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Abstract. Let AK, be the complete multigraph of order v and index ), where
any two distinct vertices z and y are joined exactly by A edges {z,y}. Let G
be a finite simple graph. A G-design of AK,, denoted by (v,G,\)-GD, is a
pair (X, B), where X is the vertex set of K, and B is a collection of subgraphs
of AK,, called blocks, such that each block is isomorphic to G and any two
distinct vertices in K, are joined in exactly A blocks of B. There are four
graphs which is a 6-circle with two pendant edges, denoted by G;,i = 1,2, 3, 4.
In [9], we have solved the existence problems of (v, G;, 1)-GD. In this paper,
we obtain the existence spectrum of (v, G, A)-GD for any A > 1.

Keywords: G-design, G-holey design, G-incomplete design.

1 Introduction

A complete multigraph of order v and index A, denoted by AK,, is a
graph with v vertices, where any two distinct vertices z and y are joined
by exactly A edges {z,y}. A t-partite graph is one whose vertex set can be
partitioned into ¢ subsets X3, X5, - - -, X¢, such that two ends of each edge lie
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in distinct subsets respectively. Such a partition (X3, Xz, -+, X:) is called
a t-partition of the graph. A complete t-partite graph with replication A
is a t-partite graph with ¢-partition (X;, X, -, X;), in which each vertex
of X; is joined to each vertex of X; by A times (where ¢ # j). Such a graph
is denoted by MKy, ny,-n, if [Xi| =70 (1 <3< 8).

Let (X1, X3, -, X:) be the t-partition of Kn, n,,...,n,, and | X;| = n;.
Denote v = in.- and G={X,,X2,---,X:}. For any given graph G,
if the edges o%=>1\Kn1,n,,...,m can be decomposed into subgraphs A, each
of which is isomorphic to G (called block), then the system (X,G,A)
is called a holey G-design with index )\, denoted by G-HD,(T), where
T = n}n}..-n} is the type of the holey G-design. Usually, the type is
denoted by exponential form, for example, the type 1:273* ... denotes i
occurrences of 1, r occurrences of 2, etc. A G-HD,(1"""w!) is called
an incomplete G-design, denoted by G-IDx(v;w) = (V,W,A), where
|V|=v, |W|=wand W C V. Obviously, a (v,G,A)-GD is a G-HD\(1")
or a G-ID)(v;w) withw =0or 1.

Let G be a finite simple graph. A G-design of AK,, denoted by (v, G, A)-
GD, is a pair (X, B), where X is the vertex set of K, and B is a collection
of subgraphs of K,, called blocks, such that each block is isomorphic to G
and any two distinct vertices in K, are joined in exactly A blocks of B. It
is well known that if there exists a (v, G, A)-GD, then

Mv(v — 1) =0 (mod 2¢(G)), and A(v—1) =0 (mod d),

where e(G) denotes the number of edges in G, and d is the greatest com-
mon divisor of the degrees of the vertices of G. For the path P, and the
star K x, the existence problems of their graph designs have been solved
(see [1] and [2]). For the graphs which have fewer vertices and fewer edges,
the problem of their graph designs has already been researched (see [3]-
[8]). There are four graphs which is a 6-circle with two pendant edges,
denoted by Gi,i = 1,2,3,4. In [9], we have solved the existence prob-
lems of (v,G;,1)-GD. In this paper, we obtain the existence spectrum of
(v,Gi,A)-GD for A > 1. The four graphs G; are drawn as follows.
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For convenience, the graphs G,-G, above are denoted by (a, b, ¢, d, e, f, g, h).

2 General structures

Theorem 2.1 Let G be a simple graph. For positive integers h,m,\ and
nonnegative integers w, if there exist G-HD(h™), G-IDx(h + w;w) and
(w,G,A)-GD (or (h+w,G,\)-GD), then there exists (mh +w,G,\)-GD.

