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ABSTRACT. In this paper, we give an example of fuzzy binary oper-
ation, fuzzy group, a new fuzzy binary operation on I'-ring M and
a new fuzzy gamma ring. Also we give homomorphism theorems
between two fuzzy gamma rings and investigated some related prop-
erties.

1. INTRODUCTION

In 1965, L. A. Zadeh [15] introduced the notion of a fuzzy subset of a
set as a method for representing uncertainty. Then, in 1971, A. Rosenfeld
used the notion of a fuzzy subset of a set to introduced the notion of a
fuzzy subgroup of a group. Rosenfeld’s paper inspired the development of
fuzzy abstract algebra. After these studies, many mathematicians studied
these subject. For more details, see [8].

In 2004, X. Yuan and E. S. Lee {14] presented a new kind of fuzzy group
based on fuzzy binary operation. Recently H. Aktag and N. Gagman [1]
considered by the use of X. Yuan and E. S. Lee’s definition of the fuzzy
group based on fuzzy binary operation, the type of fuzzy ring.

In [10], N. Nobusawa introduced the notion of a I'-ring, as more gen-
eral than ring. W. E. Barnes [2] weakened slightly the conditions in the
definition of the I'-ring in the sense of Nobusawa. After these two papers
are published, many mathematicians made good works on I'-ring in the
sense of Barnes and Nobusawa, which are parallel to the results in the ring
theory.

In (4], Jun and Lee introduced concept of fuzzy I-ring. After this study,
many mathematicians made works in this subject ([5], [6], [11]).

In this paper, we give an example of fuzzy binary operation [14], fuzzy
group [14], a new fuzzy binary operation on I-ring M [11] and a new fuzzy
gamma ring [11]. In addition, we give homomorphism theorems between
two fuzzy gamma rings and investigated some related properties.
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2. PRELIMINARIES

In this section we summarize the preliminary definitions that will be
required in this paper.

Definition 1. [14] Let G be a non-empty set and R be a fuzzy subset of
G x G x G. R is called a fuzzy binary operation on G, if

(3) For all a,b € G, there ezists ¢ € G, such that R(a,b,c) > 8,

(1) R (a,b,c1) > 6 and R(a,b,c2) > 8 imply c1 = c2, for alla,b,c1,c2 €
G, where 8 € [0,1) is fized real number.

Let R be a fuzzy binary operation on G,
then we have a mapping R : F (G) x F(G) — F (G) defined by R(A, B)
where
F(G)={A|A:G —[0,1] is a mapping}

and
(2.1) R(A,B)(c)= \/ (A(a)AB(b) AR(a,b,0)
a,beG
forallceG.
Let A = {a} and B = {b} and let R(A, B) be denoted as a o, then
(2.2) (aob)(c) = R(a,b,c), forallce G

(2.3) ((aob)oc)(2) = \/ (R(a,b,d) AR(d,c,2)), forall z€ G
deG

(24)  (ao(boc)(2) =\ (R(bc,d)AR(a,d,2)), forallz€C
deG

Definition 2. [14] Let G be a non-empty set and R be a fuzzy binary op-
eration on G. (G, R) is called a fuzzy group if the following conditions are
true:

(G1) ((aob)oc)(z1) > 8 and (ao (boc))(z2) > 0 imply 21 = 2,

for alla,b,c, 21,22 € G,

(G2) There ezists eg € G such that (ep 0 a) (a) > 6 and (aoeg)(a) > 6
for any a € G (eg is called an identity element of G),

(G3) There ezists b € G such that (a ob) (e0) > 6 and (boa)(eo) > 6
for any a € G (b is called an inverse element of a and is denoted as a™!).

