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Abstract: Let K,.;; be the complete graph on r + 1 vertices and
7 = (d1,ds,...,ds) be a non-increasing sequence of nonnegative inte-
gers. If 7 has a realization containing K4, as a subgraph, then 7 is
said to be potentially K,+i-graphic. A.R. Rao obtained the Erdés-Gallai
type criterion for w to be potentially K, ;i-graphic. In this paper, we
give a simplification of the Erdds-Gallai type criterion. Moreover, the
Fulkerson-Hoffman-McAndrew type criterion and the Hésselbarth type
criterion for 7 to be potentially K, +1-graphic are also presented.
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1. Introduction

The set of all sequences m = (dy,ds,...,d,) of non-negative, non-
increasing integers with d; < n—1 is denoted by N S,,. A sequencew € NS,
is said to be graphic if it is the degree sequence of a simple graph G on
n vertices, and such a graph G is called a realization of . The following
Theorem 1.1 gives three criterions for 7 to be graphic.

Theorem 1.1 Let m = (d;,dy,...,d,) € NS,, where i d; is even.
i=1
The Erdés-Gallai Criterion. [1] = is graphic if and only if

n

k
Y di<k(k—1)+ > min{k,d;}
i=1 i=k+41
forall k with1 <k <n.
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The Fulkerson-Hoffman-McAndrew Criterion. (2] = is graphic
if and only if

k n

Y odi<kn-m-1)+ ) d

=1 i=n—m+1
forallkand mwith1<k<n,m>0and k+m < n.

The Hésselbarth Criterion. [3] Denote f = maz{i|d; > i}. Define
(d3,...,d}) as follows: For 1 < i < n, df is the ith column sum of the
(0,1)-matrix, which has for each k the di leading terms in row k equal to
1, and the remaining entries are 0. The criterion is

k k
Zdi < Z(d: -1)
i=1 i=1

foreach k with 1 <k < f.
A sequence 7 € NS, is said to be potentially K, 1-graphic if there is
a realization of 7 containing K, as a subgraph. The following Theorem
1.2 due to A.R. Rao [7] gives the Erdés-Gallai type criterion for 7 to be
potentially K,4,-graphic.
Theorem 1.2 (7] Let n > r+1 and 7 = (dy,da,...,ds) € NS,, where
n
d,41 >7and Y d; is even. Then 7 is potentially K, ;-graphic if and only
i=1
if .
3
ldi +izldr+l+i < (s+i)(s+t-1)
= r+1

i=

+ Y min{s+t,di—7+s} (1)
i=sil

+ Y min{s+t,d;}
i=r bt

forallsandtwith0<s<r+land0<t<n-r-1.

In (7], A.R. Rao gave a lengthy induction proof of Theorem 1.2 via linear
algebraic techniques that remains unpublished, but Kézdy and Lehel (4]
have given another proof using network flows or Tutte’s f-factor theorem.
Recently, Yin [9] obtained a short constructive proof of Theorem 1.2. There
are several survey articles on the subject of degree sequences of graphs
(see, e.g., Lai and Hu [5], Li and Yin [6], S.B. Rao 8]). Forn2>r+1, 7=
(d1,d2,...,d,) € NS, and 0 < s < r+1, we denote f(s) = maz{i|ld,414: >
s +1}. A simplification of Theorem 1.2 is the following Theorem 1.3.

Theorem 1.3 Theorem 1.2 remains valid if condition (1) is assumed
only for those s and t with0 < s <r+1and 0 <t < f(s).

Another purpose of the paper is to give Fulkerson-Hoffman-McAndrew
type criterion and Hisselbarth type criterion for 7 to be potentially K, ;-
graphic as follows.
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Theorem 1.4 (The Fulkerson-Hoffman-McAndrew Type Criterion) Let
n2r+1and 7 = (dy,ds,...,dn) € NS,, where dry; > 7 and 3 d; is

i=l

even. Then 7 is potentially K, ,-graphic if and only if

8 t
Ydit Y drpipi S (s+t)(n—s1—t; ~1)
i=1 i=1
r+1 n (2)
+ > di-r4+s+ X 4
i=r+2-3; i=n—t+1

forall s,s;,tand ¢y with0<s<r+1,0<t<n—-r—-1,5 >0,t >0,
s+s3<r+landt+¢t;, <Kn—r-—1.

We define (d},...,d;,) as follows: For 1 < i < n, d is the ith column

sum of the (0, 1)-matrix, which has for each k the d,, 4 leading terms in
row k equal to 1, and the remaining entries are 0.

Theorem 1.5 (The Hasselbarth Type Criterion) Let n > r + 1 and
n
7 = (dy,dz,...,dn) € NSy, where d,41 > r and Y d; is even. Then = is

=1

potentially K,,;-graphic if and only if

r+1

s t +
Y di+ Y drpayi < (s+t—1)s+ Y min{s+t,di~7+s}
i=1

i=1 i=s41 (3)
t t4-s
+2(di -1+ ¥ dr
i=1 i=t+1

forall sand t with0<s<r+1and 0<¢t < f(s).