Proof. Let X = (Z, x Z,,) UW, where W is a w-set. Suppose there exist
G-HD)(h™) = (Zn X Zm, A),
G-ID)\(h+w;w) = ((Zn x {1})UW,B,), i € Z,,, or i€ Z,,\ {0},
and (w,G,A)-GD = (W,C) or (h+w,G,))-GD = ((Zn x {0})UW, D),
then (X, Q) is a (mh + w, G, A\)-GD, where
Q=AU ('1]013,-) Uc or Au(rfU:B,-) uD.

mh+w

Note that || = e(G

'5’ ML (¢ ()run) , 2 3 [Al + Z 1B:] + [C|
Am-l wh s -0
ler,c L, ) £2050 7 |A]+E]B|+ID|

The necessary conditions for the existence of (v, G, A) G'D are Av(v —
1) = 0 (mod 16) and v > 8, that is

v =0,1 (mod 16) any A,

v = 8,9 (mod 16) A =0 (mod 2),
v =4,5 (mod 8) A =0 (mod 4),
v=2,3,6,7 (mod 8) A =0 (mod 8).

Lemma 2.2 Let G be a simple graph. For positive integer m, if there
ezists a (v,G,A)-GD, then there exists a (v,G,m))-GD.

Proof. Let each block in (v, G, A)-GD repeats m times. D
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Lemma 2.3 19 There exist (v,Gi,1)-GD if and only if v=0,1 (mod 16)
andv > 8, wherei=1,2,3,4.

Theorem 2.4 Forv = 0,1 (mod 16) and any A > 1, there exist (v, G, A)-
GD, wherei=1,2,3,4.

Proof. By Lemma 2.2 and Lemma 2.3. a
Lemma 2.5 There exist G;-HD(8) for t > 2, where i =1,2,3,4.

Proof. In [9], we got G;-HD(82). So there exist G;-HD(8"). ]

By Theorem 2.1 and the following tables, considering the existence of

the needed HD (see Lemma 2.5), we only need to give the constructions
of ID and GD for the pointed orders in the Table 2.1.
(Table 2.1) For Gy,G2,G3 and G4

v= Al HD ID | GD
3 (mod 8) | 8] & |(10;2) | 10
3(mod8) | 8| 8 |(11;3)] 11
4(mod8) | 4] 8 | (12;4)] 12
5(mod8) | 4| 8 | (13;5)| 13
6(mod8) | 8| 8 | (146)| 14
7(mod 8) | 8| 8 |(1%7) | 15
8 (mod 8) | 2 | 82+! 8
9 (mod 8) | 2 | 82+ 9

3 Graph designs

Lemma 3.1 There exist (w,Gq,A)-GD for
(i) A=2andw=28,9, (i) A =4 and w=12,13,
(#2) A =8 and w = 10,11, 14,15.

Proof. A\=2, w=8: X =2;U{}, (5,1,3,00,0,2,4,6) mod 7
A=2, w=9: X=2, (0,1,2,4,8,3,6,7) mod 9
A=4, w=12: X =2Z;;U {0}
(0,00,8,2,4,7,6,1) (0,5,7,3,00,1,8,4) (0,1,2,4,6,3,5,7) mod 11
A=4, w=13: X =2;3
(0,1,2,3,4,9,6,10) (0,2,4,6,11,5,9,7) (0,3,6,8,12,7,9,10) mod 13



A=8 w=10: X =ZyU {00}
(0,,1,2,3,4,5,8) (0,00,1,3,5,2,8,4) (0,00,1,4,7,3,2,6)

(0,00,1,4,8,7,2,3) (0,1,3,6,2,4,8,5) mod 9
A=8, w=1l: X=2,

(0,1,2,3,4,5,6,7) (0,2,4,6,8,10,3,9) (0,3,6,9,1,4,2,10)