Let M and T be non-empty sets, Ry a fuzzy binary operation on M
and Rr on I'. Thus, Ry is a fuzzy subset of M x M x M and Rr a fuzzy
subset of I" x I" x I'. We assume throughout that the value of 8 is the same

for Ry and Rr.
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Definition 3. [11] Let M and T be two non-empty sets and let S be a fuzzy
subset of M x ' x M xT' x M. S is called a fuzzy binary operation on
(M,T) if
(¢) Va,b € M, VYo, B €T and 3c € M such that S (a,e,b,8,¢) > 6,
(it) Ya,b,c1,c0 € M, Vy €T, VS(a,'y,b,ﬂ,cl) >0 and
Ber
V S(a,7,b,B,c2) > 6 implies c; = c3 where 8 € [0,1) is above for Ry
Bger
and Rr.
Let S be a fuzzy binary operation on (M,T"), then we may regard S as
the mapping
S:F(M)x F(I')x F(M) - F(M), (A,G,B)— S(A,G,B)
where
F(M)={A|A: M —[0,1] is a mapping},
F{)={G|G:T —|[0,1] is a mapping}

and
(2.5)
S(A,G,B)(c)= \/ (A(@)AG(a)AB(b)AS(a,ab,B,c),Vee M.
a,beM
a,Ber

Let A = {a}, B = {b}, G = {a}, and G' = {&/}. Let Ry (A, B),
Rr (G,G’) and S (A, G, B) be denoted as aob, aoa’ and axa*b, respectively.
We will use the following notation to simplify the calculations:

(2.6) (a*xaxb)(c)= v S(a,0,b,a',¢) for all ce M,
a’elr

27) ((exaxb)xBxc)(2)= \/ (S(a,a,b,c',d)AS(dB,c,B,2)),
deM
o',f'el’

(28) (axax(bxfxe)(2)= \/ (S®.B.cd,d)AS(a,a,d,8,2)),
deM
o' ,B'eT

(29)  (axax(boc)(2)=\/ (Ru(b,c,d)AS(a,0,d,&,2)),

deM
a’er
(2.10)
S a, 1ba ,,d AS a,,a,c, I’e
((axaxb)o(a*xaxe))(z) = \/ ( (@@ ;.:ha(d,efz) ’ )),
d,e€M
of,8'el’
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211)  (a*(@o@)*b) ()= \ (Rr(x.8,7)AS(a7,b,d,0),

~v,a'€r
(2.12)
* (¢ * o} * 0 % = S(a’ «, b’ a”d) A S(a, ﬁa b1 ﬂ’,e)
(@rastroepen@= V A ).
o B'eT

(2.13) ((aob)xaxc)(z) = \/ (Rm(a,b,d)AS(d,e,c,d,2)),

deM
a’el’
(2.14)
((axaxc)o(bxaxc))(z) = v ( S(a’a,c,zl,if,,)(/:li,(z’)a’c’ﬂ ye) ) )

deeM
o ,B'€T
Definition 4. [11] Let M and T be non-empty sets, Ry, Rr and S fuzzy
binary operations on M, T and M xT' x M xT' x M (briefly (M,T)),
respectively, all with the same value of 8. To simplify notation, Ry and
Rr are denoted by R. Then, (M,T,R,S) is called a fuzzy gamma ring if
the following conditions hold.
(M,T), (M,R) and (T, R) are abelian fuzzy groups,
(M,T), Va,b,c,z1,220 € M,¥7,B €T, ((axy*b)*B*c)(z1) > 0 and
(a*v*(bxB*c))(22) > 6 imply 21 = 22,
(M,T); Ya,b,c,21,20 € M, Vv,B€T,
(&) (@*y*(doc))(z1) >0 and ((axy*b)o(axy*c))(z) >0
imply z) = z,
(#) (ax (yoB) *b) (z1) > 6 and ((a*y*b)o(axB*b))(z2) >0
imply z, = 23,
(#57) ((aob)xy*c)(z1) > 0 and ((axy*c)o (bxy*c))(z2) >0
imply z) = 2.

The identity element of the fuzzy group (M, R) is called the zero ele-
ment of (M,T, R, S) and denoted ep. Let (M,T, R, S) be a fuzzy gamma
ring and N be non-empty subset of M. Let Ry (a,b,¢) = R(a,b,c) and
Sy (a,7,b,8,¢) = S(a,v,b,B,c) for all a,b,c € N and all 7,8 € T. Then,

we have
(ab) (¢) = Ry (a,b,¢) = R{a,b,c), foralla,b,c€ N
(@aovob) () = \/ Sn (a,7,5,8,c) = \/ S(a,7,b,8,¢)

per per
for all a,b,c € N and all y € T.
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Definition 5. [11] Let (M,T', R, S) be a fuzzy gamma ring and N be non-
empty subset of M for which:

(1) For alla,b€ N, alice M and all vy € T, (aob)(c) > 8 implies
c€ N and (axy*b)(c) > 0 impliesce N.

