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Abstract

A graph G is k-edge-i-critical if it has independent domination num-
ber i(G) = k, and i(G + zy) < i(G) whenever zy € E(G). The
following results are obtained for 3-edge-i-critical graphs G: (a) If
d > 3, then G is hamiltonian (b) If § = 2, then there is exactly one
family of non-hamiltonian graphs; and (c) If |V(G)| > 6, then G has
a Hamilton path. The proofs of these results rely on a closure oper-
ation, a characterisation of the 2-connected, 3-edge-i-critical graphs
with § = 2, and a characterisation of the 3-edge-i-critical graphs with
a cut vertex.

Dedicated to our friend and colleague Kieka Mynhardt. Our depart-
ment is better because she is in it.

1 Introduction

We consider only finite simple graphs. The vertex set and edge set of a
simple graph G will be denoted V(G) and E(G), respectively, or simply
V and E when G is understood from context. For basic graph theoretic
definitions, the reader is referred to West {9].

For subsets X,Y C V(G), we say that X dominates Y if every vertex
in Y is either in X or adjacent to a vertex in X. For adjacent vertices
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z € X and y € Y, we also say that z dominates y. If Y = V(G), then X
is called a dominating set of G. The minimum cardinality of a dominating
set of G is the domination number, v(G). An independent set is a set of
pairwise nonadjacent vertices, and the independence number, 8(G), is the
maximum cardinality of an independent set. A dominating set which is
also an independent set is an independent dominating set. The minimum
size of such a set is the independent domination number, i(G). For ease of
notation, 7, 4, and 8 will be used in place of v(G), #(G), and B(G) when
the graph G under discussion is clear from context.

In general, if e ¢ F(G), then ¥(G + €) < ¥(G). A graph G is k-edge-y-
critical if v(G) = k and, for every edge e € E(G), 7(G +e) <k. Wesay G
is edge-y-critical if there exists k such that G is k-edge-v-critical.

On the other hand, if e € E(G), then it is possible for i(G + e) to be
greater than, less than, or equal to i(G). A graph G is k-edge-i-critical if
i(G) = k and, for every edge e € E(G), i(G+e) < k, and G is edge-i-critical
if there exists k such that G is k-edge-i-critical.

Various notions of criticality of dominating sets are compared and con-
trasted in [1, 4, 7]. There seems to be no general relationship between
changes in 4(G) and changes in i(G) resulting from joining a pair of non-
adjacent vertices of G.

Sumner (5, 6] conjectured that every connected 3-edge-y-critical graph
on more than 6 vertices has a Hamilton path, and this was proven by Wojci-
cka in [10]. Sumner and Wojcicka (mentioned in [10]) also conjectured that
every 2-connected 3-edge-vy-critical graph with minimum degree § > 2 hasa
Hamilton cycle. Hanson [3] developed an approach based on a domination
closure and verified the conjecture in some circumstances. Later, in [2],
it was proven that every 2-connected 3-edge-y-critical graph with § > 2
satisfies 8 < 8 4+ 2, and is hamiltionian when 8 < § + 1. The conjecture was
verified when, in (8], it was shown that the 2-connected 3-edge-y-critical
graph with § > 2 and 8 = § + 2 are also hamiltonian.

Using a closure similar to the one developed by Hanson, we show that
every 2-connected 3-edge-i-critical graph with § > 3 has a Hamilton cycle.
We also characterise the 2-connected, 3-edge-i-critical graphs with § = 2,
and determine which of these are hamiltonian. By combining these results
with a complete characterisation of the 3-edge-i-critical graphs with a cut-
vertex, we establish that any connected 3-edge-i-critical graph with more
than six vertices has a Hamilton path.
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2 Minimum degree at least three

In this section we prove that every 2-connected, 3-edge-i-critical graph with
d > 3 is hamiltonian. The main tool is a domination closure similar to (3].

Let G be a 3-edge-i-critical graph. If uv € E(G), then i(G + uv) = 2
implies that there exists a vertex ¢ N(u) U N(v) such that either {u,z}
dominates V(G) — v or {v,z} dominates V(G) — u. In the former case we
write [u,z] — v, and in the latter case we write (v, z] = u.

Theorem 2.1 Suppose that G is 2-connected. If [u,v] = w for some ver-
tices u,v and w with d(w) > 3, then G is hamiltonian if and only if G +uv

is hamiltonian.

Proof: First note that if G is hamiltonian then G + uv is obviously also
hamiltonian.

Now consider vertices u,v, and w such that [u,v] - w and d(w) >
3. Suppose G + uv is hamiltonian while G is not. Then, G contains a
Hamilton path vivs...v, from v = v; to v = v, where n = |V|, and
N[v)UN[v,) =V — {vp} with v, = w. Define M = maz{i: viv; € E}
and m = min{j : vjun € E}. If vjv; € E, then v,v;i_; € E, otherwise
V1V3 ... Ui—1VnVUn—1...v;v; is a Hamilton cycle in G. Therefore neither the
case p < m < M nor the case m < M < p is possible. The remaining cases
are M<m<plorp<M<m),M<p<m,andm<p< M.

Case 1: M <m <p.

Since [v1,vn] — vp, vy dominates {v1,vs,...,vp}, vn, dominates {vm,
Um41y.-+yUn} — {¥p}, and therefore M <m < M +1.

We will first prove that v;v; € E for all ¢ and j, where 1 < ¢ < M and
m < j <n. Consider i and jsuchthat 1 <i<Mandm< j<n If
v;v; € E, certainly i # 1 and j # n. If j — 1 # p, then

VIV2...ViVjVj41 ... Unp¥j-1Vj-2 ... Vi4+1V)

is a Hamilton cycle in G. Hence, assume j— 1 = p, that is, j = p+ 1.
We will obtain a contradiction by showing that v, can have no neighbours
other than vp_; = v; and vp41. Suppose there exists k ¢ {p—1,p+1} such
that vev, € E. If 1 <k < M —1, then

MV2... VUp¥Uptl ... UnUp—1VUp-2...Vk41
is a Hamilton cycle in G. If M < k < p—2, then

VU2 ... ViVUp41Vp42.- - - UnVUk+1Vk4+2 .. - VpUkVk—1...Vi4101
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is a Hamilton cycle in G. Finally, if p+2 < k < n, then
V1V2...ViVp41Vpt2- .. Vk—1UnVUn—1... VkVUpUp—-1... V101

is a Hamilton cycle in G. Hence d(vp,) = 2, a contradiction. Therefore
vivj € Eforalliand j where l<i<Mandm<j<n.

Now, since G is 2-connected, m # M. Thus, m = M + 1. Since vps and
Uy are not cut-vertices, there must exist i and jwith1 <i< M <m <
j < n, such that v;v,, € E and vyv; € E. If j — 1 # p, then G contains
the Hamilton cycle

Nv2... ¥ UmUm4i ... V5j-1VpVn-1... Vi UMUM -1 ... Vi+11.