(0,4,8,1,5,9,6,7) (0,5,10,4,9,3,8,1) mod 11

A=8, w=14: X=Z13U{00}
(0,1,2,3,4,5,9,10) (0,2,4,6,8,10,5,9) (0,00,1,4,7,10,5,9)
(0,00,1,5,9,2,10,12) (0,00,1,6,11,7,4,12) (0,00,1,7,2,8,5, 11)
(0,6,12,5,11,1,2,4) mod 13
A=8, w=15: X =25
0,1,2,3,4,5,6,10) (0,2,4,6,8,10,3,9) (0,3,6,9,12,5,1,14)
(0,4,8,12,1,5,2,3) (0,5,10,4,9,2,3,6) (0,6,12,3,10,2, 4,11)
(0,7,14,6,13,9,1,3) mod 15 O

Lemma 3.2 There ezist (w,Gg,A)-GD for
(1) A=2andw=28,9, (i) A=4 and w = 12,13,
(7i7) A =8 and w = 10,11, 14, 15.

Proof. A\=2, w=8: X =2;U{}, (0,1,3,6,5,00,2,4) mod 7
A=2, w=9: X=2, (2,0,1,3,6,7,5,4) mod 9
A=4, w=12: X =2Z;; U {oo}
(7,0,00,8,2,4,3,1) (5,7,3,00,1,0,9,2) (0,1,2,4,6,3,5,9) mod 11
A=4, w=13: X =213
(0,1,2,3,4,9,6,11) (0,2,4,6,11,5,9,8) (0,7,12,8,6,3,9,4) mod 13

A=8 w=10: X =2ZyU{oo}
(4,0,09,1,2,3,5,8) (2,0,00,1,3,5,6,4) (3,0,00,1,4,7,6,2)

(7,0,00,1,4,8,5,3) (0,1,3,6,2,4,8,5) mod 9
A=8 w=11: X=2n

(5,0,1,2,3,4,10,7) (0,2,4,6,8,10,9,5) (0,3,6,9,1,4,10,5)

(0,4,8,1,5,9,7,10) (0,5,10,4,9,3,1,2) mod 11

A=8, w=14: X=213U{OO}
(0,1,2,3,4,5,9,10)  (0,2,4,6,8,10,9,7)  (10,0,00,1,4,7,9,5)
(2,0,00,1,5,9,7,4)  (7,0,00,1,6,11,5,4) (8,0,00,1,7,2,9,3)

(0,6,12,5,11,1,3,4) mod 13
A=8 w=15: X =2

(0,1,2,3,4,5,6,7)  (0,2,4,6,8,10,3,5) (0,3,6,9,12,5,2,7)
(0,4,8,12,1,5,3,10) (0,5,10,4,9,2,1,8) (0,6,12,3,10,2,1,11)
(0,7,14,6,13,9,1,3) mod 15 O
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Lemma 3.3 There exist (w,G3, A\)-GD for
() A=2andw=38,9, (i4) A=4 and w =12,13,
(#4%) A =8 and w =10, 11,14, 15.

Proof. A\=2, w=8: X=2Z;U{c}, (6,4,5,1,0,00,2,3) mod?7
A=2, w=9: X=12Z,, (0,1,2,4,8,3,7,5) mod9
A=4, w=12: X =2Z1;U {o0}
(8,,0,7,4,2,1,3) (5,7,3,00,1,0,4,10) (0,1,2,4,6,3,5,7) mod 11
A=4, w=13: X =213
(0,1,2,3,4,9,10,8) (0,2,4,6,11,5,9,10) (0,3,6,8,12,7,10,2) mod 13

A=8 w=10: X =2Z5U{o0}
(0,00,1,2,3,4,8,5) (0,00,1,3,5,2,8,4) (0,00,1,4,7,3,5,2)

(0,00,1,4,8,7,6,3) (0,1,3,6,2,4,7,8) mod 9
=8, w=1l: X=2Zn
0,1,2,3,4,5,6,9) (0,2,4,6,8,10,9,7) (0,3,6,9,1,4,2,7)
(0,4,8,1,5,9,7,2) (0,5,10,4,9,3,1,7) mod 11