(i2) (N,T, RN, SN) is fuzzy gamma ring.

Then, (N,T’, Rn, Sn) is called a fuzzy gamma subring of (M,T, R, S).
Proposition 1. [11] Let (M,T',R,S) be a fuzzy gamma ring and N be
non-empty subset of M.Then (N,T',Ry,SN) is a fuzzy gamma subring of
M if and only if

(i) For alla,b € N, allc € M and all v € T, (aobd)(c) > 8 implies
c€ N and (a*yxb)(c) > 0 impliesce N.

(i) a"r € N for allae N.

Definition 6. [11] Let (M,T, R, S) be a fuzzy gamma ring . A non-empty
subset I of M is called a left (right) fuzzy ideal of M if for all a,b € I,
alln,m € M, and ally € T, (aob)(m) > 0 impliesm € I, a~! € I,
(nxvyxa)(m) > 6 impliesm eI ((axvy*n)(m) >0 impliesme ).

A non-empty subset I of a fuzzy gamma ring (M,I',R,S) is called a
fuzzy (two-sided) ideal of (M,T', R, S) if I is both a left and a right ideal of
(M,T,R, S).

Remark 1. [11] From the definition of a fuzzy left (right) ideal of

(M,T,R,S), then I is a fuzzy gamma subring of (M,T', R, S).

Proposition 2. [11] Let I;, i € A, be a fuzzy ideal of fuzzy gamma ring
(M,T,R,S), where A is a index set. Then () I; is a fuzzy ideal of M.
€A

Let I be a fuzzy ideal of fuzzy gamma ring (M,I,R,S) and A =

{aol|a€ M}. Let define a relation over A by
ajol ~azol & Juel, such that R(a7!,as,u) > 6

The fuzzy relation ~ on the set A is a fuzzy equivalence relation by [14,
Theorem 4.1]. Let [ao ] = {a’oI|a’0l ~aol},

g={a'|d’eManda’ol ~aol}and M/I={[acl]|a€ M} Also,
(I, R) is a fuzzy subgroup of (M, R) and since (M, R) is abelian, (I, R) is
a normal fuzzy group of (M, R) by [14, Theorem 3.1]. Hence, M/I denotes
the set of all coset (ao I) (u) = VR(a,x,u) foralla € M, then (M/I, }—%)

z€l
is a commutative fuzzy group by [14, Theorem 4.2], where

(aoll®bol))(coly=R(lacl],[bol],[co )
= V R(a",¥,c)

(a' b, c)eaxbxe
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Theorem 1. [11] Let (M,T, R, S) be a fuzzy gamma ring and I be a fuzzy
ideal of M. Then the quotient fuzzy group (M /1, IZ) i a fuzzy gamma
ring with

(leol]®@v®pol])([col]) =S(lacl],,[bo1],B,[co])

= V S(a', 1. b,B,¢)
(a’,7,b',8,c')Ea XYX bXBXE

Definition 7. 11} If (M,T, R, S) be a fuzzy gamma ring and I be a fuzzy
ideal of M, then the fuzzy gamma ring (M /I,T, 1—2, 5’) is called the fuzzy
quotient gamma ring of M by I.
Definition 8. [11] Let (Ml,I‘, Rl,Sl) and (Mg,r, Rz,Sz) be two fuzzy
gamma rings and f be a function from M) into My. Then f is called a
fuzzy gamma homomorphism of M, into My if

(i) Ri(a,b,c) > 6 implies Rz (f (a), f (b),f (c)) > 6,

(u) Sl (a’ s b’ ﬁa C) >0 implies 82 (f (a) y Vs f (b) ’ﬂa f (C)) >6

foralla,b,c € My, and all v, €T.
Definition 9. [11] A homomorphism f of a fuzzy gamma ring M, into a
fuzzy gamme ring M, is called

(1) @ monomorphism if f is one-one,

(2) an epimorphism if f is onto M and

(3) an isomorphism if f is one-one and map My onto M,.