Hence, assume j — 1 = p. We will now obtain a contradiction by showing
that v, can have no neighbours other than v,_; and vp41 = v;. Suppose
vvp € E for some k€ {p—1,p+1}. If1 <k <M —1, then

VIV2 ... VkVUpVUp41 ... UnVUp—1VUp—2 ... Vp41U1
is a Hamilton cycle in G. If k = M, then G contains the Hamilton cycle
VVig1Vigl - - - UMUpUpsl - - - UnVUp=1Vp~2 . . . UmViVi-1 ... V1.
Ifm<k<p-—2,then
V1V2. .. ViVnmVUm+41 ... VkVUpUp—1 ... Vk41UnVUn—1.. . Up41UMUM -1 ... Vi+1V1
is a Hamilton cycle in G. Finally, if p+ 2 < k <n, then
NV2...ViUnVUntl ... VpUkVUk4l .- - UnVk-1Vk-2... v,,+1vaM_1 Vi1

is a Hamilton cycle in G. It follows that d(v,) = 2, a contradiction.

Since the case where p < M < m is symmetrical to the above, the proof
of Case 1 is complete.

Case 2: M <p<m.

In this case we must have m = M + 2. Also, v;v; € E for all ¢ and j
such that 1 <i < M < m < j € n, otherwise

V1V2. .. ViVU5VU541 .« . UnVj—1Vj-2 ... Vi1

is a Hamilton cycle in G. Since d(vp) > 3, by symmetry we can assume
that vxvp, € E for some k with 1 <k < M.
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Suppose v,v, & E for all g such that m < ¢ < n. Then since v, is not
a cut-vertex, vpv; € E for some j with m < j < n. However, this implies

NV2... VkVUpUmUm41 .- Vj=1Un¥Un—1.. . VjUMUM_1 ... Vk+1U1

is a Hamilton cycle in G, a contradiction. Therefore, vou, € E for some g
withm <g<n.

Since v, is not a cut-vertex, v;Um € E for some ¢ with 1 <7 < M. But
now, if ¢ < M then

UVIV2 ... UiUmUm41 -+ - Yg—1UnUn—~1... YgUp¥Up—1 ... Vi41V1
is a Hamilton cycle of G, and if i = M then
V1V2 ... VgUpVqUq+1 - - - UnVUqg—1Vg—-2 - . . UmVUMUM -1 ... V41Vl
is a Hamilton cycle of G, a contradiction.

Case 3: m<p< M.

In this case we must have N(v;) 2 {v2,v3,...,VUm—1,Vp+1,Vp+2s. -, UM},
and N('Un) 2 {'Uma Vm4ly--+ 2 Vp—1VM41, UM 42, - .- ’vﬂ—l}'

As in the previous cases, we obtain a contradiction by showing that v,
can have no neighbours other than v, and v,;;. Suppose there exists
k & {vp—1,vVp41} such that viv, € E. If 1 <k <m - 2, then

VIV2 ... VkUpUpgel + o UnVUp—1Vp-2 ... V1)
is a Hamilton cycle in G. If m < k < p—2, then

VivV2... UkUpVUp—~1.. - Vk4+1UnVUn~1...VYp41V1
is a Hamilton cycle in G. If k = m — 1, then

VIV2 .. . Un-1VpUp=1 + « : UmUnUn_1... Vp41

is a Hamilton cycle in G. By symmetry, if p + 2 < k < n, then G contains
a Hamilton cycle. Hence d(v,) = 2, a contradiction.

Since all cases lead to a contradiction, we conclude that if G + uv is
hamiltonian, then G is hamiltonian. This completes the proof. g

For a 2-connected graph G, we define the domination closure of G,
denoted D*(G), to be the graph with vertex set V(G) and edge set E(G)U
{wv: 3w € V(G) where d(w) > 3 and [u,v] =& w}.
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Corollary 2.2 If G is 2-connected, then D*(G) is hamiltonian if and only
if G is hamiltonian.

Proof: If G is hamiltonian, then certainly D*(G) is hamiltonian.

Suppose the converse is false and choose a minimal subset {e;, ez, ...,ex}
of E(D*(G)) — E(G) such that G + {ey,eq,...,€e} has a Hamilton cycle
but G’ = G + {e1,e2,...,ex—1} does not. By Theorem 2.1, & > 2. Let
er = zy. Then G’ has a Hamilton path P = vyvs...v,, where z = v; and
Y = Up.

Since ex = zy, [z,y] = w for some w with d(w) > 3 in G. By the
minimality of {e1,ez,...,ex}, all edges ej,ez,...,ex_1 must be in P. If
neither zw nor yw are edges in P, then [z,y] = w in G’ (as well as in
G). But G’ is 2-connected (since G is a subgraph of G’), and G’ + zy is
hamiltonain, so Theorem 2.1 gives that G’ is hamiltonian, a contradiction.

Therefore, without loss of generality, suppose zw is in P, that is, w = v,
and [z, w] = y. Consider the path w = vav3...v, = y in G'. If there exists
k where 3 < k < n and vyvg, voUk41 € E(G), then

V2Vk41Yk42 + + » UnV1VUkVk—1 ... V2

is a Hamilton cycle in G+ {es, €3, ..., e}, a contradiction. Therefore, since
[z,w] = y, there exists p such that Ng/(v2) = {v3,v4,...,%} U {v1} and
Ng'(v1) = {vp+1,Vp+2,...,n} U {v2}. But [z,y] = w gives v,v, € E(G),
and hence

V1Up4+1Vp42. .. UnVUplp—i ... V1

is a Hamilton cycle in G’, a contradiction. The result now follows. g
We write d*(z) for the degree of vertex z in D*(G).

Theorem 2.3 IfG is a 2-connected, 3-edge-i-critical graph with §(G) > 3,
then D*(G) is hamiltonian.

Proof: Let w be any vertex of G, and let N(w) = V — N[w). Define the
sets Ay and B, by

Ay = {z € N(w) : 3y € N(w) s.t. [z,y] = w}, and
B, = N(w) — A,.

Since G is 3-edge-i-critical, and by the definition of A,, and B,,, for any
z € B, there exists y such that, in G, {w,y] — z. This implies that y
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dominates every vertex in A,, so y € B,,. Hence, for each z € B,, there is
ay € By, so that (w,y] - z.

Now consider distinct vertices z; and z; in B,,. There exist y; and y»
in B, so that [w,y1] = z1 and [w,y2] = z2. If y; = y2, then we must have
T) = x3, a contradiction. Thus, the mapping f on B,, defined by f(z) =y
if (w,y] — x is one-to-one and onto.