2. Proofs of Theorem 1.3-1.5

Proof of Theorem 1.3. Assume that (1) holds for s and ¢ with
0<s<r+1land0<t< f(s). Weonly need to check that (1) holds for
sand ¢t with0< s <r+1 and f(s) <t <n-—r—1. In this case, we have
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that

Z di + E dr+l+t

i=1

IA

IA

IA

t
Zd + Z: desrei+ Y, dryry
=1 i=f(s)}+1

(S +f(8))(8 +7(s)-1)

+ 2 min{s + f(s),d; —r + s}
i=s+1

n t
+ 2 min{s+f(s)di}+ X drir
i=r+4f(8)+2 i=f(8)+1

(s+ fl(S))(s +f(s)-1)

T+
+ Y min{s+t,di—r+s}
i=s+1

+ Y min{s+t,di} +2(t = F(s))(s + £(5))

i=rtt+2
r+1
(s+t)(s+t-1)+ > min{s+t,di—7+s}
i=s+1

ﬂ
+ Y min{s+t,d;}. O
i=rft+2

Proof of Theorem 1.4. (1) = (2). For any s, s;, t and ¢; with
0<s<r+1,0<t<n-r-1,520,% 20,8+ <r+1and
t+t; <n-—r—1,it follows that

Z d + Z: dr+1+t

i=1

<

IA

IA

T+1
(s+t)(s+t—-1)+ > min{s+t,di—r+s}
i=g+1
n
+ Y min{s+t,di}
i=rtt42
r+1-9,
(s+t)(s+t-1)+ 3> min{s+t,d;—r+s}
r+1 et
+ > min{s+t,di—-7r+s}
i=r42-9,
n—ty
+ Y min{s+t,d;}
i='r-|;lt+2
+ ¥  min{s+t,d;}
i=n—-t1+1

(s+t)(s+t-1)+(s+t)(r+1—s5—351)
+s+t}n—t1 —r—t-1)

r+1 n
+ Y (di—rt+s8)+ X di

i=r+2—91 i=n—t11+l
T+
(s+t)(n—s1—t1—1)+ > (di—-7+5)
n i=r+2—3;
+ Y da
i=n—ty+1
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(2) = (1). Suppose to the contrary that there exist s and ¢t with 0 < s <
r+1and 0<t<n-—r—1suchthat

s t r+l
Ydi+ Y drpigs > (s+t)(s+t-1)+ 3 min{s +t,d; —r + s}

=841
n

+ Y min{s+td;}.
i=r+t+2

We consider the following cases.

Case 1. dyyy —7r >t and dryey2 > s+t

Denote s’ = maz{i|d; — r > t} and t' = maz{i|d,+14+: = s+t}. Then
we have that

5 £ r+1
Sdit Y deyiri > (sHOE + -1+ 3 (di—T+35)
i=1 i=l i=s'+1

n
+ Y da
i=r+t'42

Bysi=r+1-s'andty =n—r—1-~t, it follows from (2) that

s t r+1
Zdi+zdr+l+i < (S+t)(8'+tl—1)+ Z (di—'l‘+3)
=1 t=1 n t=8'+1

+ Y di

t=r+t'+2

a contradiction.
Case 2. d5+1 —r>tand d-,-+t+2 < 8+t
Denote s’ = maz{i|d; — r > t}. Then we have that

s t r+1
Ydit Yy deprpi > (s +t-1)+ S (di—-T+35)
i=1 i=1 i=g'+1

+ i d;.

i=rdt+2

Bysi=r+1-s"andt; =n—r—1-t, it follows from (2) that

s t r+1
it Y drpiri < (+HO(E"+E-1)+ Y (di—r+3)
i=1 i=1 i=s'+1

+ > 4

i=r4t+2

a contradiction.
Case 3. d3+1 —r<tand d«,-+t+2 > s+t
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Denote t' = maz{i|dr4+1+i > s +t}. Then we have that

Zd +Zdr+1+1 > (3+t)($+t,—1)+ ril (di—'l'+8)

i=1 i=1 i=s+1
n

+ > ds
i=r+t'+2

Bysi=r+1l-sandt; =n—r—1-t, it follows from (2) that

Zd+2dr+1+t < (s+t)(s+t'-1)+ z (di—r+3s)

i=1 t=s5+1

n
-+ z dis
i=r+t'42
a contradiction.
Case 4. dsy1 —r <tand dryep2 <s+t.
Then we have that

Ed +2d,+1+; > (s+t)(s+t—-1)+ 2 (di—r+5)

i=1 t=s+1
n

+ Z d;.

t=r4+t+2

Bysy=r+1-sandt, =n—r—1-t, it follows from (2) that

> d +zdr+1+z < (+BG+HE-D+ Y (di-r+3)

i=1 i=s+1

n
+ E dt'a

i=r+t+2

a contradiction. 0O .
Proof of Theorem 1.5. By the definition of d} for 1 £ ¢ < n, we can

see that

r+1 t its
(s+t-1)s+ S min{s+t,di—r+s}+>(df-1)+ > d}
et i=1 i=t+1
=(s+t)(s+t—-1)+ > min{s+t,di—r+s}
i=at1
+ ¥ min{s+t,d}.

i=rtt+2
Therefore, Theorem 1.5 immediately follows from Theorem 1.3. O
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