If f is an isomorphism of My onto Ma, then two fuzzy gamma ring M,
and My are called isomorphic, denoted by My = M,.
Theorem 2. [11] Let (M;,T', Ry, S1) and (M3,T', Ry, S2) be two fuzzy

gamma rings and let f be a fuzzy gamma homomorphism of M, into
Mg. Then

(3) f (eo) = €5, where eg is the zero of Ma

(i5) f (@) = f(a)™! foralla € My

(i15) Imf = {f (a) | @ € M1} is a fuzzy gamma subring of M,.
Theorem 3. [11] Let (M;,T', Ry, S1) and (M2,T, R, S2) be two fuzzy

gamma rings and let f be a fuzzy gamma homomorphism of M, into
MQ. Then

() Kerf = {a € My | f(a) = ey} is a fuzzy ideal of M,

(ii) If B is a fuzzy ideal of My, then f~1(B) is a fuzzy ideal of M,

(i43) If f is surjective and A is a fuzzy ideal of My, then f (A) is a fuzzy
ideal of M.
Theorem 4. [11] Let (M,T, R, S) be a fuzzy gamma ring and I be a fuzzy
ideal of M. Then, the mapping Il : M — M/I by I1(a) = [ao]] for all
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a € M is a fuzzy gamma homomorphism, called the fuzzy canonical gamma
homomorphism.

Theorem 5. [11]) Let f : (M;,T,R1,51) — (M;,T, Ry, S3) be a fuzzy
gamma epimorphism. Then My/N 2 M,, where N = Kerf.

3. AN ExaMPLE oF A NEw VIEW oF Fuzzy GaMMaA RINGS

In [14], Yuan and Lee introduced concept of fuzzy binary operation and
fuzzy group. In [11], Oztiirk, Jun and Yazarh introduced a new fuzzy
binary operation on M xI' x M x I' X M and a new fuzzy gamma ring.
In this section, we give an example of fuzzy binary operation, fuzzy group,
a new fuzzy binary operation on M xI' x M x ' x M and a new fuzzy
gamma ring.

Example 1. Lete M ={[0 0 0],[0 0 1]} cC(Z2)ixs and
0

T = 0|, C (Z2)3x1 be non-empty sets. And we will use

0

the following notation to simplify the calculations;

| —}
Ol O =
)

a=[0 0 0],6=[0 0 I)],a=|0| andfB=
0
Let us define Rpr, Ry and S fuzzy binary operations on M, T and (M, T),

respectively, all with the same value of § = 0.7, as follows:

Ol Ol =4
—

R(a,a,a) =09 R(b,a,a)=04
R(a,a,b) =02 R(b,a,b) =0.8
R(a,b,a) =04 R(b,b,a)=0.9
R(a,b,b) =09 R(b,b,b)=0.1
and
R(a,0,0) =09 R(B,a,a)=0.3
R(a,o,8) =01 R(B,a,8) =0.9
R(a,,2) =0.2 R(B,B,a) =0.9
R(e,3,8)=0.8 R(B,8,8)=0.5

(M, Rp) and (T, Rr) are fuzzy groups, since the following conditions are
true:

(G1)ps ((aob)oc)(z1) > 0.7 and (ao (boc))(z2) > 0.7 imply 2z, = z,
foralla,b,c,z1,20 € M,

(G2))s There exists eo = a € M such that (eg o d) (d) = (aod)(d) > 0.7
and (doep)(d) = (doa)(d) > 0.7 for anyd € M (eo = a is called an
identity element of M ),
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(G3) )y There exists b€ M such that (a o b) (eo) > 0.7 and (bo a) (o) >
0.7 for any a € M (b is called an inverse element of a and is denoted as
a"l)

There ezists a € M such that (a o a) (ep) > 0.7 and (a o a) (eg) > 0.7 for
anya € M. Hencea™! =a.