;From the above argument and the definition of A,,, it follows that each
vertex of N(w) is incident with an edge of D*(G) which is not an edge of
G. We call such an edge a new edge with respect to w.

Suppose [a,c] — b, so that ac is a new edge with respect to b. Then it
is also a new edge with respect to each of a (since ¢ € N(a)) and ¢ (since
a € N(c)). It is not a new edge with respect to any other vertex, since
{a,c} € N(w) if and only if w € {a,b,c}.

Each vertex z is in N(w) for |[N(z)| = |V| — [N[z]| = |[V| - d(z) — 1
vertices w. Each of these choices for w leads to a new edge incident with z,
and each new edge arises from exactly two choices of w (if zy is a new edge
with respect to z, then the set {z,z,y} is independent and dominating in
G, and since [z,y] — w, this is possible only if w = y or w = z). Thus,

d*(z) 2 d(z) + [N(2)|/2 = d(z) + [V|/2 - d(z)/2 - 1/2 > [V|/2.
By Dirac’s theorem [9], which states that a graph is hamiltonian if § >
|V{/2, D*(G) is hamiltonian. g

Corollary 2.4 If G is 2-connected and 3-edge-i-critical with § > 3, then
G is hamiltonian.

Proof: By Theorem 2.3, D*(G) is hamiltonian. Thus, by Corollary 2.2, G
is also hamiltonian. g

3 Characterisations

In this section we give a complete description of the 3-edge-i-critical graphs
with a cut-vertex, and a complete description of the 2-connected, 3-edge-i-
critical graphs with § = 2.

The following three lemmata are stated without proof, as they are sim-
ilar to work found in [6].
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Lemma 3.1 Let G be a 3-edge-i-critical graph and I be an independent
set in G with size n > 4. Then, the vertices in I may be ordered as
U1, Us,...,Un in sSuch a way that there exists a path £ x2...Tn—1 in G -1
with [u,-,x.-] = Uil fOTi =12,...,n—-1.

Lemma 3.2 If G is 3-edge-i-critical, then no vertex of G has two neigh-
bours of degree one.

Lemma 3.3 If G is 3-edge-i-critical and S C V(G) is a vertex cut, then
G — S has at most |S| + 1 components.

Lemma 3.4 Let G be a connected, 3-edge-i-critical graph. If v is a cut-
vertez of G, then G — v has ezactly two components Cy and Ca, with Cy
complete and i(C3) = 2.

Proof: By Lemma 3.3, G — v has exactly two components, C; and Cs. For
i=1,2, let z; € V(C;) be adjacent to v. Since z1z3 € E, there exists =
such that [z1,z] = z2 or [z,Z2) —= z1. In either case, the choice of z; and
z, implies that {z,z;,z,} is an independent dominating set not containing
v. Without loss of generality, z € V(Cs), so that i{(C;) =1 and #(C5) < 2.
Suppose there exists a vertex z € V(C3) that dominates Cz. Then, since
z; dominates V(C;) U {v} and z,z ¢ E, the set {z,,z} is an independent
dominating set of G with size two, a contradiction. This gives ¢(C3) = 2.

If [V(Cy)| = 1, certainly C; is complete. Otherwise, suppose z,y €
V(C;) and zy ¢ E. Then there exists z such that (in G) either [z,z] =& y
or [y,z] = z. Since i(C2) = 2, z = v and v dominates C;. Now, for
any u € V(Cy), since zu ¢ E, there exists w such that either [z,w] = »
or [u,w] = z. Since i(Cy) = 2 and v dominates C3, w € V(C3). But
then y can not be dominated by {z,w,u}, a contradiction. Therefore C, is
complete. g

Let G and H be disjoint graphs. The join of G and H is the graph
G + H with vertex set V(G)U V(H) and edge set E(G)UE(H)U{gh: g€
V(G),h € V(H)}. The join of n > 3 vertex-disjoint graphs G, Ga,...,Gn
is recursively defined to be the graph G} + Ga + -+ + G = (G1 + G2 +
SRR Gn—l) + Gn-

Let Qnp (p > n) denote the set of graphs @, on n + p vertices that
can be obtained from K, U K, by adding, for each vertex v € K, an edge
from v to any one vertex in K, such that Q, , has no isolated vertices.

We use T}, -n to denote the complete n-partite graph in which each part
contains r vertices.
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For distinct vertices v and v, we use N(u) @ N(v) to denote the sym-
metric difference of the neighbourhoods of u and v.

Theorem 3.5 Let G be a connected 3-edge-i-critical graph, and let v be a
cut-vertex of G. Then, G — v has ezactly two components Cy and Cy such
that C, is complete and i(C3) = 2. Furthermore, if |V(C1)| 2 2, then the
following hold:

1. Cy =T, 2n for some n > 2, and

2. for every x € V(C)), vz € E, and for any pair u,u’ of non-adjacent
vertices of Ca, vu € E if and only if vu’ € E.

Proof: Since v is a cut vertex of G, by Lemma 3.4, G — v has two compo-
nents C; and C, with C; complete and i(Cs) = 2.

We first prove that C; = Ko + Ko+ -+ Kg = Th2n. Let z € V(Cy)
be adjacent to v. For every u € V(Cy), since zu ¢ E, there exists u' such
that either [u,u’] = z or [z,u] = u. Since C; is complete and zv € F,
u' € V(Cy), and since |V(C1)| 2 2, [z,u] = u. So, Nu'] 2 V(C2) — {u}.
Now, since zu’ ¢ E, there exists w such that [z,w] — ' or [v/,w] — =z.
As above, [z,w] = v/ and w € V(C3), so w = u and N[y} 2 V(C3) — {u'}.
Therefore, for every u € V(Ca), there exists v’ € V(C2) such that v and
' are both adjacent to every vertex of V(Cy) — {u,u’}. Hence C; = K, +
Ko +--++ Ky = Ty 2 for some n > 1.

To prove statement 2, consider u € V(C;) with vu ¢ E. Then there
exists y such that either [u,y} = v or [v,y] = u. If [u,y] — v, then
y € V(C}), and hence u dominates C3, a contradiction. Thus [v,y] — u. If
y € V(C}), then yv € E and there exists w such that [y, w] — v or [v,w] =
y. In the first case, w € V(C?) and w dominates Cj, a contradiction. In the
second case, since C is complete and [v,y] = u, w € V(C3), and w = u.
Now, for the unique non-neighbour of v in C,, v/, since yu’ € E, there
exists z such that either [2,y] = v’ or [2,u'] = y. In both cases, 2 = u (as
y dominates C, v/ dominates Cz —u, and u'v € E). But, since yu,vy € E,
it is not possible that [u,y] — u’. Therefore, [u,u'] — y and V(C}) = {y},
contrary to |V(C1)| = 2. Hence y € V(C2). Since v’ is the only vertex of
C, not adjacent to u, y = v/ and u'v € E. Thus v is adjacent to either
both u and v/, or neither u nor w'.