A=8 w=14: X =273U{co}
0,1,2,3,4,5,9,11)  (0,2,4,6,8,10,5,3)  (0,00,1,4,7,10,5,2)
(0,00,1,5,9,2,4,3)  (0,00,1,6,11,7,5,4) (0,00,1,7,2,8,4,3)
(0,6,12,5,11,1,3,8) mod 13
/\=8,‘w=15: X=Z;|5
0,1,2,3,4,5,6,8) (0,2,4,6,8,10,1,7) (0,3,6,9,12,5,1,2)
(0,4,8,12,1,5,2,3)  (0,5,10,4,9,2,3,1) (0,6,12,3,10,2,4,9)
(0,7,14,6,13,9,1,11) mod 15 O

Lemma 3.4 There exist (w, G4, A)-GD for
() A=2andw=28,9, (i4) A=4andw=12,13,
(i) A =8 and w = 10,11, 14,15.

Proof. A\=2, w=8: X=2Z;U{o}, (2,1,4,5,0,00,6,3) mod?7
A=2 w=9: X=2, (20,1,3,6,7,58) mod9
A=4, w=12: X =2;;U{oc0}
(0,00,8,2,4,7,5,10) (0,5,7,3,00,1,6,10) (0,1,2,4,6,3,7,5) mod 11
A=4, w=13: X =173
(0,1,2,3,4,9,7,6) (0,2,4,6,11,5,7,10) (0,3,6,8,12,7,9,5) mod 13
A=8 w=10: X =2Z5U {0}
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(0,00,1,2,3,4,8,6) (0,00,1,3,5,2,8,7) (0,00,1,4,7,3,6,2)

(0,00,1,4,8,7,3,2) (0,1,3,6,2,4,5,7) mod 9
A=8 w=11: X=272n

0,1,2,3,4,5,6,7) (0,2,4,6,8,10,9,3) (0,3,6,9,1,4,2,8)

(0,4,8,1,5,9,7,6) (0,5,10,4,9,3,1,7) mod 11

A=8 w=14: X =Z;3U {0}
0,1,2,3,4,5,8,7) 0,2,4,6,8,10,9,3) (0,00,1,4,7,10,9,8)
(0’ oo, 11 5197 2)4a 8) (Ov 0, 1’ 61 111 7, 51 8) (0a°°’1’7’ 2) 81 51 6)
(0,6,12,5,11,1,2,4) mod 13
A= 8, w=15: X = Z15
0,1,2,3,4,5,9,6) (0,2,4,6,8,10,9,12) (0,3,6,9,12,5,1,10)
(0,4,8,12,1,5,2,9) (0,5,10,4,9,2,1,7) (0,6,12,3,10,2,4,8)
(0,7,14,6,13,9,3,2) mod 15 O

4 Incomplete G;-designs

Lemma 4.1 Let G be a simple graph. For positive integers s,t,p and q, if
there erists a G-HD)(st'), then there ezists a G-H D ((ps)*(gt)?), too.

Proof. Let |Si|=35, 1<i<p, |Tj|=t, 1 <j<q. Suppose there exist
G-HD,(s't!) = (S;UT;, Ay),1<i<p1<j<q,
then (X, B) is a G-HD,((ps)!(qt)!), where
X=(CU S)U(U L;),B= U Ay o

1<i<p 1<5<q 18i<p,1<5<q

Corollary 4.2 If there exists a G-HD)(4%), then there erists a G-H Dy (8!4!).

Proof. By Lemmad.l.(Letp=2,g=1s=t=4.) 0

Lemma 4.3 Let G be a simple graph. For positive integers k,w, if there
exist G-HDy(k'w!) and (k,G,))-GD, then G-IDx(k + w;w) ezists.

Proof. Let X = Z, UW, where W is a w-set. Suppose there exist
G-HD(kK'w!') = (Z, UW, A), (k,G,\)-GD= (Z4, B),
then it is easy to know (X, ) is a G-IDx(k + w;w), where Q = AUB. O

Lemma 4.4 There ezist G1-1Dy(8 + w;w) for
() A=4andw=4,5 (i) A=8 andw=2,3,6,7.
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Proof. A =4, w =4 : There exist (8,G1,4)-GD (see Lemma 3.1).