There exists b € M such that (bob) (eo) > 0.7 and (bob) (eo) > 0.7 for
anybe M. Hence b-! =b. And,

(G1); ((@0B)o%)(21) > 0.7 and (o (B07)) (22) > 0.7 imply z1 = 22
fO'I’ all a,ﬁ:’Y, 21,22 € T,

(G2)p There exists eg = a € T such that (e 0 B) (B) = (a0 B) () > 0.7
and (Boeg)(d) = (Boa)(B) > 0.7 for any B €T (ep = « is called an
identity element of T'),

(G3) There exists B € T such that (oo ) (eo) > 0.7 and (B o a) (e) >
0.7 for any o € T' (B is called an inverse element of a and is denoted as
al).

There ezists o € T’ such that (o) (eo) > 0.7 and (a0 ) (eg) > 0.7
for any a €T. Hencea™! =a.

There exists B € T' such that (8 o 8) (eo) > 0.7 and (B o B) (eo) > 0.7 for
any B €T. Hence f~! = f.

And lastly,

S(a,a,a,a,a) =09 S(b,0,a,0,0) =0.2
S(a,,a,0,b) =01 S(b,,0a,0,b) =0.9
S(a,a,b,a,a) =03 S(b,a,b,a a)—08
S(a,a,b,a,b) =08 S(b,c,b,a,b

) =
S(a,a,a,B,a) =08 S8(b,a,a,B,a) =
S(a,a,a,8,b) =02 S(b,a,a,pB,b) —08
S(a,0,b,B,a) =04 S(b,a,b,B,a) = 0 8
S(a,c, b,8,b) =09 S(ba,b,B,b) =

S(a,B,a,a,a) =08 S(b,B,a,0,a) =04
S(a,B,a,0,b) =0.3 S(b,B,a,a,b) =0.8
S(a,B.b,cra) = 0.5 S(bB,b,a,a) =09
S(a.B,b,c,b) =08 S(b,B,b,cb) = 0.3
S(ayﬁ’a: B, a) =09 S(b, B,a, B, a') =02
S(a,ﬁ,a,ﬂ,b)=0.1 S(b:ﬂ)a‘aﬁ’b)=

S(a,B,b,6,a) =02 S(b,B,b,5,a) =0.9
S(a,ﬁ,b,ﬁ,b)=0.8 S(bmﬁabaﬁ)b)=06

Therefore, since
(M,T), (M,Rp) and (T, Rr) are abelian fuzzy groups,
(M,T), Va,b,c,z1,20 € M, Vy,B €T, ((a*v*b)*xB*c)(z1) > 0.7 and
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(@axy*(bxBxc))(z2) > 0.7 implies z; = z,,

(M,T); Ya,b,c,21,20 € M, ¥v,B €T,

() (axyx(boc))(z1) > 0.7 and ((a*y*b) o (a*v*c)) (z2) > 0.7
imply z) = zy,

(ii) (@a* (yo B) xb) (z1) > 0.7 and ((a*xy*b) o (a* 8 * b)) (23) > 0.7
imply z; = z5,

(#41) ((@aob) xy*c) (21) > 0.7 and ((a*y*c)o (bxvy*c)) (z2) > 0.7
tmply z; = z5.

hold, (M,T', R, S) is a fuzzy gamma ring.

4. HOMOMORPHISM THEOREMS

Theorem 6. (M;,I', R, S)) and (M2,T, Ry, S3) be fuzzy gamma rings and
let f be a fuzzy gamma homomorphism of M, into M. Then,

() If J is a fuzzy ideal of My, f~1(J) is a fuzzy ideal of M containing
Kerf,

(33) If I is a fuzzy ideal of My containing Kerf, then f~1 (f (I)) = I,

(#13) f induces a one-one inclusion preserving correspondence between
the fuzzy ideals of My containing Kerf, and the fuzzy ideals of My in such
a way that if I is a fuzzy ideal of My containing Kerf, then f(I) is the
corresponding fuzzy ideal of My and if J is a fuzzy ideal of Ma, then f=1(J)
is the corresponding fuzzy ideal of M.