Suppose v dominates V(Cz). Then either {v} is an independent domi-
nating set of size 1 in G, or there exists z € V(C}) such that {z,v} is an
independent dominating set of size 2 in G. Both cases contradict i(G) = 3,
and therefore there exists a pair of vertices © and v’ in V(C5) such that
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[u,v] = u'. It follows that vz € E for every x € V(C)), completing the
proof of statement 2. Furthermore, since v does not dominate C5, and G is
connected, it follows that Cy = T, 2, for some n > 2, completing the proof
of statement 1. g

Corollary 3.6 Let G be a connected 3-edge-i-critical graph, and let v be a
cut-vertex of G. Let Cy and Cy denote the two components of G — v, where
C, is complete and i(C3) = 2. Then |V(C))| 2 2 if and only if §(G) > 2.

Proof: If §(G) > 2, certainly [V(C1)| > 2. Conversely, suppose [V(C1)| >
2. Then, by Theorem 3.5, Ca = T}, 2, for n > 2, and hence d(x) > 2 for all
z € V(C;). Also by Theorem 3.5, vz € E for every z € V(C)), and hence
d(z) > 2. Furthermore, d(v) > 2. Therefore 6(G) > 2. g

Theorem 3.7 Let G be a connected 3-edge-i-critical graph with § = 1, and
let v be a cut-vertex of G. Then, G —v has ezactly two components Cy and
C, such that Cy is complete and i(C3) = 2. Furthermore,

1. Co = 8+ Sy +++ + Sy, where S; = K3 or a graph Qa5 € Qap,
1<j<m, and

2. there ezist non-adjacent vertices u,u’ € V(C3) — N[v] such that

(a) N[ujU N[u'] =V(C3), and
(b) for all z € N(u) ® N(v'), vz € E and N[z} 2 V(C3) — {u,u}.

Proof: Since v is a cut-vertex of G, by Lemma 3.4, G — v has exactly two
components C; and Cy, with C) complete and #(Cs) = 2. Furthermore, by
Corollary 3.6, |[V(C,)| = 1.

Let V(C1) = {z}. Then, since G is connected, vz € E. Since i(G) = 3,
there exists u € V(C;) with vu ¢ E, and u’ such that [v,u'] — u or
[u,v'] = v. But z ¢ N[u] U N[u'], so it must be that [v, 4] - u, where
u’ € V(C;). Furthermore, the fact that vu’ ¢ E implies there exists y
such that [v,y] = ' or [«/,y] = v. By the same reasoning, [v,y] = ¥/,
where y € V(C;). Now, since [v,u/] = u, it must be that y = u. Hence
[v,u] = v’ and fv,u’] & u. We now prove statements (a) and (b) hold for
these vertices.

Suppose there exists w € V(C3) — N(u] U N[v/]. Then, from wu ¢
E, there exists y such that (w,y] = u or [u,y] = w. Since z must be
dominated, y must be v or z. But v’ € N[w]UN[v]UN([u], a contradiction.
Hence, (a) holds.
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To prove (b), we first define 5). Let A; = N(u) @ N(u'). If 4; = 0,
then Sy = G[{u,u'}] = K,. Otherwise, there exists 2 € A;. Consider
z € N(u) such that z ¢ N(u'). From the fact that [v,u'] — u, vz €
E. Now, from zu’' ¢ E, we have t such that [z,t] = v’ or [v/,t] — 2.
Since vz € E and v'u ¢ E, we must have t = z. Thus [2,2] —» v’ and
N(z] = (V(C3) — {'}) U {v}. Similarly, if 2 € N(v') and z € N(u), then
N{z] = (V(C2) — {u}) U {v}. Therefore G[A,] is complete. In this case
(A1 #0), set Sy = G[A; U {u,u'}].

We now show that S; € Qs 5. Suppose A; C N(u) and z € A,. Then,
zu € E implies there exists y such that either [z,y] — u or [u,y] — =.
If [z,y] = u, then y # v as zv € E, and y € N(u) gives y = »'. But
zz, v’z ¢ E, a contradiction. Thus [u,y] - z. Since zv € E, y # v.
Furthermore, since uv € E, y € N(v). But vu’ ¢ E gives y # v/, and hence
y € N(u') — N(u), a contradiction. Therefore, A; € N(u), and S; € @, p.

Let By = N(u) N N(vw'). If By = @, then C; = S;. Otherwise, B; # 0.
If wyv € E for all u; € By, then G[B)] = K3 + K3 + -+ + K, as in'the
proof of Theorem 3.5. Otherwise, there exists u; € B; such that u;v € E.
Then, again as in Theorem 3.5, it can be shown that there exists u] € By,
such that u u] & E and such that (a) and (b) hold with u; and v} in place

of v and %',

In general, if By = N(ug-1)NN(uj_,) =0, then Co = S1+Sa+- - -+ Sk.
Suppose By, # @. If upv ¢ E for all ux € By, then G[Bx] = Ko+ Ko+ -+
K. Otherwise, there exists uy € By such that uxv € E(By) and uxv ¢ E.
Thus, there exists uj, € By such that uxuj ¢ F, and such that (a) and (b)
hold with uy and uj in place of v and u'.

Since G is finite, we have By, = @ for some m, and thus C; = §; + Sz +
<+« + Sy, where S; = K3 or Q2 for all 1 < j < m. The result follows. g

Let L,, denote the bipartite graph constructed from K 3 U Ky,q-1
by adding an edge between the vertex of degree p — 1 in Ky ,—; and the
vertex of degree ¢ — 1 in K 4—;. We will refer to the vertices incident with
this new edge as the centre vertices of Ky,p-1 and K 4_;. Note that when
p=1(orq=1) Ly q = Ki,4 (or K} p, respectively), and Ly = K11 = K».

Now, consider a 2-connected 3-edge-i-critical graph G with § = 2. Let
z be a vertex with d(z) = 2. Then N(z) is a vertex cut of size two.
By Lemma 3.3, the graph G — N(z) has at most three components. The
following two theorems give a description of such graphs.

Theorem 3.8 Let G be a 2-connected, 3-edge-i-critical graph with § = 2.
If there exists a vertez = such that N(z) = {v,v'} = S, wherevv’ € E, then
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either 1 or 2 holds.

1. The graph G — S has ezactly two components Cy and Cz such that
V(C1) = {z} and C; = S1+S2+---+Sm, wherem > 1 and S; = K1,
or Lpq for all 1 < j < m. Furthermore,

(a) Ca — (N(v) U N(v")) is a complete graph on r > 1 vertices, and
(b) for j =1,2,...,m, one of the following holds:
i. S; = L, q with centre vertices {w,w'}, where w,w’ € N(v)®
N(v'), and V(S;) — {w,w'} C N(v) "N N(');
#. S; = K1,p with centre vertez u, where u € N(v) N N(v') or
V(S;) — {u} € N(v) "N N(v').