By Lemma 4.3, we only need to construct G1-HD,(8%41).

X = Xl UXz, where Xl = Z4 X Zg, X2 = Z4 X {2}

(02, 00,22,01,12,11,30,21) (02,00, 32, 30, 12,01, 10, 11)

(32a10722101102a11s00331) (02y00332)10$22!11’301 31) mOd(41 '_)

A =4, w=>5: As Above, we only need to construct G;-H D,(8!5').

X = X; U Xz, where X1 = Zs X Z3, Xa = (Za x {2}) U {c0}.

(221 001 121 20’ oo, 017 11, 2]) (02; 001 32’ 31$ o0, 211 01’ 11)
(32,00,12,2;1,00,10,11,01) (02,00, 22, 20, 0, 30,21, 31)
(22,31,02,00,12,30,11,21) mod(4, —)

A =8, w=2: The following (X, B) is a G1-1D,(8 + 2;2).

X = Xg U {A, B}, the family B consists of the following blocks.
(0,B,1,7,A,5,3,4) (0,5,1,4,3,4,2,6) (1,0,A,7,B,4,3,6)
(1,7,3,6,4,4,0,2) (2,5,6,3,B,0,7, 1) (2,4,6,0,7,3,5,B)
(3,B,2,7,4,5,0,1) (4,1,6,B,5,3,4,2) (5,B,6,2,3,4,4,7)
(6,5,1,B,4,7,4,2) (7,6,4,2,4,0,B,5)

A =8, w=3: We only need to construct a G;-HD,(813?).

X = X; U X,, where X; = (Z3 x Zz) 6] {A, B}, Xo=23x {2}

(12a 00, 02, 10, 22; 113 A’ B) (121 21’ 22, 11, 02, 10, Aa B) mOd(3v _')

A =8, w=6: We only need to construct a G-HD,(86!).

X =X, U X,, where X; = (Zs X {0}) U {A,B}, Xo = Zg x {1}

(10, 11,00,311 Aa51,01,4l) (407 41’001211-8) 01131)51) mOd(6’ _)

A =8, w="T: We only need to construct a G1-HD,(8!7!).

X = X; U Xo, where X; = (Z7 x {0}) U {00}, X2 = Z7 x {1}.

(31150101)00711’ 10,00,20) (01)30)611001 41710) 00,20) mOd(71 _) m)
Lemma 4.5 There exist G2-IDx(8 + w; w) for

(i) x=4 andw=4,5, (i1) A=8 and w=2,3,6,7.
Proof. A =4, w = 4 : There exist a (8,G2,4)-GD (see Lemma 3.2).

By Lemma 4.3, we only need to construct Go-HD,(841).
By Corollary 4.2, we only need to construct Go-H Dy(4%). X = Z4x Z,.



(01,001 11,20: 31, 10; 30: 21) (10y 01’007 31: 301 117 211 20) mOd(41 ’")

A =4, w=5: We only need to construct Go-H D,(8'5!).

X =X3U X, where X1 =24 X 25, X5 = (Z4 X {2}) U {OO}
(021 01) 12’ 007 o0, 213 10) 32) (221 107 121 013 00, 00, 21) 32)
(121 Ol ) 32, 001 00, 217 10) 22) (02! 20) 121 111 o0, OOy 21.’ 32)
(12501122)001 02) 10:11132) mod(4, _)

A =38, w=2: The following (X, B) is a Go-ID2(8 + 2;2).

X = XgU {A, B}. The family B is as follows:

(0,3,B,6,4,5,1,2) (0,4,7,2,6,B,A,1) (0,7,1,A,2,B,5,6)
(3,6,4,7,5,2,0,1) (6,1,5,B,3,4,0,4) (4,3,7,0,1,B,2,5)
(1,A,5,6,7,3,2,4) (2,1,5,6,3,4,0,7) (4,5,2,B,7,A,0,3)
(4,6,0,4,5,8,7,2) (7,2,A,3,1,B,5,0)

A =8, w=3: The following (X, B) is a Go-I1D,(8 + 3;3).