Proof. (i) Let be a fuzzy ideal of M,. From Theorem 3, f~! (J) is a fuzzy
ideal of M. Let = € Kerf. Since J is a fuzzy ideal of M», f(z) =eh € J
and so z € f~1(J). Hence Kerf C f~1(J).

(¢3) Since f(z) € f(I) for all z € I, we have z € f~! (f(I)). That is,
IC f=H(f ).

Let y € f~1 (f(I)). Therefore f(y) € f(I) and so there exists a € I
such that f (y) = f (a). Since f (y) = £ (a), we get Ry (£ (), £ (v) " eb) >
6. Since M is a fuzzy gamma ring and a, y € M;, there exists c € M;
such that R, (a,y~%,c) > 6. Since f is a fuzzy gamma homomorphism,

we get Ry (f(a),f (v™1),f(c)) = Re (f (a),f(y)-l,f(c)) > 6. Hence
f(c) = e;. That is, c € Kerf. Since Kerf C I, we have ¢ € I. Since
I is a fuzzy ideal of M) and R, (a,y™!,c) > 6, we get y € I. Hence
el

(ii3) Let N, be a set of all fuzzy ideals of M; containing Kerf and N, be
a set of all fuzzy ideals of M. Let ¢ be a mapping N; into N, defined by
@ (I) = f(I). Since f is well-defined, ¢ is well-defined. Let f (I;) = f (I2),
for Iy, Iz € Ny. Since f~1(f (1)) = f~1(f (I2)), we get I} = I, from
(7). Therefore ¢ is one-one. Let J € Na. From (ii), f~1(J) € Ny. Let
y € f(f~1(J)). There exists z € f~!(J) such that y = f (z). Since

167



y=f(x), f(z) € J, weget f (f~!(J)) C J. On the other hand, let z € J.
Since x € J C My = f(M,), there exists a € M; such that f(a) = z.
Therefore f(a) € J and so a € f~1(J). Hence z = f(a) € f(f~1(J))
andso J = f (f~*(J)). Thatis, ¢ (f~1(J)) = F (F~1(J)) = J. Hence ¢
is surjective.

Let I; and I, be fuzzy ideals of M containing such that I, C Iz. Then,
f (L) € f(I2). If f(I1) = f ({2), then I = I since the mapping ¢ : N; —
N, ¢ (I) = f (I) is one-one. This is a contradiction. Hence f (I1) # f (I2).
Therefore, f(I1) C f (I2).

Conversely, let f (I;) € f(I2). Therefore, f=1(f(f1)) € f~1(f (I2)).
From (i1), I = £~ (f (1) C £~ (f (1)) = I. Since £ (I) C f (Ia), we
get Iy # I,. Hence I} C I5. O

Let (M,T, R, S) be a fuzzy gamma ring, I; and I be non-empty subsets
of M. Then,

Lol :={ce M |(a10a2)(c) >8,Va, € I, and Vay € I}.

Lemma 1. Let (M,T, R, S) be a fuzzy gamma ring, I and I, be fuzzy ideal
of M. Then, I 0 I, is a fuzzy ideal of M.

Proof. Since I; and I, are fuzzy ideals of M, ep € I1and ey € I,. Since
(M, R) is fuzzy group, (o © €p) (o) > 8. Thus eg € Iy oI and so I;ol # 0.

Let ¢y,c0 € I1 o I3, (c10¢2)(c) > 8, for ¢ € M. Since ¢y,c2 € I) o I,
then there exist a;,b; € I} and as, b2 € I such that (a; oag) (1) > 6 and
(by 0 b3) (c2) > 6. Hence R(ay,a3,¢1) > 0 and R (by, ba, c2) > 6.