2. G — S has ezactly three components Cy,C> and C3 such that V(C;) =
{z}, C2 = K1, and C3 = K, with ¢ > 3. Furthermore, N(v) = N(v')
and there exist vertices zj, z2, 23 € V(C3) that satisfy

V(C1)UV(C2)U{z1,22} € N(v) C V(C1)UV(C2) U(V(Cs) = {23})-

Proof: By Lemma 3.3, G — S has either two or three components. We
consider these two cases separately.

Case 1: G — S has exactly two components C; and Cj.
Without loss of generality, V(C1) = {z}, and {(C3) > 2.

We first show that for any w € N(v) & N(v'), there is a unique vertex
w' € N(v) ® N(v') such that ww’ ¢ F, and furthermore, w dominates
V(C3) = (N(v) UN(v')). For any w € N(v) — N(v'), wv’ ¢ E implies that
there exists w’ such that [w, w’] — v’ or [v/,w’] = w. Since {w,w’,v'} must
be an independent set, w’ ¢ N{z|, and hence [v/,w'] & w. Furthermore,
w’ € N(v)-N(v') and Nw'] 2 V(C2)—(N(v')U{w}). Now, from w'v' ¢ E
we must have [v/,w] — w’ and thus N[w] 2 V(C;) — (N(v') U {w'}).
Similarly, for any u € N(v') — N(v), we have v’ € N(v') — N(v) such that
N[u] 2 V(C2) — (N(v) U {v'}) and N[v'] 2 V(Cz) — (N(v) U {u}). Now
suppose there exists w € N(v) — N(v') and v € N(v') — N(v), such that
wu € E. Then there exists ¢t such that [w,t] = u or [u,t] = w. In either
case, since t ¢ {v,v’'} and ¢ must be dominated, ¢ = z. However, neither
[w,z] = » nor {u,z] — w is possible, a contradiction. Therefore wu € E
for all w € N(v) — N(v') and u € N(v') — N(v).

Next, we prove that Cy — (N(v)UN(v’)) is a complete graph withr > 1
vertices. Let y € V(C2) — (N(v) UN(v')). Note that y exists, else {v,v'}
is an independent dominating set. Since vy € E, there exists t such that
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[v,t] = y or [y,t] = v. In either case, {v,,y} must be an independent set,
and N(y) 2 N(v) @ N(v') by the first paragraph. Furthermore, neither v
nor y dominate v'. It follows that if {v,t] = y, then £ = ¢/, and if [y,{] — v,
then ¢ = v’. Now, if [v,v'] — y, then Co —(N(v)UN(v')) = {y}, a complete
graph on one vertex. Otherwise, [y,v'] = v (and by the same argument,
[y,v] = v'), and N[y] 2 V(C3) — (N(v) N N(v')). Since y is arbitrary, it
follows that C — (N(v) U N(v')) is a complete graph with r > 1 vertices.

Finally, we prove that Co = S; + S2 + .- + Sy, with m > 1 and
S;j = Kypor Lpg for all 1 < j < m. Recall that i(Cy) > 2. First,
consider any pair of nonadjacent vertices w,w’ € N(v) & N(v'). If there
exists a vertex z # w’ such that wz € E, then z € N(v) N N(v’) and either
[w,z] = z or [z,z] = w. Since {w,z} does not dominate w’, we must have
[2,2] = w and N|[z] D V(C;)—{w}. Therefore V(C;)—N (w) {w'} induces
a subgraph K ,. Similarly, V(C2) — N(w') — {w} induces a subraph K 4.
Together, these two subgraphs induce a subgraph L, , with centre vertices
w and w’. Thus the vertices in N(v) @ N(v’) together with the vertices of
N(v)NN(v') that do not dominate N(v) ® N(v') induce Sy + Sg+---+ S,
where §; =L, 4 forall 1 < j <i=|N(v)® N(v')|/2.

It remains to be shown that S; = K, for i+1 < j < m. The subgraphs
Sit1,Si42, ..., Sm can be found recursively as follows. To find S;, consider
any pair of nonadjacent vertices y and z in V(C2) — V(S + Sz +- - -+ Sj-1).
Such vertices exist, else {z,y} would be a dominating set for any y € V —
V(S1+S2+---+8;-1). By fact (a), either y or z (or both) is in N(v)NN(v').
Hence either [y,z] — z or [2,z] = y, that is, either N[y] 2 V(C;) — {2}
or N[z] 2 V(C2) — {y}. Without loss of generality, suppose [y,z] = z.
Now consider all nonneighbours of z in V(C5). Specifically, if wz ¢ E, then
[w,z] — z. Therefore, the graph induced by V — N(z) is a graph K ,.
The result now follows.

Case 2: G — S has exactly three components C;,Cs and Cs.

Without loss of generality, V(C) = {z}.

. Since G is 2-connected, for i = 2,3 there exist vertices y; € V(C;) such
that vy, € E and v'y3 € E. Now, yays € E implies that there exists ¢ such
that [y2,t] — y3 or [y3,t] = yo2. Since £ & Nya] U N{ys] and t & {v,v'},
we must have ¢ = z. Without loss of generality, [y3,z] — y2. Hence,
V(C3) = {y2}, and hence C; is a complete graph on one vertex. For any
2 € V(C3), yoz € E gives [2,z] = y, and hence Cj3 is complete.

Furthermore, since 6§ = 2, v'y2 € E. Also, for any z € V(C3), if v'z€ E
then vz € E (otherwise {v, z} is an independent dominating set) and if
vz € E then v'2 € E (otherwise {v/,z} is an independent dominating
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set). Therefore, N(v) = N(v’). Since i = 3, {v,v'} is not an independent
dominating set, and hence there exists z € V(Cs) such that z ¢ N(v) U
N(v'). Also, since y3 is not a cut-vertex, V(Cz) N N(v) # {ys}. It follows
that C3 = K for some ¢ > 3. Specifically, there exist distinct vertices
21, 22,23 € V(C3) such that z;, 22 € N(v), 23 € N(v), and

V(C1)UV(C2)U{z1, 22} € N(v) = N(v') C V(C1)UV(C2)U(V(Cs)—{23})-

This completes the proof. g

Let R3,p be the set of graphs Rz, on 3+ p vertices with the form: R,
can be obtained from K> U K3 U K, by adding, for each v € K, two edges
from v to vertices not in K, such that the resulting graph is 2-connected.