X = XgU{A, B,C}. The family B is as follows:
(4,3,0,7,1,5,2,6) (A,2,4,B,51,3,6) (2,1,4,3,7,5C,B)
(4,6,1,C,2,0,7,A) (B,4,6,0,5,3,2,A) (B,7,4,1,4,5,6,C)
(2,7,4,0,3,1,5,B) (7,6,0,C,5,4,2,1) (C,4,A,0,B,6,7,5)
(C) 07 1, 3: 2» 4, 6’ B) (31 2: 6, Av 0) 71 C, B) (5s Os 1y Ca 3: 6, 7: 2)
(5,3,B,1,7,6,C,4)

A =8, w=6: We only need to construct a Go- HD,(86!).

X =X, U Xy, where X = (Zg x {0}) U {A,B}, X = Zg x {1}.

(10,51,00,01,4,21,41,20) (30,41,00,24, B, 51,31, 5) mod(6,—)

A =8, w=7: We only need to construct a Go-H D,(8!7).
X = X3 U X3, where X; = (Z7 x {0} U {00}, X5 = Z7 x {1}
(311 50’ 0]1 00, 11) 10: 0o, 61) (01) 30) 611 OO$ 41: 10, 0, 11) mOd(7! _) 0

Lemma 4.6 There ezist G3-ID(8 + w;w) for

() A=4andw=4,5, (i) A=8 andw=2,3,6,7.

Proof. A =4, w =4 : There exist (8,G3,4)-GD (see Lemma 3.3).
By Lemma 4.3, we only need to construct G3-HD4(8!4?!).
X = X1 U X3, where X) = Z4 x Z3, Xo = Z4 x {2}.

(02, 0o, 22, 01, 12,11,21,30) (02,00, 32,30, 12,01,14, 2)
(32) 10, 22’ 01,02, 11) 31130) (02a 00’327 101 221 11,31120) mOd(4’ _)
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A =4, w=5: We only need to construct G3-H D,(8'5!).

X = XU X,, where X; = Z4 X Z3, Xo = (Z4 X {2}) U {00}
(02) 01) 12, 10) 0, 211 201 31) (22’ 101 12, 01, 00, 00, 21, 20)
(12,01, 32,20,00,21,00,31) (02,20, 12,11,00, 10,21, 00)
(12,01, 22, 00,02, 10, 21, 31) mod (4, —)

A =8, w = 2: The following (X, B) is a G3-1D»(8 + 2;2).

X = Xg U {A, B}. The family B consists of the following blocks.

(0,6,1,B,7,4,5,2) (0,7,2,B,3,4,1,6) (0,6,3,7,4,B,2,1)
(0,3,1,A,5,B,4,7) (2,A,1,5,3,B,0,4) (1,7,5,4,6,B,0,2)
(6.4,3,2,5.4,1,0) (2.3,7,5,B.4,1,6) (5,6,7,A.4,3,1,0)
(6’ ) 1A?7’B’ 5’2) (4’ 92JA’0)5’1 7)

A =8, w = 3: We only need to construct a G3-HD,(83!).
X = X1 U Xz, where X; = (Z3 X ZQ) U {A,B}, Xo=23x% {2}
(12a 00, 02, 101 22s 11;Aa B) (121 21722’ 11)02s IO’A,B) mod (3, _)
A =8, w = 6: We only need to construct a G3-H D,(816!).
X = X; U Xz, where X; = (Zs X {0} U] {A,B}, Xo=2g x {1}
(101 21)001 119A1 41a01$ 31) (107 511 OOsolyBy 31) 11’41) mod (6y _)
A =28, w="7: We only need to construct a Gs-HDp(87!).
X = X1 U X;, where X, = (Z7 x {0}) U {00}, X2 = Z7 x {1}.
(3la 50s01) 001 11)10:20,00) (01s30’61’001 41: 109201001) mod (7, _) o

Lemma 4.7 There exist G4-1D)(8 + w;w) for
(1) A=4andw=4,5 (i) A=8andw=2,3,6,7.