Since I; and I, are fuzzy ideals of M, there exist d; € I) and d2 € I,
such that R(a;,b;,d1) > 6 and R(ag,bz,d2) > 6. Since d;,d; € M and
(M, R) is fuzzy group, there exists t € M such that R(d,,d,t) > 6. Since
dielhanddy €I, t €l ol

Since R(aj,b,d;) > 0 and (M, R) is abelian fuzzy group, we have
R (dl,bl_l,a.l) > 0. Let t1,t2 € M such that R(ag,dl,tl) > 0 and
R (tl,bl—l,tz) > 6. Since (M, R) is abelian fuzzy group, R(ai,az2,¢1) > 6
implies R (ag,a1,¢1) > 0. Then we get

(a2 o (dl o bl_l)) (c1) >R (dl,b,'l,al) A R(az,al,cl) >0
and
((az 0 d1) 0 b7 ?) (2) > R(az,di, t1) A R (81,577, 82) > 6.

Since (M, R) is fuzzy group, we get ¢; =tz and so R (tl,bl’l, ¢1) > 0. Since
(M, R) is abelian fuzzy group, R(c;,b1,t1) > 6.

Since t;,b € M and (M, R) is fuzzy group, there exists c € M such
that R (t4,b2,¢3) > 6. Then we get

(Cl o(byo bz)) (C) > R(bl,bz,CQ) A R(cl, CQ,C) >0
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and
((C] © bl) o bZ) (03) 2 R(cla bl’tl) A R(tl’ b2: 03) > 6.
Since (M, R) is fuzzy group, we get ¢ = ¢3 and so R (¢, bz, ¢) > 4.

Since R(az,bz,d2) > 6, R(t1,b3,¢) > 0, R(dy,ds,t) > 6 and (M, R) is
abelian fuzzy group, R (b, ag,d2) > 6, R(bs,t;,c) > 6 and R (dz,dy,t) > 6.
Also, since

(by o (az o dy)) (c) > R(az,dl,tl) A R(bg,t1,c) >0
and

((b2 o a2) o dl) (t) > R(bz,az,dz) AR (dz,d],t) >0,
wegetti=c.

Hence cj,c2 € Iy oI and (c10¢2)(¢) > @ imply ¢ € I) o I, since
telol,.

Let ¢ € I o I, let us show that ¢! € I; o I,. Since ¢ € I, o I, there
exist a; € I) and ay € I such that (a; o a2)(c) > 4. Since I; and I are
fuzzy ideals of M, we have a7! € I and a5 € I,. Since (M, R) is abelian
fuzzy group, R (ai,a2,c) > 6 implies R (a7',a5',c™!) > 0. Thus we get
cle Lol

Let us show that forallc € [1ol,m € M andy €T, (c*y*m) (n) > 6,
n € M implies n € I, o I,. Since (c*y *xm)(n) > 6,

we have S (¢,y,m,7,n) > 6@ forall T €.

Since ¢ € I o I, there exist a; € I and ay € I such that R(a;,az,c) >
0. Since I, and I are fuzzy ideals of M, there exist n; € I, and ng € I,
such that S (a1,7v,m,B,n1) > 0 and S(az,v,m,a,nz) > 8 for allm € M
and v, o, 8 € I'. Since (M, R) is fuzzy group, there exists ¢t € M such that
R (ny,ng,t) > 6. Since ny € I) and ny € I, we have t € I} o I5. Then,

((a1 0 @2) x vy *xm) (n) > R(ay,az,¢) A S (c,vy,m,7,n) >0
and
((a1 * v *m) o (ag * v *m)) (t) > S (a1,7, m, B,n1) A S (az, v, m, @, n3)
AR (nl,nz,t) > 0.

Since (M,T', R, S) is fuzzy gamma ring, we get t =n and son € I, o L.
Therefore, I) o I is a right fuzzy ideal of M. It can be shown that I, o I,
is a left fuzzy ideal of M. Hence, I; o I, is a fuzzy ideal of M. a

Definition 10. Let (M,T', R, S) be a fuzzy gamma ring, I, and I be fuzzy
ideal of M. Then,

Lol = {CE M |(ay0a2)(c) >0, Va;, € I, and Vay € 12}
is called a fuzzy addition of two fuzzy ideals of M.