Theorem 3.9 Let G be a 2-connected 3-edge-i-critical graph with § = 2,
and a vertez x with N(z) = {v,v'} = S, where vv' € E. Then, G- S
has ezactly two components C; and Cy such that Cy = {z} and Cy =
Sy + Sy + -+ + Sm, where S; = K1p, a graph Q2 € Qap, or a graph
R3p € Rap, for all1 < j < m. Furthermore, there ezist nonadjacent
vertices u,u’ € V(Cy) — N(v) such that

1. N[u]JUN[v'] = V(C3), and
2. either

(a) for all z € V(C3) — (N(u) N N(')) — {u,v'}, vz € E, vz € E,
and N[z] 2 V(C3) — {u, v}, or

(b) there exists u” € N(v) — N(v') such that for all z € V(Cz) —
(Nx)n N@')nN@")) - {v,v,v"'}, vz € E, vz € E, and
N[z] 2 V(C3) — {u, v/, u"}.

Proof: By Lemma 3.3, G — S has either two or three components.

Suppose G — S has three components Cp,Cs,Cs where V(C;) = {z}.
Since G is 2-connected, there exist vertices y2 € V(C3) and y3 € V(Ci)
such that vy € E and v'y3 € E. Since y2y3 & E, without loss of generality,
there exists a vertex t such that [y,t] = y3. Since z must be dominated
by t and vyz,v'ys € E, t = z. Hence [y2,z] = y3, and C3 = {y3}. Since G
is 2-connected, vys € E, and i = 3 implies there exists z € V(C;) such that
vz € E. Again, since zy3 & E, there exists ¢ such that either [z,t] — y3
or [ys,t] = z. In either case, z must be dominated by t as zz,y3z ¢ E,
and yav,y3v’' € E. Thus, t = z. Since {y3,z} does not dominate ys, it
is not possible that [ys,z] — z. Therefore, [2,z] — y3 and {2,v} is an
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independent dominating set, a contradiction. Therefore G — S has exactly
two components C; and Cy, where V(C,) = {z}.

Since ¢ = 3, there exists u € V(C2) — N(v). Now, uv € E implies there
exists u’ such that either [u,u'] =& v or [v,%/] = u. Suppose [u,u'] — v.
Then, v’ ¢ {z,v,v'}, so = is not dominated, a contradiction. Therefore
[v,u'] = u. Since v'v € E, we have v’ € V(C;) — N(v) and N[u'] 2
V(Cz) — N(v) — {u}. Also, u'v ¢ F implies there exists w such that either
[/ ,w] = v or [v,w] = u'. As above, [v,w] = u’ and w € V(C3) — N(v).
Now N[u'] 2 V(C3) — N(v) — {u} implies w = u. Hence [v,u] — v’
and N[u] 2 V(C2) — N(v) — {v'}. This argument shows that every u €
V(C3) — N(v) can be paired with a unique vertex v’ € V(C2) — N(v) such
that [v,u] = v’ and [v, %] — u. Similarly, every u € V(C3) — N(v') can be
paired with a unique vertex u” € V(C3) — N(v') such that [v/,u] —» «” and
V', u"] = u.

Consider u € V(C3) — (N(v)UN(v')). We now consider the possibilities
for u and «' defined above. Suppose u' € V(C3) — (N(v) U N(v')). Since
[v',u] = v” and v/, v'v’ € E, v’ = u”. Furthermore, [v,u] — v/, [v/,u] =
¥, [v,%'] = u, and [v/,u'] = u gives N[u] 2 V(Cy) — (N(v) " N(v")) — {v'}
and N[u'] 2 V(Cy) — (N(v) N N(v')) — {u}. Therefore, if v’ € N(v'), then
u” € N(v).

We have now shown that G — S has exactly two components C; and
C, with Cy = {z}, and that the vertices in V(C3) — (N(v) N N(v')) can be
uniquely partitioned into pairs of the form {u,u’} and triples of the form
{u,v',u"}. If y is in a pair in the partition, we will refer to y as Type I,
and if y is in a triple in the partition, we will refer to y as Type II.

Consider u € V(Cs) — (N(v) N N(v')) such that u € N(v) (the same
argument applies for u € N(v')). Suppose there exists w € V(C3) — N[u] —
N[, Since wu ¢ E, there exists ¢ such that either [w,t] = u or [u,t] - w.
In either case, £ must be dominated by ¢, and hence t € {z,v,v'}. Also, v’
must be dominated, and «' € N[w]UN[u]UN|[z]UN[v], so t = v'. Therefore
u @ N(v') and ©' € N(v'). Similarly, wu' & E gives v’ € N(v'),u € N(v'),
a contradiction. Therefore, N[u] U N[u'] = V(C3).

We now show that if y € N(v) — N(v') and u € N(v') — N(v), then
uy € E. Suppose uy ¢ E. Then there exists w such that [u,w] = y or
[y,w] = u. In either case, z must be dominated by w, and uv’,yv € E,
sow = z. If [u,z] - y, then v’ € E, a contradiction. So [y,z] = u
and yy’' € E, a contradiction. Hence uy € E for all y € N(v) — N(v'),
u € N(v') - N(v).

We have shown that statement (1) of the theorem holds. We now prove
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statement (2). There are two cases. After both have been considered, we
subsequently show that C, has the structure claimed.

Case 1. u is Type L.

Let A) = V(C3) — (N(u) N N(v')) — {u,v'}, and consider z € A4;. If
u,u’ € N(v') (the case where u,u’ € N(v) is similar), then z € N(v)—N(v')
since both u and u’ dominate N(v) — N(v'), and z ¢ V(C2) — N(v), so
z € Nw)NN@'). If u,o’ ¢ N(v) U N(v'), then both u and »’' dominate
V(C2)—(N(w)NN(v'))—{u,«'} and hence N(u)NN(u') 2 V(Ca)—(N(v)N
N(v')) — {u,u'}. Therefore z € N(v) N N(v’). In either case, without loss
of generality, let uz € E and v’z ¢ E. Now zu' ¢ E implies there exists ¢
such that [z,t] = v/ or [v/,t] — z. Since zz,zu’ € E and z € N(v) N N(v'),
t = z. Hence [u/,z] — z is not possible as neither ' nor £ dominate .
Therefore, [2,z] — u’ and N[2] 2 V(C2) — {v'}. Similarly, if w’z € E and
uz € E, then N[z] 2 V(C,) — {u}. Therefore N|z] 2 V(C2) — {u,u'}.

Case 2. uis TypeIL

Let A; = V(C;) — (N(v) N N(v') n N(u")) — {u,v’,u"}, and consider
z € A;. From previous results, each of u,v’, 4" dominates every vertex in

V(C3) — (N(v) N N(v')) = {u,«,u"}.

Therefore, z € N(v) N N(v'). Suppose zu € E. Then, there exists t such
that [z,t] = v or [u,t] = z. In order to dominate z, ¢t = z. Since v’ must
be dominated, it is not possible that [u,z] — z. Therefore, [z,z] — u and
hence N[z] 2 V(C2) — {uv}. The same argument for zu' ¢ E or zu" ¢ E
gives N[z] 2 V(C2) — {u, ', u"}.

