma 21. O

Lemma 23 Let m > 1 and let G = G om. Then ¢(G) < 4m.

Proof. We prove the assertion by induction on m. Note that (G ) =
4 = 2 x 2, and so the assertion follows for m = 1. Now assume that
the assertion is true for m > 1 and consider the graph G = Gn41 2m+2-
Factor G into Gy 2m @ G1,2. Then, by the induction hypothesis, ¥(G) <
Y(Gmam) + ¥(G12) <dm+4=4(m+1). O

Theorem 24 Forn > 2m, we have Y(Gmn) < 2n. The graph Ky, n, shows
that this bound is best possible.

Proof. We have (¢f. Lemma 23) ¥(Gmn) < ¥(Gm,2m) + ¥(Gon-2m) <
dm+2(n—-2m)=2n. O

It is not true that the upper bound of Theorem 24 is only attained when
G := Gmn or G is complete. For example, let m > 4 be an even integer,
and let T = {t1,...,tm} and B = {by,...,b,}. Fori=1,..., 2, join u; to
every bj, j = 1,...,n. Then p(G) < n and p(G) < n, and so %(G) = 2n,
but neither G nor G is complete.
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