Theorem 7. Let (M,T, R, S) be a fuzzy gamma ring, I, and I be fuzzy
ideal of M.Then (Il o)/ Lh2l/(I; nfg).
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Proof. Let a € I,. Since I is fuzzy ideal of M, ep € I;. Since (M, R) is
fuzzy group, R(eg,a,a) > 8. Thus a € I) o I,. That is, Iy C I, o I5. Since
I, is fuzzy ideal of M, for all a,b € I» and m € M, (a0 b)(m) > 6 implies
mel,a'lel Letneljol,a€l,,vy€eT. Since I oI C M and
I, isideal of M, foralln € Iy 0, a€ I and Yy €T, (nxy*xa)(m) > 0,
melol; ((axvy*xn)(m)>86, meI,ol;) implies m € I;. Therefore I
is a fuzzy ideal of I) o I5.

Let ¢ : I} = Iy o Ix/I2, ¢ (a) = [a o I3]. It is clear that ¢ is surjective.

(1) Let a = b, for a,b € I. Since R(a,b"1,e0) > 0 and e € I, we get
aoly ~boly and so [aoIp] = [bo I]. Thus ¢ is well-defined.

(2) Let a,b,c € I such that R(a,b,c) > 8. Then, we get

R(aol),bohl,lcol))= \/  R(.¥.d)
(a',b',c'YETXbXT
> R(a,b,c) > 6.

Thus B(p(a), ¢ (b),¢(c)) > 6.
(3) Let a,b,c € I and v,B € T such that S(a,v,b,B,c) > 6. Then, we

get
-g([aoIg],'y, [bOIQ]vﬁ’ [0012]) = V S(a’,'y,b’,ﬂ,c’)

(0’,‘1,5',6.c’)63x1x.l;xﬁx7:
> S (a,7v,b,B8,¢c) > 6.
Thus S (¢ (a) ¢ (b) ¢ (c)) > 6.
(4)
Kerp=1{a€ L1 | ¢(a) = [eo o L)}
={aeli|[ac]]=[eno 2]}
={a€l|acl; ~enols}
={aeli|R(a"},e0,h) >0, Ih € I}
={aeli|lach}=LNI.
Thus, we get I o Io/I; = I; /I N I from Theorem 5. 0

Theorem 8. Let (M,T, R, S) be a fuzzy gamma ring, I and I, be fuzzy
ideal of M such that I} C I. Then (M/I,) /(I2/11) = M/I5.

Proof. Let ¢ : M/I; = M/I2, p([ac @ ]) = [ao Ip]. It is clear that ¢ is
surjective.

(1) Let [ao 1] = [bo Iy], for a,b € M. There exists h € I; such that
R(a1,b,h) > 8, since aoly ~ bol;. Since I, C I, h € I. Hence
aoly~bol; and so [ao o] = [bo Iy).
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(2) R(lao I1],[bo I],[co 1]) > 6. We have that there exist a; € g,
by € b, ¢; € € such that R(a1,b1,c1) > 8. Sinceayjol; ~aoly, bjol; ~
bol, and ¢; o I; ~ co Iy, and so there exist hy,hs, hs € I; such that
R(ay,hi,a) > 0, R(by, hy,b) > 6, R(cy,ha,c) > 0. Also, hy, ho, hs € I,
since I; C I,.

Let u € M such that R (a, b,u) > 6. Similar to the proof of [14, Theorem
4.2], we have 3h' € I, such that R(ci,h,u) > 6. Then coly ~ uo Iy,
consequently, R([ac Ip],[bo o], [uof]) = R(laoLy],[bo Ly],[co ) >
7

(8) Let S([ao I1],v,[boh],B,[coL1]) > 8, for all 4,8 € T. Similar to
the proof of (i), we have S ([a o Io),7,[bo I3], 8, [co o)) > 6.
(4)
Kerp ={laohi] € M/Ii | (a0 L1]) = [eo 0 L]}
={laoh]) e M/I,|[aol]=[eo L]}
={laochh]e M/, |aol; ~egol,}
= {[aoIl] eM/I | R(a"l,eo,h) >0, 3he Iz}
={laochle M/, |a € L} =L/I.

Thus, we get (M/1) [/ (I2/11) = M/I, from Theorem 5. O
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