This completes the proof of (2). It remains to show that Cy has the
claimed structure. We begin by defining S;, depending on whether u is

Type I or Type II.

Suppose u is Type 1. Let 4; = V(C3) — (N(v) N N(v')) — {u,v'}. If
A; =0, thenlet S} = G[{u,u'}] = K1,1. If Ay # 0, let §; = G[A1U{u,v'}].
Since N|[z] 2 V(C2) — {u,v'} for all z € Ay, G[A;] = K,. Now consider
any z € A;. Without loss of generality, uz € E, and u'z ¢ E. Also,zu ¢ E
implies there exists y such that [z,y] = u or [u,y] — 2. In either case,
u' must be dominated, so y € N[u]. But y # v as neither [z,2] = u
nor [u,u'] = z. Also, y € V(Cs) as xzy ¢ E. Therefore, y € N(u') and
y & N(u), so y € A; and A; € N(u). Therefore S; € Q3 ,.

Suppose u is Type IL Let A; = V(C3) — (N(u) N N(uv') N N(u")) -
{u, v/, u"}. If Ay = 0, let S; = G[{v,v',u"}] = 81 = Ky2. If Ay # 0,
let $; = G[A; U {u,v/,v"}]. Since N[z] 2 V(C2) — {u,v,u"} for all
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z € A, again we have G[A,] = K,. By definintion of A4;, for any z € A,
there exists w € {u,u/,u"} such that wz ¢ E. Therefore there exists
t such that either [w,f] — z or [2,t] & w. Since zz,wz € E, = must
be dominated by t, and z is adjacent to both v and ', so t = z. Now
[w,z] # z, as w does not dominate {u,u’,u"}. Therefore [z,z] = w and 2
dominates {u,v’,u”} — {w}. This shows that every z € A, is adjacent to
exactly two vertices in {u,u’,u"}. Suppose one of u,u/, or u” is adjacent
to every vertex in A,. Specifically, suppose u'z € FE for all z € A;. Then
N = V - {z,v,u}. Since v'z ¢ E, there exists y such that either
[v/,y] = z or [z,y] = v'. In either case, {v/,y,z} must be an independent
set, and hence y = u. But neither {u’,u] - z nor [z,u] = v/ is true, a
contradiction which implies ' does not dominate A;. A similar argument
can be used to show that neither u nor v” dominate A;. Therefore, every
vertex in {u, ', "} has a neighbour in A;, and specifically, u has at least
two neighbours in A;. This proves S; € R3p.

Proceed inductively as follows. If u is Type I, let By = N(u) N N(u'),
and if u is Type II, let B; = N(u) N N(vw') N N(u"). If B; # @ and there
exists y € By such that y € (N(v) U N(v')) — (N(v) N N(v')), repeat the
above procedure to find A;, S;, B; fori = 2,3,...,j (asin Theorem 3.5 Case
2), where j is the least ¢ such that B; = @ or there is no y € B; such that
y € (N(w)UN(v'))—(N(v)NN(v')). In the first case, Cy = S1+S52+---+S;.
In the second case, y € N(v) N N(v') for all y € B;. In this case, for any
y € Bj there exists y; € B; such that yy; ¢ E, otherwise {y,z} is an
independent dominating set of G. Now yy; € E implies there exists ¢ such
that, without loss of generality, [y1,t] — y. Either y; or ¢ must dominate
z,sot =z and [y;,z] & y. This implies N[y;] 2 B; — {y}. For each
vertex w € Bj — {y,11}, either yw € E or [w,z] > y (as [y,2] & w
would imply yy1 € E). So let {y1,¥2,...¥p} be the set of vertices in B;
such that [y;,z] = v, i = 1,2,...p. Now let Sj1; = Gl{v,y1,...%}] =
K, p, p > 1. Note that every vertex in {y,y1,..., yp} is adjacent to every
vertex in V(C3) — {v,v1,---vp}. If Bj — {v,y1,...,94p} = 0 then C; =
Sy + 82 + -+ + Sj41. Otherwise, set Bjy1 = B; — {y,y1,...,¥p}, and
repeat this argument to find S;42,S;+3,...,8m. It is important to note
that at each step, B;, Bj;1,...,Bm each contain at least two vertices, as
if B; = {y} then {y,z} is an independent dominating set of G. Therefore
C; = 81+ 82+ -+ + Sm, where S; has one of the claimed structures, for

ji=12,...m. g
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4 Hamilton Paths and Cycles

Using the results of the previous sections, we give a characterisation of the
2-connected, 3-edge-i-critical graphs that are hamiltonian. We then prove
that every connected, 3-edge-i-critical graph with more than six vertices
has a Hamilton path.

Note that each graph in Q3 p has a Hamilton path. By the definition
of join we have the following lemmata. A couple of the easy proofs are
omitted.

Lemma 4.1 If G has a Hamilton cycle, then so does G+ K14, G + L,
G+ Qo,p for any Q2p € Q2.p, and G+ R3p for any Rz p € Rap.
Proof: Let v1v3...v, denote any Hamilton cycle in G.

Consider G + K 4. Label the vertices from K1, by z,21,%2,..., %4,
where z is the isolated vertex. Then

VIV2 ... Un_1ZUnT1Z2 ... TV
is a Hamilton cycle in G + K 4.

Consider G +fp,q. Label the vertices from L, 4 by z, 21,2, . ..,Z¢-1,9,
Y1, Y2, Yp—1, Where = and y are the vertices of degree ¢ — 1 and p — 1, with
neighbours z1,z3,...,Z¢-1 and y3,%2,...,Yp-1, respectively. In G + fp,q,

ViV2...Un1T2172...Tq=-1VnYY1¥2... Yp—-1V1
is a Hamilton cycle. Note that this is valid even if p =1 or ¢ = 1 (or both).

Consider G + Q2,,. Label the vertices from K, by z and y, and the
vertices from K, by u;,us,...,u, such that zu; and yu, are edges. Such
a labeling is possible, since Q3 , has no isolated vertices. Now

V1V2. .. UnZU U2 ... UpYU)
is a Hamilton cycle in G + Q2 p.

Lastly, consider G + R3p. Label the vertex from K; by z, and the
vertices from Ky by y1,y2. Label the vertices from K, by uj,u2,...,up
such that u; and uy are adjacent to z, and u, is adjacent to yp. Such a
labeling is possible since d(z) > 2, and at least one of the vertices from K,

must be adjacent to u,. Hence
V1V2 ... UpU1TUQU3 ... UnY2Y1 V1

is a Hamilton cycle in G+ R3 p. u
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Lemma 4.2 If G = Sy + Sy + -+ + Sk, where k > 2 and §; = K, or
Lpg, for j=1,2,...,k, then G has a Hamilton cycle.