Proof. A =4, w = 4: There exist a (8,G4,4)-GD (see Lemma 3.4).
By Lemma 4.3, we only need to construct G4-HD4(8'41).
By Corollary 4.2, we only need to construct G4-HD4(4?). X = Z4 x 2.

(00,21,10,01,20,31,11,30) (31,00,01,20,11,10,30,2;) mod(4,—)

A =4, w=>5: We only need to construct G4-HD,(85).
X =X; U X, where X1 =24 X 23, Xo = (Z4 X {2}) U {OO}
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(02,01, 13,00,00,21,30,22) (22,10, 12,0y, 00,00,21,32)
(12,01, 32,00,00,21,11,02) (02,20, 12,15, 00, 30,21, 32)
(12101722, 009021 ]-Ov 21132) mOd(4¥_)

A =8, w=2: The following (X, B) is a G4-IDy(8 + 2;2).

X = Xg U {A, B}. The family B is as follows:
(0,4,4,1,6,B,3,2) (0,5,3,1,6,B,2,4) (0,3,6,2,7, A, 1, B)
(0) 7: 1’314:576: B) (l’l 5,A,3,7, B12a6) (5141 7)11Ba3iA’ 0)
(2,6,4,7,4,3,0,5) (2,A4,0,6,5,B,3,4) (2,4,6,7,3,4,5,0)
(5,1,4,4,B,7,2,0) (6,5 5,4,2,7,4,1)

A =8, w=23: The following (X, B) is a G4-ID,(8 + 3;3).
X = Xg U {A, B,C}. The family B is as follows:
(4,3,0,7, 1 2,4,B) (C,4,5,A,7,1,3,6) (4,6,0,3,5C,B,7)
(4,6,1,4,2,0,3,5) (B,6,4,0,7,2,1,5) (B,7,6,1,2,5,3
(2.7.4.1,3,6, C’ 0) (7,6,0,C,2,4,5,3) (C,5,4,0,B,86,7,2)
(1,0,B,3,2,4, 7) (3,5,0,C,6,2,4,7) (5,B,4,A,3,6,1,0)
5’7 b} ’Bl ) ? )

1
)

~~

A =8, w=6: We only need to construct a G4-H D,(8!6).
Let X = X, U X,, where X, = (Zs x {0}) U {4, B}, X5 = Ze x {L}.
(00,01, 10,41, 4,11,31,20) (00,41,50,51,B,11,21,1¢) mod (6,—)

A =8, w="7: We only need to construct a G4-HD,(8'7").
X = X1 U X3, where X) = (Z7 x {0}) U {0}, X; = Z7 x {1}.
(01,00, 11, 19, 31,50, 00,61) (61,00, 41,10,04, 30,00,2;) mod (7,—) O

5 Results

Theorem 5.1 There ezist (v, G1, A)-GD if and only if \w(v—1) = 0 (mod 16)
andv > 8.

Proof. By Theorem 2.1, Theorem 2.4, Lemma 3.1 and Lemma 4.4. O
Theorem 5.2 There exist (v, G2, A)-GD if and only if \u(v—1) = 0 (mod 16)
and v > 8.

Proof. By Theorem 2.1, Theorem 2.4, Lemma 3.2 and Lemma 4.5. O
Theorem 5.3 There exist (v, G3,A)-GD if and only if \v(v—1) = 0 (mod 16)
andv > 8.
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Proof. By Theorem 2.1, Theorem 2.4, Lemma 3.3 and Lemma 4.6. O
Theorem 5.4 There ezist (v, G4, A)-GD if and only if \v(v—1) = 0 (mod 16)
and v > 8.
Proof. By Theorem 2.1, Theorem 2.4, Lemma 3.4 and Lemma 4.7. O
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