Proof: Consider K, + K1,4. Label the vertices in each of K1, and K14
as in the proof of Lemma 4.1. Then

TY1Y2...YgT1Z2. .. TpYx

is & Hamilton cycle in K1, + K1,4.

Now consider Ly q + Lr,s, with the vertices from L, , labelled as in the
proof of Lemma 4.1, and the vertices from L, , labelled analogously by
u, Uy, U2, ... Us—1 and v,v1,v2,...,Vr—1. Then

TT1Tp ... Tq 1UUIUL ... Us—1YY1Y2 - - . Yp—1VV1V2 . . . Ur 1T

is a Hamilton cycle in Ly g + L.

Finally, consider K, + L4, with vertices labelled analogously to the
above graphs, by z, T1,Z2,...,Tp in ?1,,, and by y,y1,¥2,...,¥¢-1, and
W, W1, Wa, ..., Wr-1 in Ly 4. Then

TYY1Y2 .- - Yg-121T2 . . . LpWW W3 . .. Wr_1T

is a Hamilton cycle in K1, + Ly q.

(From the three cases above, it has been shown that G = S; + S +
-+++ Sy is hamiltonian if kX = 2. By induction on k, the result follows from
Lemma 4.1. g

Lemma 4.3 Every Rz, € R3, has a Hamilton cycle.

Proof: Consider R3, with vertices labelled as in the proof of Lemma 4.1.
Let V) denote the subset of vertices from K, that are adjacent to y; and z,
let V2 denote the subset of vertices from K, that are adjacent to y2 and z,
and let V)5 denote the subset of vertices from K, that are adjacent to y;
and y2. Note that {Vj, V5, Vjs} is a partition of the vertices in K. Since
Rg3, is 2-connected, § > 2 and hence both V; and V;, are nonempty. Thus

zPiy1y2 P2 Pox

is a Hamilton cycle in R3 , for any paths P;, P,, and P2 through all vertices
in Vi, V3, and Vi, respectively. Note that Vi may be empty. g
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Lemma 4.4 IfG = Sy + Sy + -+ + Sk where §j = K1 ,Qs,p € Qap, 0T
R3p € Rap forj=1,...,k, then G has a Hamilton cycle, unlessG = K ,
or G € Qap. If G € Qazp, then G has a Hamilton path.

Proof: If S; = R3p for any j, then by Lemma 4.1 and Lemma 4.3, G has a
Hamilton cycle. Otherwise, since K1 p+K1,4, K1,p +Q2,9, 2and Q2+ Q2
have Hamilton cycles, by Lemma 4.1 so does G, except possibly if k£ = 1.
If G = Q2,p, it is easy to see that G has a Hamilton path. g

For any g > 3, let Wy 4 denote the set of graphs on ¢ + 4 vertices
constructed from K, U C4 such that two nonadjacent vertices of C; have
the same neighbourhood in K of size greater than 1 and less than g, and
the other two vertices of Cy4 have no neighbours in K.

Lemma 4.5 Each graph in W, 4 has a Hamilton path, but not a Hamilton
cycle.

Theorem 4.6 If G is 2-connected and 3-edge-i-critical, then G is hamil-
tonian, unless G € Wy 4, in which case it has a Hamilton path.

Proof: If § > 3, then by Corollary 2.4, G is hamiltonian. Otherwise,
suppose that there exists z € V such that d(z) = 2. Let § = N(z) =
{v,v'}. Then by Theorem 3.8 and Theorem 3.9, G — S has at most 3
components and one of (1) or (2) in the statement of Theorem 3.8 holds,
orvv' € E.

If (1) holds, then by Lemma 4.2, C; is hamiltonian. Notice that there
exists some Hamilton path in C; that starts at a point of N(v) and ends
at a point of N(v’). Hence G is also hamiltonian.

If (2) holds, then G € W, 4, and by Lemma 4.5, G has a Hamilton path,
but not a Hamilton cycle.

If vv' € E, by the construction of Cs in Theorem 3.9,
S1 € {Q2,, K11, K12, R p}-

Note that C; # K, ,, otherwise G is not 2-connected. Therefore, by
Lemma 4.4, C; is either hamiltonian or C; = Q2. If C3 is hamiltonian
and S; = Qq,p or Rz, for some 1 < j < m, then there exists a Hamilton
path in C; from a vertex in N(v) to a vertex in N(v'), and hence G is
hamiltonian. If C; is hamiltonian and Cy = K15, + K1,p, +++ + K1,p,.,
where p; = 1 or 2 for i = 1,2,...,m, it is not difficult to find a Hamilton
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path in C> from a vertex in N(v) to a vertex in N(v'), and therefore G is
hamiltonian. If C; = Q2,, then each of the vertices in the defining copy
of K3 in C; have degree greater than one (or else G has a cut vertex) and
there exists a Hamilton path in Cz from a vertex in N(v) to a vertex in
N(v'). Hence there exists a Hamilton cycle in G. g

Theorem 4.7 If G is connected and 3-edge-i-critical with |V| > 6, then G
has a Hamilton path.

Proof: If G is 2-connected, then by Theorem 4.6, G has a Hamilton path.
Thus assume G has a cut vertex v. By Theorem 3.5, G — v has exactly two
components C; and Cj, such that C; is complete, i(Cz) = 2, and either (1)
or (2) in the statement of Theorem 3.5 holds.

If (1) holds, then since G[C; U {v}] is complete, it has a Hamilton path
P that ends at v. Since T, 2, has a Hamilton path that starts at any vertex,
G[C2 U {v}] has a Hamilton path Q that starts at v. Then the path PQ is
a Hamilton path of G.

If (2) holds, then since G is connected and i(G) = 3, C; # K. Thus,
by Lemma 4.4, C; has a Hamilton path. Furthermore, G[{v} UV (C;)] has
a Hamilton path @ that starts at v, except when C; € Q;2 (i.e. C; is a
path with 4 vertices). Since |V(G)| > 6, this does not happen. Let P = zv.
Then the path PQ is a Hamilton path of G. Therefore, if |V| > 6 (thus,
C3 # P;), then G has a Hamilton path. g

Corollary 4.8 If G is connected and 3-edge-i-critical with |V| > 6 even,
then G has a perfect matching.

For k > 4, the question of when a k-edge-i-critical graph G contains a
Hamilton cycle is still open.

On the other hand, for any k > 4, there are arbitrarily large k-edge-i-
critical graphs with no Hamilton path: Let m > 2k, andp=1+1+.--+
1+ (m — 2k + 1) be a partition of p = m — k. Then each graph in Qi ,
is k-edge-i-critical but has k — 1 > 3 vertices of degree one, and hence no
Hamilton path.
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